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Abstract. In this work, we introduce and investigate a new class of an-
alytic functions in the open unit disc U with negative coefficients defined
by the Miller Ross function. The object of the present paper is to deter-
mine coefficient estimates, distortion bounds, radii of starlike and convexity,
extreme points, Hadamard product and closure property belonging to this
class.

1. Introduction. There are many branches of complex analysis, but
Geometric Function Theory is one of the most important. Basically, it deals with
the geometric properties of analytic functions. Complex analysis is widely used
in various fields of mathematics, such as pure and applied mathematics. In the
literature, several researchers have studied certain geometric properties for some
special classes of univalent functions such as problems for studying the geomet-
ric properties (including univalency, starlikeness, or convexity) of some classes
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of analytic functions (in the unit disk) associated with some special functions
have always been attracted by several researchers. In recent years, the distri-
bution of random variables has attracted excessive interest. Probability density
functions perform an essential role in statistics and the concept of probability,
particularly for distributions. There are numerous forms of distribution from
situations of real existence, together with the binomial distribution, Poisson dis-
tribution and hypergeometric distribution. In the theory of geometric functions,
simple distribution, along with Pascal, Poisson, logarithmic, binomial, beta neg-
ative binomial has been partially studied from a theoretical point of view (see
[1, 5, 15, 16]) and two parameters of the Mittag-Leffler-type probability distri-
bution (see [6, 21, 13]). Let us now recall some known definitions and results in
Geometric Function Theory.

Let A denote the class of all functions u(z) of the form

(1.1) u(z) = z +

∞∑
k=2

akz
k,

in the open unit disc U = {z ∈ C : |z| < 1}. Let S be the subclass of A consisting
of univalent functions and satisfy the following usual normalization condition
u(0) = u′(0) − 1 = 0. We denote by S the subclass of A consisting of functions
u(z) which are all univalent in U. A function u ∈ A is a starlike function of the
order ξ, 0 ≤ ξ < 1, if it satisfies

(1.2) <
{
zu′(z)

u(z)

}
> ξ, z ∈ U.

We denote this class with S∗(ξ). A function u ∈ A is a convex function of the
order ξ, 0 ≤ ξ < 1, if it satisfies

(1.3) <
{

1 +
zu′′(z)

u′(z)

}
> ξ, z ∈ U.

We denote this class with K(ξ). Note that S∗(0) = S∗ and K(0) = K are the
usual classes of starlike and convex functions in U respectively. For u ∈ A given
by (1.1) and g(z) given by

(1.4) g(z) = z +

∞∑
k=2

bkz
k

their convolution (or Hadamard product), denoted by (u ∗ g), is defined as

(1.5) (u ∗ g)(z) = z +
∞∑
k=2

akbkz
k = (g ∗ u)(z), (z ∈ U).
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Note that u ∗ g ∈ A.

Let T denotes the class of functions analytic in U that are of the form

(1.6) u(z) = z −
∞∑
k=2

akz
k, ak ≥ 0 (z ∈ U)

and let T ∗(ξ) = T ∩ S∗(ξ), C(ξ) = T ∩K(ξ). The class T ∗(ξ) and allied classes
possess some interesting properties and have been extensively studied by Silver-
man [20].

Miller and Ross proposed the following special function in their mono-
graph (p. 314, [12]), which is called now the Miller-Ross function defined as

Eν,c(z) = zνeczγ∗(ν, cz),

where γ∗ is the incomplete gamma function. Using the properties of the incom-
plete gamma functions the Miller-Ross function can easily be written as

(1.7) Eν, c(z) = zν
∞∑
k=0

(cz)k

Γ(k + ν + 1)
; z, c, ν ∈ C.

In this paper, we shall restrict our attention to the case of real-valued c > 0
and z ∈ U. It is clear that the Miller Ross function Eν, c(z) does not belong
to the family A. Thus, it is natural to consider the following normalization of
Miller-Ross function [4]:

Eν, c(z) = z1−νΓ(ν + 1)Eν, c(z)

= z +

∞∑
k=2

ck−1Γ(ν + 1)

Γ(k + ν)
zk(1.8)

For c, ν ∈ C, we can write the following

Eν, c(1)− 1 =

∞∑
k=2

ck−1Γ(ν + 1)

Γ(k + ν)
,

E′ν, c(1)− 1 =

∞∑
k=2

k ck−1Γ(ν + 1)

Γ(k + ν)
,

E′′ν, c(1) =

∞∑
k=2

k(k − 1)ck−1Γ(ν + 1)

Γ(k + ν)
.
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In recent years, a large literature has evolved on the use of distribution series such
as Poisson, Pascal, Borel, etc., in geometric function theory. Many researchers
have examined some important features in the field of geometric function theory,
such as coefficient estimates, inclusion relations, and conditions of being in some
known classes, using different probability distributions, see for example [10, 11,
12, 13, 14, 15].

We now recall that a discrete random variable X whose probability mass
function is given by

P [X = i] =
e−mmi

i!
, i = 0, 1, 2 . . . , m > 0

is said to have a Poisson distribution with parameter m.

Recently, Porwal and Dixit [17] introduced Mittag–Leffler-type Poisson
distribution and obtain moments, moment generating function. Bajpai [3] intro-
duced Mittag–Leffler-type Poisson distribution series. Lately Srivastava et al.[22]
introduced the Poisson distribution which is a two-parameter Mittag–Leffler-type
Poisson distribution. Motivated by results on connections between various sub-
classes of analytic univalent functions using special functions and distribution
series [2, 7, 21, 18, 19, 8] we obtain coefficient inequalities, distortion theorem,
radii of starlike, convex, convex linear combination and convolution property for
the Miller Ross-type Poission distribution series to be in classes.

The applications of the Miller–Ross function is a powerful tool in theoret-
ical research and practical applications involving univalent functions and complex
analysis. Its versatility in providing insights into coefficient bounds, growth, and
distortion properties makes it an essential component in these fields.

The contributions of the Miller-Ross function to science and mathemat-
ics are substantial. It has enhanced our understanding of univalent functions,
provided valuable tools for analyzing geometric and analytical properties, and
has had practical implications in various fields such as fluid dynamics, signal
processing, and computational analysis.

First, we recall the definition of the Miller Ross-type distribution.

The probability mass function of the Miller Ross-type Poisson distribution
is given by

(1.9) Pν,c(m, k) =
mν(cm)k

Eν,c(m)Γ(k + ν + 1)
, k = 0, 1, 2, . . . ,

where ν > −1, c > 0 and Eν, c(z) is Miller-Ross function given in (1.7).
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The Miller Ross-type Poisson distribution series is defined by

(1.10) Fmν,c(z) = z +

∞∑
k=2

mν(cm)k−1

Γ(k + ν)Eν,c(m)
zk, z ∈ U.

(see [18], see also [22]). Furthermore, using the convolution (or Hadamard prod-
uct), we define

Km
ν,cu(z) = Fmν,c(z) ∗ u(z)

= z +

∞∑
k=2

mν(cm)k−1

Γ(k + ν)Eν,c(m)
akz

k

= z +

∞∑
k=2

Φν
c (k,m)akz

k,(1.11)

where

(1.12) Φν
c (k,m) =

mν(cm)k−1

Γ(k + ν)Eν,c(m)
.

Inspired by the work of [9, 11, 14], we introduce the new subclass involving
Miller–Ross-type poission distribution series Km

ν,cu(z), as below:

Definition 1.1. For 0 ≤ ω < 1, 0 ≤ σ < 1 and 0 < ς < 1, we let
TSmν,c(ω, σ, ς) be the subclass of u consisting of functions of the form (1.6) and its
geometrical condition satisfy∣∣∣∣∣∣

ω
(

(Km
ν,cu(z))′ − Kmν,cu(z)

z

)
σ(Km

ν,cu(z))′ + (1− ω)
Kmν,cu(z)

z

∣∣∣∣∣∣ < ς, z ∈ U

where Km
ν,cu(z), is given by (1.11).

2. Coefficient inequality. In the following theorem, we obtain a nec-
essary and sufficient condition for function to be in the class TSmν,c(ω, σ, ς).

Theorem 2.1. Let the function u be defined by (1.6). Then u ∈ TSmν,c(ω, σ, ς)
if and only if

(2.1)
∞∑
k=2

[ω(k − 1) + ς(kσ + 1− ω)]Φν
c (k,m)ak ≤ ς(σ + (1− ω)),
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where 0 < ς < 1, 0 ≤ ω < 1, 0 ≤ σ < 1 and 0 ≤ ϑ < 1. The result (2.1) is sharp
for the function

u(z) = z − ς(σ + (1− ω))

[ω(k − 1) + ς(kσ + 1− ω)]Φν
c (k,m)

zk, k ≥ 2.

P r o o f. Suppose that the inequality (2.1) holds true and |z| = 1. Then
we obtain∣∣∣∣ω((Km

ν,cu(z))′ −
Km
ν,cu(z)

z

)∣∣∣∣− ς ∣∣∣∣σ(Km
ν,cu(z))′ + (1− ω)

Km
ν,cu(z)

z

)∣∣∣∣
=

∣∣∣∣∣−ω
∞∑
k=2

(k − 1)Φν
c (k,m)akz

k−1

∣∣∣∣∣
− ς

∣∣∣∣∣σ + (1− ω)−
∞∑
k=2

(kσ + 1− ω)Φν
c (k,m)akz

k−1

∣∣∣∣∣
≤
∞∑
k=2

[ω(k − 1) + ς(kσ + 1− ω)]Φν
c (k,m)ak − ς(σ + (1− ω))

≤ 0.

Hence, by maximum modulus principle,u ∈ TSmν,c(ω, σ, ς). Now assume that
u ∈ TSmν,c(ω, σ, ς) so that∣∣∣∣∣∣

ω
(

(Km
ν,cu(z))′ − Kmν,cu(z)

z

)
σ(Km

ν,cu(z))′ + (1− ω)
Kmν,cu(z)

z

∣∣∣∣∣∣ < ς, z ∈ U

Hence,∣∣∣∣ω((Km
ν,cu(z))′ −

Km
ν,cu(z)

z

)∣∣∣∣ < ς

∣∣∣∣σ(Km
ν,cu(z))′ + (1− ω)

Km
ν,cu(z)

z

)∣∣∣∣ .
Therefore, we get∣∣∣∣∣−

∞∑
k=2

ω(k − 1)Φν
c (k,m)anz

k−1

∣∣∣∣∣
< ς

∣∣∣∣∣σ + (1− ω)−
∞∑
k=2

(kσ + 1− ω)Φν
c (k,m)akz

k−1

∣∣∣∣∣ .
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Thus,
∞∑
k=2

[ω(k − 1) + ς(kσ + 1− ω)]Φν
c (k,m)ak ≤ ς(σ + (1− ω))

and this completes the proof. 2

Corollary 2.2. Let the function u ∈ TSmν,c(ω, σ, ς).Then

ak ≤
ς(σ + (1− ω))

[ω(k − 1) + ς(kσ + 1− ω)]Φν
c (k,m)

zk, k ≥ 2.

3. Distortion and covering theorem. We introduce the growth
and distortion theorems for the functions in the class TSmν,c(ω, σ, ς).

Theorem 3.1. Let the function u ∈ TSmν,c(ω, σ, ς). Then

|z| − ς(σ + (1− ω))

Φν
c (2,m)[ω + ς(2σ + 1− ω)]

|z|2 ≤ |u(z)|

≤|z|+ ς(σ + (1− ω))

Φν
c (2,m)[ω + ς(2σ + 1− ω)]

|z|2.

The result is sharp and attained

u(z) = z − ς(σ + (1− ω))

Φν
c (2,m)[ω + ς(2σ + 1− ω)]

z2.

P r o o f.

|u(z)| =

∣∣∣∣∣z −
∞∑
k=2

akz
k

∣∣∣∣∣ ≤ |z|+
∞∑
k=2

ak|z|k

≤ |z|+ |z|2
∞∑
k=2

ak.

By Theorem 2.1, we get

(3.1)
∞∑
k=2

ak ≤
ς(σ + (1− ω))

[ω + ς(2σ + 1− ω)]Φν
c (k,m)

.

Thus,

|u(z)| ≤ |z|+ ς(σ + (1− ω))

Φν
c (2,m)[ω + ς(2σ + 1− ω)]

|z|2.
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Also,

|u(z)| ≥ |z| −
∞∑
k=2

ak|z|k

≥ |z| − |z|2
∞∑
k=2

ak

≥ |z| − ς(σ + (1− ω))

Φν
c (2,m)[ω + ς(2σ + 1− ω)]

|z|2.

2

Theorem 3.2. Let u ∈ TSmν,c(ω, σ, ς). Then

1− 2ς(σ + (1− ω))

Φν
c (2,m)[ω + ς(2σ + 1− ω)]

|z| ≤ |u′(z)| ≤ 1+
2ς(σ + (1− ω))

Φν
c (2,m)[ω + ς(2σ + 1− ω)]

|z|

with equality for

u(z) = z − 2ς(σ + (1− ω))

Φν
c (2,m)[ω + ς(2σ + 1− ω)]

z2.

P r o o f. Notice that

Φν
c (2,m)[ω + ς(2σ + 1− ω)]

∞∑
k=2

kak

≤
∞∑
k=2

n[ω(k − 1) + ς(kσ + 1− ω)]Φν
c (k,m)ak

≤ς(σ + (1− ω)),(3.2)

from Theorem 2.1. Thus,

|u′(z)| =

∣∣∣∣∣1−
∞∑
k=2

kakz
k−1

∣∣∣∣∣
≤ 1 +

∞∑
k=2

kak|z|k−1

≤ 1 + |z|
∞∑
k=2

kak
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≤ 1 + |z| 2ς(σ + (1− ω))

Φν
c (2,m)[ω + ς(2σ + 1− ω)]

.(3.3)

On the other hand

|u′(z)| =

∣∣∣∣∣1−
∞∑
k=2

kakz
k−1

∣∣∣∣∣
≥ 1−

∞∑
k=2

kak|z|k−1

≥ 1− |z|
∞∑
k=2

kak

≥ 1− |z| 2ς(σ + (1− ω))

Φν
c (2,m)[ω + ς(2σ + 1− ω)]

.(3.4)

Combining (3.3) and (3.4), we get the result. 2

4. Radii of starlikeness, convexity and close-to-convexity. In
the following theorems, we obtain the radii of starlikeness, convexity and close-
to-convexity for the class TSmν,c(ω, σ, ς).

Theorem 4.1. Let u ∈ TSmν,c(ω, σ, ς). Then u is starlike in |z| < R1 of
order ℘, 0 ≤ ℘ < 1, where

(4.1) R1 = inf
k

{
(1− ℘)(ω(k − 1) + ς(kσ + 1− ω))Φν

c (k,m)

(k − ℘)ς(σ + (1− ω))

} 1
k−1

, k ≥ 2.

P r o o f. u is starlike of order ℘, 0 ≤ ℘ < 1 if

<
{
zu′(z)

u(z)

}
> ℘.

Thus, it is enough to show that

∣∣∣∣zu′(z)u(z)
− 1

∣∣∣∣ =

∣∣∣∣∣∣∣∣
−
∞∑
k=2

(k − 1)akz
k−1

1−
∞∑
k=2

akzk−1

∣∣∣∣∣∣∣∣ ≤
∞∑
k=2

(k − 1)ak|z|k−1

1−
∞∑
k=2

ak|z|k−1
.

Thus,

(4.2)

∣∣∣∣zu′(z)u(z)
− 1

∣∣∣∣ ≤ 1− ℘ if
∞∑
k=2

(k − ℘)

(1− ℘)
ak|z|k−1 ≤ 1.
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Hence, by Theorem 2.1, (4.2) will be true if

k − ℘
1− ℘

|z|k−1 ≤ (ω(k − 1) + ς(kσ + 1− ω))Φν
c (k,m)

ς(σ + (1− ω)

or if

(4.3) |z| ≤
[

(1− ℘)(ω(k − 1) + ς(kσ + 1− ω))Φν
c (k,m)

(k − ℘)ς(σ + (1− ω))

] 1
k−1

, k ≥ 2.

The theorem follows easily from (4.3). 2

Theorem 4.2. Let u ∈ TSmν,c(ω, σ, ς). Then u is convex in |z| < R2 of
order ℘, 0 ≤ ℘ < 1, where

(4.4) R2 = inf
k

{
(1− ℘)(ω(k − 1) + ς(kσ + 1− ω))Φν

c (k,m)

k(k − ℘)ς(σ + (1− ω))

} 1
k−1

, k ≥ 2.

P r o o f. u is convex of order ℘, 0 ≤ ℘ < 1 if

<
{

1 +
zu′′(z)

u′(z)

}
> ℘.

Thus, it is enough to show that

∣∣∣∣zu′′(z)u′(z)

∣∣∣∣ =

∣∣∣∣∣∣∣∣
−
∞∑
k=2

k(k − 1)akz
k−1

1−
∞∑
k=2

kakzk−1

∣∣∣∣∣∣∣∣ ≤
∞∑
k=2

k(k − 1)ak|z|k−1

1−
∞∑
k=2

kak|z|k−1
.

Thus,

(4.5)

∣∣∣∣zu′′(z)u′(z)

∣∣∣∣ ≤ 1− ℘ if

∞∑
k=2

k(k − ℘)

(1− ℘)
ak|z|k−1 ≤ 1.

Hence, by Theorem 2.1, (4.5) will be true if

k(k − ℘)

1− ℘
|z|k−1 ≤ (ω(k − 1) + ς(kσ + 1− ω))Φν

c (k,m)

ς(σ + (1− ω)

or if

(4.6) |z| ≤
[

(1− ℘)(ω(k − 1) + ς(kσ + 1− ω))Φν
c (k,m)

k(k − ℘)ς(σ + (1− ω))

] 1
k−1

, k ≥ 2.

The theorem follows easily from (4.6). 2
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Theorem 4.3. Let u ∈ TSmν,c(ω, σ, ς). Then u is close-to-convex in |z| <
R3 of order ℘, 0 ≤ ℘ < 1, where

(4.7) R3 = inf
n

{
(1− ℘)(ω(k − 1) + ς(kσ + 1− ω))Φν

c (k,m)

kς(σ + (1− ω))

} 1
k−1

, k ≥ 2.

P r o o f. u is close-to-convex of order ℘, 0 ≤ ℘ < 1 if

<
{
u′(z)

}
> ℘.

Thus, it is enough to show that

|u′(z)− 1| =

∣∣∣∣∣−
∞∑
k=2

kakz
n−1

∣∣∣∣∣ ≤
∞∑
k=2

kak|z|k−1.

Thus,

(4.8) |u′(z)− 1| ≤ 1− ℘ if
∞∑
k=2

k

(1− ℘)
ak|z|k−1 ≤ 1.

Hence, by Theorem 2.1, (4.8) will be true if

k

1− ℘
|z|k−1 ≤ (ω(k − 1) + ς(kσ + 1− ω))Φν

c (k,m)

ς(σ + (1− ω)

or if

(4.9) |z| ≤
[

(1− ℘)(ω(k − 1) + ς(kσ + 1− ω))Φν
c (k,m)

kς(σ + (1− ω))

] 1
k−1

, n ≥ 2.

The theorem follows easily from (4.9). 2

5. Extreme points. In the following theorem, we obtain extreme points
for the class TSmν,c(ω, σ, ς).

Theorem 5.1. Let u1(z) = z and

uk(z) = z − ς(σ + (1− ω))

[ω(k − 1) + ς(kσ + 1− ω)]Φν
c (k,m)

zk, for n = 2, 3, . . .

Then u ∈ TSmν,c(ω, σ, ς) if and only if it can be expressed in the form

u(z) =

∞∑
k=1

θkuk(z), where θk ≥ 0 and

∞∑
k=1

θk = 1.
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P r o o f. Assume that u(z) =
∞∑
k=1

θkuk(z), hence we get

u(z) = z −
∞∑
k=2

ς(σ + (1− ω))θn
[ω(k − 1) + ς(kσ + 1− ω)]Φν

c (k,m)
zk.

Now, u ∈ TSmν,c(ω, σ, ς), since

∞∑
k=2

[ω(k − 1) + ς(kσ + 1− ω)]Φν
c (k,m)

ς(σ + (1− ω))
× ς(σ + (1− ω))θn

[ω(k − 1) + ς(kσ + 1− ω)]Φν
c (k,m)

=
∞∑
k=2

θk = 1− θ1 ≤ 1.

Conversely, suppose u ∈ TSmν,c(ω, σ, ς). Then we show that u can be

written in the form
∞∑
k=1

θkuk(z).

Now, u ∈ TSmν,c(ω, σ, ς) implies from Theorem 2.1

ak ≤
ς(σ + (1− ω))

[ω(k − 1) + ς(kσ + 1− ω)]Φν
c (k,m)

.

Setting

θn =
[ω(k − 1) + ς(kσ + 1− ω)]Φν

c (k,m)

ς(σ + (1− ω))
ak, k = 2, 3, . . .

and θ1 = 1−
∞∑
k=2

θk, we obtain u(z) =

∞∑
k=1

θkuk(z). 2

6. Hadamard product. In the following theorem, we obtain the con-
volution result for functions belongs to the class TSmν,c(ω, σ, ς).

Theorem 6.1. Let u, g ∈ TS(ω, σ, ς, ϑ). Then u ∗ g ∈ TS(ω, σ, ζ, ϑ) for

u(z) = z −
∞∑
k=2

akz
k, g(z) = z −

∞∑
k=2

bkz
k and (u ∗ g)(z) = z −

∞∑
k=2

akbkz
k,

where

ζ ≥ ς2(σ + (1− ω))ω(k − 1)

[ω(k − 1) + ς(kσ + 1− ω)]2Φν
c (k,m)− ς2(σ + (1− ω))(kσ + 1− ω)

.
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P r o o f. u ∈ TSmν,c(ω, σ, ς) and so

(6.1)
∞∑
k=2

[ω(k − 1) + ς(kσ + 1− ω)]Φν
c (k,m)

ς(σ + (1− ω))
ak ≤ 1,

and

(6.2)
∞∑
k=2

[ω(k − 1) + ς(kσ + 1− ω)]Φν
c (k,m)

ς(σ + (1− ω))
bk ≤ 1.

We have to find the smallest number ζ such that

(6.3)

∞∑
k=2

[ω(k − 1) + ζ(kσ + 1− ω)]Φν
c (k,m)

ζ(σ + (1− ω))
akbk ≤ 1.

By Cauchy-Schwarz inequality

(6.4)
∞∑
k=2

[ω(k − 1) + ς(kσ + 1− ω)]Φν
c (k,m)

ς(σ + (1− ω))

√
akbk ≤ 1.

Therefore, it is enough to show that

[ω(k − 1) + ζ(kσ + 1− ω)]Φν
c (k,m)

ζ(σ + (1− ω))
akbk

≤ [ω(k − 1) + ς(kσ + 1− ω)]Φν
c (k,m)

ς(σ + (1− ω))

√
akbk.

That is

(6.5)
√
anbn ≤

[ω(k − 1) + ς(kσ + 1− ω)]ζ

[ω(k − 1) + ζ(kσ + 1− ω)]ς
.

From (6.4) √
akbk ≤

ς(σ + (1− ω))

[ω(k − 1) + ς(kσ + 1− ω)]Φν
c (k,m)

.

Thus it is enough to show that

ς(σ + (1− ω))

[ω(k − 1) + ς(kσ + 1− ω)]Φν
c (k,m)

≤ [ω(k − 1) + ς(kσ + 1− ω)]ζ

[ω(k − 1) + ζ(kσ + 1− ω)]ς
,

which simplifies to

ζ ≥ ς2(σ + (1− ω))ω(k − 1)

[ω(k − 1) + ς(kσ + 1− ω)]2Φν
c (k,m)− ς2(σ + (1− ω))(kσ + 1− ω)

.

2
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7. Closure theorems. We shall prove the following closure theorems
for the class TSmν,c(ω, σ, ς).

Theorem 7.1. Let uj ∈ TSmν,c(ω, σ, ς), j = 1, 2, . . . , s. Then

g(z) =

s∑
j=1

cjuj(z) ∈ TSmν,c(ω, σ, ς).

For uj(z) = z −
∞∑
k=2

ak,jz
k, where

s∑
j=1

cj = 1.

P r o o f.

g(z) =
s∑
j=1

cjuj(z)

= z −
∞∑
k=2

s∑
j=1

cjak,jz
k

= z −
∞∑
k=2

ekz
k,

where ek =

s∑
j=1

cjak,j . Thus g(z) ∈ TSmν,c(ω, σ, ς) if

∞∑
k=2

[ω(k − 1) + ς(kσ + 1− ω)]Φν
c (k,m)

ς(σ + (1− ω))
ek ≤ 1,

that is, if

∞∑
k=2

s∑
j=1

[ω(k − 1) + ς(kσ + 1− ω)]Φν
c (k,m)

ς(σ + (1− ω))
cjak,j

=
s∑
j=1

cj

∞∑
k=2

[ω(k − 1) + ς(kσ + 1− ω)]Φν
c (k,m)

ς(σ + (1− ω))
ak,j

≤
s∑
j=1

cj = 1.

2
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Theorem 7.2. Let u, g ∈ TSmν,c(ω, σ, ς). Then

h(z) = z −
∞∑
k=2

(a2k + b2k)z
k ∈ TSmν,c(ω, σ, ς), where

ζ ≥ 2ω(k − 1)ς2(σ + (1− ω))

[ω(k − 1) + ς(kσ + 1− ω)]2Φν
c (k,m)− 2ς2(σ + (1− ω))(kσ + 1− ω)

.

P r o o f. Since u, g ∈ TSmν,c(ω, σ, ς), so Theorem 2.1 yields

∞∑
k=2

[
(ω(k − 1) + ς(kσ + 1− ω))Φν

c (k,m)

ς(σ + (1− ω))
ak

]2
≤ 1

and
∞∑
k=2

[
(ω(k − 1) + ς(kσ + 1− ω))Φν

c (k,m)

ς(σ + (1− ω))
bk

]2
≤ 1.

We obtain from the last two inequalities

(7.1)

∞∑
k=2

1

2

[
(ω(k − 1) + ς(kσ + 1− ω))Φν

c (k,m)

ς(σ + (1− ω))

]2
(a2k + b2k) ≤ 1.

But h(z) ∈ TS(ω, σ, ζ, q,m), if and only if

(7.2)

∞∑
k=2

[ω(k − 1) + ζ(kσ + 1− ω)]Φν
c (k,m)

ζ(σ + (1− ω))
(a2k + b2k) ≤ 1,

where 0 < ζ < 1, however (7.1) implies (7.2) if

[ω(k − 1) + ζ(kσ + 1− ω)]Φν
c (k,m)

ζ(σ + (1− ω))

≤1

2

[
(ω(k − 1) + ς(kσ + 1− ω))Φν

c (k,m)

ς(σ + (1− ω))

]2
.

Simplifying, we get

ζ ≥ 2ω(k − 1)ς2(σ + (1− ω))

[ω(k − 1) + ς(kσ + 1− ω)]2Φν
c (k,m)− 2ς2(σ + (1− ω))(kσ + 1− ω)

.

2
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