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ABSTRACT. In this article we define orbit and related terminologies for soft
sets. We prove some fixed point results for soft D,- metric space in a specific
orbital case and extending various general principles for fixed point theorems
in D-metric space to soft D,-metric spaces.

1. Introduction. Studies involves for obtaining various generalizations
in metric spaces are pioneer works in field of mathematical reasearch involving
uncertainity problems. The major reaon for this generalizations is that wide clas-
sification of metric spaces provides powerfull tool in dealing with uncertainities
in various branches of mathematics such as approximation theory, variational in-
equalities and so on. B. C. Dhage [3] introduced the concept of D-metrics and
developed various properties and results in their later attempts. The concept
of soft set theory was introduced by Molodtsov [8] in 1999 and it became an
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important tool to deal with mathematical uncertainities. Das and Samanta [2]
in 2013 devolped a new calss of metric space named soft metric based on soft
points of soft sets. Fixed point results of D-metric spaces and soft metric spaces
can be seen in [1, 5, 6, 7] and in other related papers of the same authors. The
scope of soft D-metric was first investigated by Gundus Aras et al. [7] and they
proposed the notion of A-distance on a complete soft D-metric and gave a fixed
point theorem on it.

In this paper we are introducing the concept of orbit for the case soft
points and then we are defining soft D,-metric for the single parameter a as in
[5]. And for the single parameter case of soft D,-metric space we establish several
fixed point results and its general principles with valid proofs.

The main results of this paper are devided in to two sections. In section
3, we define orbit and realted terminologies. Later we discusses an important
general fixed point principle and some general results as corollaries. Section 4
deals with «a,-condensing maps and fixed point results involving a,-condensing
maps in soft D,-metric space.

2. Priliminaries.

Definition 2.1 ([8]). A pair (F,E) is called a soft set over X, where F'
is a mapping given by F : E — P(X). That is we can understand a soft set as
a parametrized family of subsets of the set X. For each a € E, F(a) denotes the
set of a—elements or a—approximate elements of the soft set (F, E).

Definition 2.2 ([3]). Let X be a non empty set. A function D : X3 —
[0,00) is called a D— metric if the following conditions are satisfied:

1) D(z,y,2) >0 for all x,y,z € X and equality holds if and only if v =y = z,

(1) D
(2) D(z,y,2) = D(x,2,y) = D(y,2,2) = ---
(3) D

3) (137?/7'2) < D($7y7u) +D($,U,Z) +D(u7y7z)! fOT all T,Y,z,u € X

Then the pair (X, D) is called a D-metric space.

Let us denote the absolute soft set by X and the collection of all soft
points of X by SP(X). E be a non empty set of parameters and R(E™) denotes
the set of all non negative soft real numbers.

Definition 2.3 ([7]). A mapping D : SPgX) x SP(X) x SP(X) —

R(E™) is called a soft D-metric on the soft set X that satisfies the following
conditions, for each soft points x4, yp, zc, uqg € SP(X),
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(1) D(za,yp, 2c) > 0 and equality holds if and only if x4 = yp = 2. (coincidence)
(2) D($a7 Yb, ZC) = D(ybu L, ZC) = D(J:CM Zc, yb) = (Symmetry)
(3) D(%asYps 2c) < D(Tas Y, ua) + D(Ta, ta, 2c) + D(ua, Yp, 2c)

Then the set of X with a soft D-metric is called a soft D-metric space and denoted
by (X,D,E).

Definition 2.4 ([7]). Let (X, D, E) be a soft D-metric space. A soft
sequence {1: } converges to x, € SP(X ) if for each € > 0, there exists ng € N
such that Vm n > ng, D(x} ,xl'  xp) < €.

an’? " am?

Definition 2.5 ([7]). A soft sequence {:L‘Zn} is called a Cauchy sequence if
for each € > 0, there exists ng € N such that Ym > n,p > ng, D(ﬂonyl’Tmu@“Zp) <
€.

Definition 2.6 ([7]). A soft metric space is complete if every Cauchy
sequence is convergent.

Deﬁnition 2.7 ([4]) Let f : X — X The orbit of f at the point v € X
is the set O(x {:L‘ fa, fz, }

Definition 2.8 ([4]). An orbit of x is said to be bounded if there ezists a
constant K > 0 such that D(u,v,w) < K for all u,v,w € O(x). The constant K
is called D- bound of (O(z)).

Definition 2.9 ([4]). The D-metric is said to be f-orbitally bounded if
O(z) is bounded for each x € X.

3. Main results. The main points concerned in this section is providing
a definition of orbit for the case of soft sets and detailed study of fixed point results
under the soft D,-metric background on a space endowed with softpoints. All
the Theorems and Corollaries are occupied for the case of D-metric space. And
here we are extending them for the case of soft D,-metric space.

Definition 3.1. Let X be an absolute - soft set and (X, Dy, E) be a soft
D, -metric space. Let f be a self map on SP(X). The orbit off at the point x,
is the set O(xy) = {xa,fxa,f Tq, .- }

Definition 3.2. An orbit of x, is said to be bounded if there exist a
constant K, > 0 such that Dy(g, Ba,Va) < Ko for all ag, Ba,Va € O(xg). The
constant K, is called a Dy-bound of O(z,).
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Definition 3.3. A soft D,-metric space ()N(,l?a,E) is said to be f or-
bitally bounded if O(z,) is bounded for each x, € SP(X).

Definition 3.4. An orbit O(z,) is called f orbitally complete if every Dq
cauchy sequence in O(z,) converges to a point in SP(X).

Lemma 3.1. Let {:L‘Zn} be a bounded soft sequence with D, bound K,
satisfying
Da(xgnvxgjjlvx?m) S )‘ZKG

for all positive integers m > n, and some 0 < A\, < 1. Then {xzn} 18 Dy-Cauchy.

Theorem 3.1. Let (X,Dg,, E) be a soft Dq-metric space, f be a self map
of SP(X). Suppose that there exists an x, € SP(X) such that O(z,) is D,
bounded and f-orbitally complete. Suppose also that fsatisfies

(31) Da(f*%a f?L fé) < Agmax {Da(j7g7 2)7 Da(*%v fj:7 2)}

for 2,5,Z2 € O(z,) for some 0 < A\ < 1. Then f has a unique fized point in
SP(X).

Proof. Suppose that there exist an n such that z,, = Z4,,,. Then f
has i, as a fixed point in SP(X). Therefore we may assume that all of the Z,
are distinct.

We wish to show that, for any positive integers m,n, m > n, that

~ ~ ~ n
Da($an+1 yLaptas xam) < )\aKau

where K, is the D, bound of O(z,). the proof is by induction. From (3.1), for
any m,

Da(jm 5 jaz s jam) < )\a max {Da(*%ao 5 jal 5 jam_1 )7 Da(jao 5 jal 5 jam_1 )}

3.2
(3:2) <\ K,.
Again using (3.1)

(3.3)  Do(ZasZags Tay) < Aamax {Do(Zay, Tags Tar_r)s Da(Zays Tags Tam_1) } -

Using (3.2)

(3.4) Do(Fag, Tay, Tay,) < Aamax { Dg(Fag, Tay> Tap_1 ) Xakal -
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Inequality (3.4) can be regarded as a recursion formula in m. Therefore

Do(Zays Zags Tay ) < Aa max {Ag max { Do(Zay, Tag s Tar_s)s AaKa} s AaKa )
(3.5) 25

Assume the induction hypothesis. Then from (3.1),

Do(Zaps1sTansss Tap)
(3.6) < Aamax {Do(Fap.r> Tapsos Tam1)s Da (Tap Tanss> Tap_1) }
< Aemax {Dy(Zap s Tansas Tam1)s NaKa )
Inequality (3.6) can be regarded as a recursion formula in m. Therefore,
(3.7)
Do(Zaps1 Tansas Tap)
< Agmax { Ao max { Do(Za, 1, Tapios Tam_s)s M Ka '}, Ao Ko}
=max {\2Do(Taps1 Tanios Tam_s)s M2 Koy, Ao T1I, }
= max { 2D (T, 1+ Tansas Tam_s)s AT K }
max { A\2Aq max { Do(Za, 1> Lanior Tam_s)s M Ko}, MK}
max { A2 Do (Faprs Tapyas Tam_s)s M Kg b < oo
max {\' Do (a1 Tansos Tamn)s AT Kq }
max { A\ A\q max { Do(Fap, 1 Tansas Lamn1)s Mt Ko} AT K, )
AR,

(VAN VANRNN | IR VAN

and {Z}; } is Do-Cauchy by Lemma 3.1. Since SP(X) is xq-orbitally complete,
there exist a p, € SP(X) with lim & = p,.

In (3.1) set T = &, Z = Py to obtain
(38)  DalFansss Tanes [Pa) < Aamax { Da(Fa, FanirsPa)s Da(Faps FanirsPa) }
Taking the limit of (3.8) as n — oo yields

Da(ﬁaapNaa fﬁa) < )\aDa(ﬁaapNaapNa) =0
and g, = [Pa- .
To prove uniqueness, suppose that ¢, is also a fixed point of f. Then from (3.1)
(3.9)
Da(p~a7p~aa (]Na) = Da(fp~a> IPa, fq~a) < Ag max {Da (p~aap~aa (]Na) aDa(p~a> IPa, q~a)}
= )\aDa(ﬁmﬁm (ja)

which implies that p, = ¢,. O
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Corollary 3.1. Let f be a selfmap of a complete and bounded soft D,-
metric space SP(X) satisfying

(3.10) Da(fZa, fas f2a) < AaDa(Fas Jas Za)

for all Tq,Ya, 24 € SP(X ) for some 0 < A\, < 1. Then f has a unique fized point
Da, and f 18 continuous atl pg.

Proof. In (3.10) set § = f& to obtain (3.1). Then, from theorem
3.1, f has a unique fixed point p. To prove continuity, let {2;‘"} C SP(X) with
lim Z; = po. From (3.10),

(3.11) Da(Pas Day f2a,) = Da(fPay fPas FZan) < NaDa(Pas Day f2a)-

Taking the limit as n — oo gives limsup Dq(Pa; Pa, f zan) =0, a and 3
lim inf Dy (pa, Pa, fzan) = 0 which implies that lim fza = Py = fPa, and f is
continuous at p,. O

Corollary 3.2. Let f be a selfmap of a complete and bounded soft D,-
metric space satisfying the condition that there exists a positive integer m

(3.12) Do(f™%, ["%, [™Z) < \Da(%,§, %)

for all 2,9,z € X, for some 0 < A < 1. Then f has a unique fized point p, and
f is orbitally continuous at p,.

Proof. Define T = f™. Then (3.12) reduces to (3.10), and T has
a unique fixed point p, by previous corollary; i.e., p, = Ty, Do = f Pa- Thus
P = My, = T( fpa), and fp, is also a fixed pomt of T. Uniqueness implies
that fpa = pu, and p, is a fixed point of f

For the continuity, let {3, } € O ( f), with lim Z,, = p,. From (3.12),

(3.13) Da(F"Pa; " Par ["Za,) < NaDa(Pa: Vs Za)
Taking the limit as n — oo shows that lim f‘méan = Pa = fmp,, and f™ is
forbitally continuous at p,. But since each Z,, € O(f),lim f™Z,, = fZan.rn 1

and f is f—orbitally continuous at p,. O

Corollary 3.3. Let Mf be a self map of SP(X),SP(X) an f-orbitally
bounded and soft D,-metric space satisfying

(3.14) ~
Da(Fia, Fins F2a) < v | - Du(Za, fZa, Za)

1+ Do (Za, Ja, Za)

] Dao(¥ay fiias Za) + BaDa(Za; Ya, Za)
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for all Zq, Yo, 24 € SP(X),aq + Bs < 1. Then f has a unique fized point p, and
fis continuous at p.

Proof. In (3.14) set j = f& to obtain
Da(f*%ay ij:ay féa) SaaDa(fjay ijau ga) + ﬁaDa(*%au fjaa ga)

(3'15) S)\a max {Da(f.’iaa fQ*%m 2(1)7 Da(ja’ f‘%a’ Za)}

where Ay = agq + 8, < 1, and (3.1) is satisfied. The conclusion follows from
Theorem(3.1). To prove the continuity of f at p,, let {Z} } C SP(X) with
lim 2, = p,. In (3.14) set Zq = Z4 = Pu, Ja = Za,, to obtain
Da(Pas fZansPa) < Da(fPas [Zans [5a)
1+ Do(Pa, fPa,pa)
L+ Da(Pa, fZa,, Pa)
+ BaDa(Pa; fZa, Pa)

< 0aDa(Za, s F2ansPa) + BaDa(Pas Zan: Pa)-

Taking the lim sup of both sides of (3.16) as n — oo yields

a

(3.16) ] Da(Za,, fZan: Pa)

(3.17) Do (P, imsup fZ,,, Pa) < taDa(Pa, imsup fZa, , pa),

which implies that lim sup fian = Pg. Similarly, taking the liminf of both sides
of (3.16) as n — oo yields

(3.18) Do(Pa, iminf fZ,, ,pa) < 0taDa(pa, iminf fZ, ., pa),

which implies that liminf fZ, = p,. Therefore lim fZ,, = po = fPa, and f is
continuous at p,. O

Corollary 3.4. Let f be a self map of an f orbitally bounded and complete
soft Dy metric space SP(X), m a fixed positive integer. Suppose that f satisfies

o 14D, (3. "3, 3

Da(F™ 0, F s F5) <o |3 Palfa /" %0 %)

(319) 1+ Da(afay Ya, Za)
+ﬁaDa(ja7gaaZa)

for all Zq, Yo, 20 € SP(X),aa + B, < 1. Then f has a unique fized point p, and
f is f orbitally continuous at py.

Proof. Set T = f™. then T satisfies (3.14). Therefore T has a unique
fixed point at p,, and is continuous at p,. O

Da(as ™ ar Za)
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4. aq-conndensing.

Definition 4.1. For any set O(z,) in a soft Dy-metric space SP(X), the
D, diameter of O(xy),0,0(x4) is defined by

5aO(xa) = sup D, (i‘aa Ya, ga) .
ZayJa,2a€0(Tq)

The measure of non compactness of an orbit O(zgq) in a soft Dy-metric space
SP(X) is a non negative real number aq(O(x,)) defined by
(4.1)

n

0> 0:0(zq) = | |O(24;) for which 84 (0(24)) < Ya
0a(O(za)) = inf { Ul !

fori=1,2,....n

Definition 4.2. A self map f of SP(X) is called ag-condensing, if for
any bounded orbit O(x,) in SP(X) is bounded

Oza(f(O(.I‘a))) < q(O(z4))
if ag(O(14)) > 0.

Lemma 4.1. Let f: SP(X) — SP(X), SP(X) an f-orbitally bounded
and complete soft Dy-metric space be aq-condensing. Then O(x,) is compact for

each z, € SP(X).

Theorem 4.1. Let f be a continuous compact selfmap of a bounded soft
D, metric space SP(X) satisfying

(42)  Da(f"Zas [*Tas ['Za) < 00 (Za,Tar Za) for each Eq,ia, Za € SP(X),

with two of {Za,Ya,Z2q} distinct, where r,s,t are fived positive integers. Then f
has a unique fixed point in SP(X).

Proof. Since f is compact, there exist a compact subset SP(~) of
SP(X) containing f(SP(X)). Then f(SP(Y)) C Y and A:=n}2,f"SP(Y) is
a non empty compact f -invariant subset of SP(X ) which is mapped by f onto
itself. A has the same properties with respect with respect to f, fs and f*.
Suppose that 5(A) > 0. Since A is compact there exist xa,ya, za € A such that
5(A) = D, (a:a,ya,za) Since fA = A, there exist &,/ and Z, in A such that
Fo= fTE, 50 = 57, and Z, = f'Z/. Then from (4.2),

(4.3)  0(A) = Da(Za, Gas Za) = Da(fT2, F50, F12)) < 6(Za, a, Za) = 0(A),
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a contradiction. Therefore A consists of a single point, which is a fixed point
of f. .
Suppose p, and ¢, are fixed points of f,p, # ¢,.-Then from (4.2)

(4.4) 0 < Da(Pas PasGa) = Da(f Pas FPas F1da) < Da(Pas Pas a)

a contradiction. Therefore the fixed point is unique. O

Corollary 4.1. Let SP(X) be a compact D,-metric space, f, a continu-

ous selfmap of SP(X) satisfying

(4.5) )
Do(Za, Yas Za), Da(Za, fTas Za),

Da(fjaufgayféa) < mnax Da(g(hfgaaga)yDa(*/iaafgayga)u Da(ﬁayﬁayga)

Da(Jas fTas Za)

for all Zq, 9o %0 € SP(X) with &q # fia,ia # flasZa # fZa. Then f has a

unique fized p, in SP(X).

Proof. Inequality (4.5) implies that Do(fZa; fia, f2a) < 0a(Zas Tas Za),
and the existense and uniqueness of a fixed point p, follows from theorem (4.4).

For continuity, let {Z,, } € SP(X) with Z,, # pq for each n and lim 2,, =
Pa. From(4.5)

(4.6) Do(ParPas f2an) = DalfBas Fhas FZan) < Da(Pas fhas Zan)

taking the limit as n — oo implies that f is continuous at p,. O

Theorem 4.2. Let f be an f—orbitally continuous o -condensing selfmap

of a complete bounded soft D,-metric space SP(X). Let ¥, € SP(X). If (4.2)

holds on O(x,), then f has a unique fized point p, € O(x,), and im f"Z, = p,
n

for each T, € O(x,).

Proof.  From (4.3), O(z,) is compact. Since f is a continuous a,

condensing selfmap of O(x,), f is compact. Now apply Theorem 4.1. O

Corollary 4.2. Let f be a continuous aq-condensing selfmap of a com-
plete bounded soft Do-metric space SP(X) satisfying (4.5) for all Zq,Ja,Za €
SP(X) with Tq # [Za;Ya # [UasZa # [Za- Then f has a unique fized point py in
SP(X).

From Corollary 4.1, Do(f&a, fia, f2a) < 0a(ZasJa, Za) and Theorem 4.2
proves the Corollary.



314 M. S. Jeena, L. Sebastian

Theorem 4.3. Let f be a selfmap of a soft Dq-metric space SP(X).
Suppose that there exist a point x, € SP(X) with O(z,) bounded and complete.
Suppose that f is continuous and og-condensing on O(x,) and satisfies (4.2) for
each To, Yo, %a € O(xa) with two of {Z4,Ya,Z2a} distinct, and T, # fxa,ya %
fUas 20 # fZa. Then f has a fized point in O(z,).

Proof. By Lemma 4.1 O(aca) is compact. If there exists some integer
n for which f"Z, = f"'Z,, then f has a fixed point in O(z,). Assume that
"z, =+ f"“xa each n. Note that f restricted to O(z,) is a continuous compact
selfmap of O(z,). Suppose i, # fiq for each cluster point ug of O(z4). Then f
satisfies condition (4.2) for all Z4, ¥q, Zq € O(x,), with two of {Z4, Ja, 24 } distinct.
Therefore, by Theorem 4.2, f restricted to O(xg) has a unique fixed point p, €
O(xy). This contradicts the assumption that @, # fﬂa for each cluster point
of O(zg). Therefore 4, = f&a for some cluster point @, € O(x,). O

The proofs of theorem (4.1),(4.2),and (4.3) are very similar to their metric
space counterparts in [9], and [4], but given here for completeness.

Theorem 4.4. Let f be a selfmap of SP(X X), and f- orbitally bounded
and complete soft Dg-metric space. Suppose that f s (g -condensing, f-orbitally
bounded and continuous and satisfies

(4.7)

Do(fZa, fiiarfZa)
1+ Do(&a, fia,2a)
1+ Do(Zq; Ja, Za)

] Da(gav f@aa ga) + IBG‘Da(i‘a?ga? ga)

= M(i'aa gaa ga)

fO?" all waayaaza € SP( ) with T, # fwaaya G fyaaza # fza; where ag, Bq >
0,00 + B, < 1. Then f has a unique fized point p, € X and f 18 continuous at

Pa-

Proof. If g+, < 1, the result follows from Corollary (3.6). Therefore
we assume that a, + 8, = 1. Let z, € SP(X) and define z,,,, = fia,,n > 0.
From Lemma 4.1 it follows that O(z,) is compact. Obviously f : O(z,) —
O(z4). o )
Case I. There exist some Z4, ¥q, 24 € O(z,) for which M = 0. Then g, = f§, =
Zq = T4, and g, is a fixed point of f. Inequality (4.7) implies uniqueness.
Case II. M # 0 for all Z4, 74, 24 € O(x4). Define a function F : (O(z4))® —
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[0, 00) by

~ Da ~~a7 ~~a7 ~~a
(4.8) F (G, o Za) = ]\(f(i ];y 25 )Z )

The function F is well defined on (O(z,))? since M # 0 on O(x,).
Since F' is continuous on O(z,), it attains its maximum value at some point
(U, Ug, Ug) € O(xg). We call this maximum value é. From (4.7) it follows that
0 < ¢ < 1. Therefore
49

Da(fZa; fas fZa)

< eM(Za, Ja, Za)

1+ Da(&a, fTa, Z)
1+ Do(Za, Tas Za)

!/

] Do(¥ay [l Za) + B2Da(Za; Yas Za)

for all Zq,%a, 2a € O(x,), where o), = éa, > 0,8, = ¢, > 0 and o, + B, =
¢(ag + Ba) < 1. Since O(x,) is compact, it is bounded anf complete. The result
follows from Corollary 3.3. O

Corollary 4.3. Let f be a selfmap of a complete and f—orbitally bounded
D,-metric space. Suppose that f is ag-condensing and f-orbitally continuous.
Let m be a positive integer. Suppose that f satisfies

Da(Fas F™as Za)

o i+ Doz, Fm5. 2
Da(F™ 0, Fias F5) <o | dPala /" Ta:Z0)
(4.10) 14+ Do(Za Ya, Za)

+5aDa(i‘a> gaa Za)

for all &g, 74,2, € SP(X) for which the right hand side of (4.10) is not zero,
where g, Bq > 0,04 + Bo < 1. Then f has a unique fized point p, and f 18 f
orbitally continuous at Pg.

Proof. Set T = f™. then T satisfies (4.7), and the existence and
uniqueness of the fixed point pq, for T, follows from (4.7). Tt then follows that
Pq is the unique fixed point for f . The continuity argument is the same as that
used in the proof of Corollary (3.4). O

Corollary 4.4. Let f be a continuous selfmap of a compact Dq-metric
space satisfying (4.7). Then f has a unique fized point p,, and f s continuous

at Pg.
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This results is an immediate consequence of Theorem 4.4.
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