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ABSTRACT. We give an integral representation of the fundamental solution
of the heat and resolvent equations associated to the Kohn’s Laplacian on
the octonionic Heisenberg group. Moreover, the fundamental solution for
the octonionic Heisenberg Laplacian is found.

1. Introduction. The heat equation is known as a fundamental equa-
tion in mathematical physics and occur in many branches of physics, in applied
mathematics as well as in engineering (cf. [4, 12, 25]). In harmonic analysis, this
equation has known interesting developments.

For a given Lie group GG whose associated Lie algebra is generated by
some left-invariant vector fields Vq,...,V,, the heat equation and the inverse
problem can be defined respectively by

(1.1) %u = <Z Vf) uwon G xRT and <Z Vf) v=20dp on G.
i=1

=1
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An explicit usable expression of the corresponding heat kernel and fundamental
solution is always desirable.

The purpose of this paper is to discuss some complex spectral objects
associated with the Kohn’s Laplacian £ on the octonionic Heisenberg group.
Namely, the heat, the resolvent and the Green kernels are derived. Moreover, the
fundamental solution for £ is obtained.

This paper gives an extension of the results in [2, 18, 21, 22| and [28]
for classical Heisenberg and quaternionic Heisenberg groups to the case of the
octonionic Heisenberg group and therefore to all nilpotent part of the Iwasawa
decomposition of rank one semisimple Lie groups.

On the analogy with the complex and quaternion point of view, there
exists a wide literature regarding operator theory over the octonions that can be
found in [13, 16, 19, 27] and references therein. The octonion algebra is the largest
division real algebra in which the complex field has non-central embeddings [3,
14]. A nice description of the algebra of octonions is given by Baez [3].

The Heisenberg group was studied extensively and systematically by many
authors during the last decade, while the investigation of the octonionic Heisen-
berg group remained incomplete. The corresponding results of the octonionic
Heisenberg group are much more complicated than the Heisenberg group be-
cause the octonionic field is not commutative and not associative. We hope, that
the octonionic Heisenberg group will play an important role in the future, similar
to the role played by the Heisenberg group in different aspects of mathematics.

The first aim of the present paper is to construct an explicit expression of
the heat kernel for the Kohn’s Laplacian £ on the octonionic Heisenberg group
by using the geometric variational method introduced in [4] by Calin et al. This
method was initially applied for the Heisenberg Laplacian; see [6].

The second aim of this paper is to use the explicit formula for the heat
kernel to derive an integral representation of the resolvent kernel. More precisely,
one can use the well known formula connecting the resolvent and the heat kernels
[7, p.56]

(1.2) (C—L) ' = /OO e %% eds;  Re(C) <0,
0

to find the resolvent kernel associated with the Kohn’s Laplacian £ for the oc-
tonionic Heisenberg group Hp. We prove that its expression is given in terms of
the Whittaker function W, ().

The third purpose of this paper is to construct the fundamental solution
for the Kohn’s Laplacian £ on the octonionic Heisenberg group Hp.
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The rest of the paper is organized as follows: In Section 2, we introduce
the octonionic Heisenberg group Hp and its corresponding Lie algebra. Also, the
associated Kohn’s Laplacian £ and some of its properties are given. In Sections 3
and 4, we discuss and state our main results giving integral representations of the
corresponding heat and resolvent kernels. In Section 5, the fundamental solution
for £ is derived. Finally, in Section 6, we compute the Green function.

2. Octonionic Heisenberg Laplacian. We denote by O the algebra

of octonions. O has a basis {e;} satisfying the relation e;eg = ege;, i € {0,...,7}
and
(2.1) eiej = —(Sije() + €ijkey, 1,] € {1, R ,7},

where ;5 is the Kronecker delta and €;;;, are completely skew-symmetric in 4, j, k,
and equal the value +1 for (i,7,k) € A (cf. [3, 5]), where

(2.2) A=1{(1,2,3),(1,4,5),(1,7,6),(2,4,6),(2,5,7),(3,4,7),(3,6,5) } .

€ijk is nonzero only when (i, j, k) is a permutation of triples in A.

7
We write an octonionic number as z = E xrrex. The conjugate of x
k=0
7 7
iIST = xg — g rre, and Rex = xg, Smz = g zrer. The set of all purely
k=1 k=1

imaginary octonions span a 7 dimension subspace of O, denoted ImQ. O is also
equipped with the inner product and norm of R®. For z,y € O, we have

7
<$7y> = Zxkyk and |$‘2 = <$7$>
k=0

We define the octonionic Heisenberg group Hp := O x SmQO to be the noncom-

o

mutative group equipped with the multiplication ”.” given by
1 _
(2.3) (2,0)-(y,0) = (2 + ysu+ v+ 5Sm(Ty)

for all 2,y € O and u,v € SMO. Topologically, Hp := O x ImO is the R® x R” =
R'. Moreover, it is a Lie group of dimension 15, whose center is {0} x R” ~

{0} x Im@. The Haar measure on Hp coincides with the Lebesgue measure on
R® x R” which is denoted by dm/(z,u).
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The Lie algebra of Hp is generated by the left-invariant vector fields

T )
al‘o 2 8u1 OUQ OU3 aU4 OU5 8u6 8U7 ’
T A e BT
8:51 2 8u1 OUQ 8U3 OU4 aU5 8u6 8U7 ’
ORI R NP NP R SR
81‘2 2 81 82 8U3 84 85 86 aU7 ’
al‘3 2 8u1 OUQ 8U3 OU4 aU5 8u6 8U7 ’
T TP R M)
al‘4 2 8u1 OUQ OU3 aU4 OU5 8u6 8U7 ’
Sm 2t (e v a0
Oxs 2 Ouy Ous Ous Ouy Ous Oug ouy )’
Org 2 ouq Ous Ous Ouy Ous Oug Ouy )’
X7—i+l <_ 6 + 5i+.1‘4 9 — 3 9 — Iy 9 +x1i+x0i>
al‘7 2 0 OUQ OU3 aU4 OU5 8u6 8U7

0 .
and the canonical vector fields T; = o forj=1,...,7.
Uy
The commutation relations between the generators are

(2.4) (Xi, X;j] = —eijwTh, [Xo, X;] =T
where €51, is given in (2.1).
The center of the Lie algebra Lie(Hp) of Hp is the real span of {1}, T5, ...,
T7}, i.e.,
VX € Lie(Ho), [X,Tj]=0; j=1,...,7.
Hence Hp is a 2-step nilpotent Lie group.

We define the Kohn’s Laplace operator £ as a Casimir operator on Hp,
by considering

7
L=-> X
1=0
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Explicitly, £ takes the following form:

r 1
L=— —\:L‘|2 ( )
0 4 Z 8uk,

k

0* 0* 0? 0*
Bl B (ees5)
-1 63:18ul 8x08ul 63:J8uk Oxkﬁuj

(4,3,k)

=l

where (i, 7, k) is a permutation of triples in A.
The Kohn Laplacian £ can be rewritten in terms of the standard Lapla-
cian on R® and the one on R”

A]Rs Z 81‘2 and A]R7 Z 8u2

respectively, as follows
- - 1
(2.5) L= —Ags — <J(8u)a:, ax> — loAgg,

where (-,-) denotes the inner product and where d, and 8, denotes respectively
the gradient vectors on R® and R” given by

= 0 0 = 0 0
a$—<a—$0,,8—x7> and au_(a—m”a—/u,?)’

and where J(8,) is the operator matrix given by

0 0w  Ouy  Ou  Ou  Ous  Oug  Ou
0w 0 By —0Ouy Ou —Ou, —Ou  Oug
Ouy —Ous O O Ouy  Ouy  —Ouy —Ous
—Ouy Ouy 0w, 0 O —Ou Ous  —Ou,
0w, —Ous —Oug 0w 0 Ou  Ouy  Ous
Ous Ouy  —Ow Oy —0Ou 0 —Ouy Oy
~Ou Ou Oy —Ou —0Ouy Ouw O —Dy
0wy —Oug  Ouy  Ou —Ou —Ouy Ou, O

Remark 2.1. Note that J(u) is an skew-symmetric matrix whose square
is given by
J(u)® = ~[ul* I,

for all u € R”, where I3 is the identity matrix on R%.
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The operator £ acting on D(L) := C§°(Hp), the space of complex-valued
C*°- functions with a compact support in Hp as its natural regular domain, is a
densely defined symmetric operator. Precisely, we have

(2.6 | enadm= [ (zg)am: 1.geDe)

Let (X;)o<i<7 be the left-invariant vector fields on Hp given above. Then,
we have

7
2
-y
1=0

implying

7
_ _ 2 _
/HO (L) Gdm = ZO/H (X2f) g dm

Set I = (i1,...,in) € N* and |I| = i1 + i2 + - - - + iy, the formula [11, p.21]

[ @ng= 0 [ rextg)

where X! = X' X2 ... X!» and where the Xis are left-invariant differential
operators on a Lie group G, help us to obtain

/Ho( Z/H gdm

:_Z/Hof(@)dmz/ﬂ f (Zg) dm,

O

which is exactly the symmetry propriety of L.
By considering the quadratic form defined by

(2.7) Q(f,9) =(Lf,g9), [f,9€ DKL),

and using also the formula [11, p.21], we get

QN = (er0) = [ (en) Fim = Z/H (X,X.f)Fdm
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7 7
-y /H (Xif) () dm = 31X Baagy oy > O-
=0 o 1=0

It follows that £ is a positive operator on L?(Hop, dm).

Following the theory of operators associated with forms, the operator £
admits a unique self-adjoint extension (Friedrichs extension) which is also a non-
negative operator (see [24, p.107] for the general theory). Here this extension will
be also denoted by L.

Positivity of £ ensures that its spectrum is a closed unbounded set con-
tained in the positive real-axis. Then, by the general spectral theory for un-
bounded self-adjoint operator, £ admits a spectral decomposition {E)}3Z
[8, 24].

The Kohn Laplacian £ can be also expressed in the divergence form as
follows

—00

£ = div (Mﬁ) :

)

where “div” is the vector operator divergence and V is the gradient vector on

15 .
R™, ie.,

g_(o. 92 9 Y
~ \Ox9" T Oxr 0wy Oy )

and M is the non-degenerate symmetric matrix given by

I ‘ ¢(x)

M=

(@) | (jzl*/4) Iz

Here I; and Iy are the identity matrices on R” and R® respectively and ((z) is
the matrix given by

x Z2 xs3 Ty T5 Ze Z7

—Tyg —X3 T —X7 Te —XI5 T4

I3 —Tryg —T1 —Tg —T7 T4 xIs

C(z) _1 —T9 X1 —Xog Ty —Ta T7 X
2 Mg L6 —T5 —X I3 —T2 —XI1

— g xT7 T4 —xr3 —Xp T — X9

xIs —T4 X7 i) —Tr1 —Tyg —I3

—T4 —T5 —Te Lo x2 x3 —Z0
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Using Sylvester’s criterion [15], we prove that M is a positive definite matrix.
Hence, the operator L is elliptic.

The positivity of our operator £ also ensures that the semi group e s
well defined. Computing its integral kernel will be the goal of the next section.

3. Heat kernel on the octonionic Heisenberg group. We in-
troduce a time parameter ¢t > 0 and we consider the fundamental solution of the
heat equation associated to £, ¥(x, u;t) defined by

(3.1) %ﬁ(x,u; t) = LI(z,u;t); t>0,(z,u) € Ho
' lim J(z,u;t) = f(x,u) € C5°(Ho)
t—0+

In this section, we deal with the Cauchy problem of heat type (3.1). For this we
need some preparations.

Denoting by F(,), the partial Fourier transform with respect to the vari-
able u € R7 is given by

(3.2)

1 . .
}—(u)@(@‘» u) = ﬁ R ez(u,v>(p($’ ’U) dm(v) = pgrfoo l<p ez(u,v>(p(x’ ’U) dm(v),

considered as the limit in the L?(R")-norm sense.

The partial Fourier transform, with respect to the variable u € R, of the
Kohn Laplacian £ defined in (2.5) associated to the octonionic Heisenberg group
Ho is given by

- 1
(3.3) Ay = FyoL=—Ags +i(J(v) x,0:) + Z\x|2|v|2,
where v = (v1,...,v7) is the dual variable of u € R”. Tt is a differential operator

acting on C*°(0;C).

Definition 3.1. We will call A, given in (3.3), the octonionic Landau
operator.

We denoted by hy(z,y,t), the heat kernel associated to the octonionic
Landau operator A, which can be computed using the geometric variational
method considered in [4]. Indeed, we have

(3-4) ho(@,y, 1) = ay(t) e S0,
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where S is the classical action associated with the operator A, and a,(t) is the
volume element defined by

o5 )= (Y

0
Introducing the dual variable §; = ia—, j = 0,...,7, we get the Hamilton
2

J
function H associated to A,

1
(36)  H(@z& = +(JW) 2.8 + 2Pl &= (&, &)
The corresponding Lagrangian function reads as
(3.7) L(z, p) = max ({p,€) — H(z,€)), peR.
£€ERS

Now, let z(s) be a smooth curve joining x(0) = y and z(¢) = x. Therefore, the
action along x(t) is given by the functional

(3.8) S(z,y;t) = S(x(t)) = /0 L(z(s),2(s))ds.

The following assertion gives the explicit expression of S(z,y;t).

Proposition 3.2. The functional S(x,y;t) is given by
(3.9) S(z,y;t) == 2 (J(v) z,y) + 2[v| cot(4v]t) |z — y|*.

Proof. Recall that the classical action S(x(t)) is obtained by integrating
the Lagrangian along the classical path x(s) which is a solution of the Euler-
Lagrange equations given by

d 19
ds | 0z

0

L(m(s),a’:(s))} = —L(x,2).

(3.10) = o

The necessary condition for reaching the maximum is vanishing of partial deriva-
tives of the function & — (p,&) — H(z,€). This condition can be written as

1

o1 1
5—2/) QJ(U)JL‘.

So the Lagrangian along the solution is

L(z,p) = (p,€") = H(2, &) = {p.€") = |€']* = (J(v) 2,€") — i\v\le\Q
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Using the fact that (J(v)z,J(v)z) = |v|?|z|?, for any 2 € R®, we deduce that

1

L) = 1l = 5 (7). ).
Hence,
0 1 0
%L(a:,a:) =1 — §J(v)x, %L(l‘,l‘) = -J(v)&
and
% || = 536) - 30 a)

Then, the Euler-Lagrange equations (3.10) becomes
(3.11) Z(s) —2J(v) z(s) = 0.
With the substitution #(s) = p(s) equation (3.11) becomes
5(s) — 2J(0) pls) = 0.
Integrating this equation yields
o(s) = 205 0y
It follows that the classical path z(s) is then given by
z(s) = %J(v)flew(v)s Cy1 + Cy,

where Cy and Cy are some constants to determinate. The Lagrangian L(x(s), Z(s))
evaluated along the previous solution is

1
Lia(s),i(s) = =5 (¥ €1 (@) Gy )
Integrating the Lagrangian along the solution yields the following classical action

S(z,y;t) = —i <J(v)71 (eZJ(U)t - Ig) Cy, J(v) C'2>.
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Using the initial conditions z(0) = y and z(t) = z, we get
-1
Cy =2J(v) (eQ‘](”)t - Ig) (r —v)

and .
Co=y— (€2J(U)t - Is) (x—y).

This infers

S(avai0) =~ (0=, 90)) + 5 (2=, 90) (&0 = 1) (@ =)
312 = U - (T - (- 5) @),

where we have used the fact that (J(v)x,z) = 0 for J(v) being antisymmetric.
-1
As a step toward computing the inverse matrix (ew(v)t — Ig) , let’s first
attempt to compute the exponential of the matrix 2J(v)t. For all v € R”, the
matrix J(v) satisfies the following rules
J()? = —Jul*Is, J(u)® = ~[ul* J(u),

(3.13) Jw)t = ul*Is,  J(u)® = |u* J(v),

where Ig is the 8 x 8 identity matrix.
By (3.13), we observe that

€2J(v)t:§:(2t')nj _ i (2t|v])** J(v) o (2t[v])** !
13} |
= n! — 4k)! \v\ — (4k + 1)!
(2t|v]) 4k+2 J V) o= (2t|v|)4k+3
_ISZ v]) ()Z(H) .
(4k + 2)! ] prd (4k + 3)!

We conclude that the matrices J(v) and e>/@* commute. Note that

> Qt"l}‘ 4k+2

o0

2t|v
Z = cos(2t|v])
k=0 = (4 +2)

and
i G g /) s (2t]v))
- —— = sin(2t|v]).
|
— (4k + 1)! — (4k + 3)!
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It follows that, the matrix €2/ has the form

sin(2t|v])

e Wt — cos(2t|v])Is + o]
v

J(v).
To this end, we claim

-1 1 cot(|vlt)
2J(v)t _ — - A\
(6 Ig) 218 2|’U| J(U)

Inserting this in (3.12) gives rise to

1 v
St yit) = £ () ) + 2 cot(lolt) e — yi?

by straightforward computation. This completes the proof. O
We summarize the computations and the formula as a Lemma:

Lemma 3.3. The heat kernel associated to /A, the octonionic Landau
operator is given by

4 )
(3.14) m@%@=<fﬁ%v)aﬁmwwa%wwwwﬂ%
Sin v

With these preparations, we assert the following

Theorem 3.4. The solution of the Cauchy problem (3.1) is given by
(3.15) Owit) = [ kileuiy, ) f(g0) dm(y,o),
Ho

where ky(x,u;y,v) is the heat kernel on the octonionic Heisenberg group Ho as-
sociated to L given by

(3.16)  ke(x, u;y,v)

4
_ —ilu—v ) (T 3) Al ~ L coth (Ao —y|?
/R7e €’ <sinh(tw)> © dm(X),

where z,y € R® and u,v € RT.

Proof. Let ¥ be the solution of the Cauchy problem of heat type:

%ﬂ(x,u; t) = LO(x,u;t); t>0,(x,u) € Hp
lim d(z,u;t) = f(x,u)

t—0t

(3.17)
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Applying the Fourier transform in the w-variable of both sides of this equation,
then 9 satisfies

0
(3.18) i T (@, v5t) = Ay Fuyd(@, vi );
lim f(u)'ﬁ(:v,v;t) = f(u)f(x,’u)

t—0t

where v is the dual variable of u € R” and A, is the octonionic Landau operator
given in (3.3).
According to Lemma 3.3, we get

(3'19) ]:(u)ﬁ(xawt) = / hv(x7y§t) ]:(u)f(yvv) dm(y),

Rj

where h,(z,y;t) is the heat kernel associated to A, given by

4
(3.20) hy(z,y;t) = <$‘D> e~ 3(J (W) zy) 6_% coth(t|v|)\g;_y‘2'
Sin v

Now, by the Parseval-Plancherel theorem [23, p.39], we get from (3.19) the inte-
gral representation

Iz, u;t) :/ e~ v FyV(z,v;t) dm(v)
R}
= [ et [ / hy(x,y;t)f(u)f(y,v)dm(y)] dm(v)
R? RS

(3.21) -/ [ e i) Foy Fa0) dm<v>] am(y).
RS | JRY
On the other hand, Corollary 2 in [23, p.49] enables us to write

/ e (2, 8) Foay £, 0) dm(v)
]R?

v

(322) -/ ( [

where we have used the square integrability of the function v — e~ *¥% hy(z,y;t)
which follows by applying the following inequality

e My (2, y; t)dm(/\)) f(y,v) dm(v),

7
A

. > <e® foralls>0.
sinh s
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Substituting in (3.21) yields
Ioowt) = [ aeuiyo) S5 0)dm(y.v)
RS xR7
where ki(z,u;y,v) is given by
ke(z,u;y,v) =/ e Ty (s t) dm(N).
R

More explicitly

| ; AL\ :
k . — —i{u—v,\) ,—5 (J(A) z,9) |7 — 7 coth(tADle—y] dm(A).
t(.’E,U,y,’l)) \/Rf\ € €2 Slnh(t‘)\‘) . m( )

This completes the proof. O
Using polar coordinates, we establish a new integral representation of the
heat kernel (3.16).

Proposition 3.5. The heat kernel in (3.16) can be written as

(3.23)  ki(z, u;y,v)

7 2
27) 3 00 coth(tr)|xz—y|
- (2m)> - / SR Js ([u — v + Sm(yT)/2|r) r's dr,
lu — v + Sm(yx)/2| sinh®(tr) 2

where J, is the Bessel functions of the first kind.

Proof. We introduce the polar coordinates for the A-variable such that
A = rw, where 7 = |A| and w = (w1,...,wr) is a point in the unit sphere S® in
R” with center at the origin. Then dm(\) = r%drdo(w), where do is the surface
measure on S°. By Theorem 3.4,

0o
4
—ir{u—v,w) (J(rw);r,y) r —Z coth(tr)|z—y|?,.6
(z,u;y,v //e (sinh(tr)) e 1 rodrdo(w)

0s

[=]

00
(3 24) / Slnh4 tr — coth(tr)\x yP ,y . U(T) d’r7
0

where

(3.25) Z$7y’u7v(r):/ e*ir<u7v,w>e*%(J(rw)x,y>da(w).
S6
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Let z = (xg,...,27)", y = (50, ...,y7)" € R®. We have
(J(rw)z,y) =r(r,w),
where
T = (=Zoy1, - - - T6YT),

which can be identified with the pure octonion Im(yx), by using the obvious
identification

7
R” 3 (z1,...,27) +— szek € SmO.
k=1

Hence, we can rewrite (3.25) as

. ruuv\T) = e irlu= ’ o(w).

3 26 T o, ’M’(u ’U+T/2 w) d
S6
Using the identity [26, p.347]
/§n1 ) do(w) = (2r)" M al ™ T, (la]), v = g -1,
forn=7and a =7r(u—v+7/2), we get
(3.27) Toyun(r) = 2m)2r 3 ju— v+ 7/2]2J5 (Ju — v + 7/2|r).
2

Substituting (3.27) into the expression of the heat kernel in (3.24), we finally
obtain

ki(z,usy,v)

7 . )

27) 2 oo ,—= coth(tr)|z—y|

- ( 7T)2 _ 5 - . 4 JE(‘U_U'F%m(yE)/QV)T%dT’
lu — v+ Sm(yz) /2|2 Jo sinh*(¢r) 2

as required. O

4. Resolvent kernel on the octonionic Heisenberg group. By
W, u(2) we denote the Whittaker function given by

1 1
(4.1) Weu(z) = e /2 20320 (u — K+ 3 1+ 2u; z) ,

where U (a, b; z) is the Kummer’s Function of the second kind [1, p.505].
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Theorem 4.1. Let ¢ € C such that R > 0. Then, the resolvent operator
(¢ = L)t is given by

(42) (L) f(au) = / R(G; (2, u), (9, 0)) £ (g, v)dm(y, v),

Ho

where

s %x— -2 7
R )y o)=Y [ (&40 gy (= v+ Sy 2

|u—v+%m(yf)/2|%0 2r
2
(L Qy‘ r) re dr,

Proof. We use the well known formula connecting the resolvent and
the heat kernels

(4.3) x W

Yl
[S][e]

)

and where T'(+) is Euler’s Gamma-function.

44 RCG @), @) = / T e (e, w0 dt; Re¢ <0,
0

as well as the explicit formula for the heat kernel in (3.23), to get

RAG (2, u), (y,v))
(2m)

a lu — v+ Sm(

7
2

o0
oty e S 2 Ty
yx)/ 4|2
where
o0 T 2
(4.5) Tayc(1) = / et e a ooy ginh=4(rt) dt.
0
The change s = rt yields
]_ o0 rlz—y|?
jxﬂ’g(r) — _/ efgs e~ ‘ 4y\,coth(s) Sinh74(8) ds.
™ Jo
Next, using the integral representation

—+o00
(4.6) / e 7218 = 28coth(s) (ginh(s))* ds = %mr(u ~v)W_,,_1(4B),
0
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where $(3) > 0 and R(u) > RN(v) [9, p.384], we can write the integral Jy , ¢(r)
in terms of the Whittaker function W ,(2) given in (4.1). Hence for

a2
uzQ—i,ﬁ:Lxgm and v = =2,

we get

32T (5 +2)

_ 2
jx,y,C(T) = ‘J} — y‘?“2 W_%7_g (’I”‘J} - y‘ /2)
32T (§ +2) ,
= 7 — 2
‘l‘ — y\rQ W*%v% (T|x y| / ) >

where we have used the following identities on the Whittaker function [20, p.299]
(4.7) Wien(2) = Wi —u(2).

Hence, the resolvent kernel can be expressed as

s(z,u v))= 32(277)%|3:—y|_1 i < 5 (Ju — v+ Sm(yx)/2|r
R(C: (2, ), (y,0) |u_v+%m(m/2‘go/r (s +2) 300 = 0+ Smiym) 20

x W ¢ é(r\x—y\2/2)r%dr. O
2r72

5. Construction of the fundamental solution. We introduce on
Hp the group {6, : 0 < r < oo} of dilations, which is defined by

5p(x,u) = (rz, r’u).
These dilations satisfy the distributive law
Sy ((z,u)-(y,v)) = (Or(z,0)) - (6:(y,v)) -
We also define the norm function on Hp by

1
4

7 2 7
p(a,u) = (jof* + 16Juf2) T = <Z x?) +16) "l |
i=0 Jj=1
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which satisfies

P8, (w,w)) = ro(e, u).
By analogy with the fact that |z|>~™ is (a constant multiple of) the fun-
damental solution for the Laplacian on R™ with source at 0, and the results in

[10], we now prove

Theorem 5.1. chQ_Q s a fundamental solution for L with source at e,
where

(5.1) ol = (@2 — 1) / 2l (o, w)* + 1)@ gz w),

Ho

e = (0,0) is the identity element of Hp and where QQ = 22 is the homogeneous
dimension of Hop.

Proof. For any f € C5°(Hp), we will prove that
(Lf,cqp*9) = fle).
Given any € > 0, let p. = (p +e€ ) we have
(Lf,cqr*™ %) = lim (L[, cqpz™@) = lim ([, Legpi™?).

It is easy to see that:

7

9? 9? 9? o?

e SR ) _ -Q _
> <$08xlaul i 81‘08u1> * z; i (axjauk axkauj> copz © =0.

=1 (1,3,k)

k=0 =1
We have
0 Pg Q= =(2-Q) |x‘2 Q+2)’
oxy
and
82
02 = (2= Q) {(la? +22}) o7 P — (Q+2)a} |o] @O}

k
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Then,

7 82
<Z@) cQpi” Q:CQ{10(2— Q) 22 p= @) 1 (Q% — 4) [2]° po Q+6)}
k

k=0

In other hand, we have

9 2 q_ ~(Q+2),
and
0? 2-Q —(Q+2) 6
5oaP2 ¢ =8(2-Q) (- U —8(Q + 2)uf pz @0
8u12 ¢ { }
Hence

z? LY.V
= hyr oaz ) ot
1=1
= 22— Q) g {Tlal? =@ — 8(Q + 2) laPfuf? p7 @O}
From these we get that
Legp @ =(Q° —4)cqe’ [af? p7 (@19

It follows that

(. Leart ) = (@~ cget [ flauw)lal? 5@ dau
Ho

lyl?
5.2 =(Q*—4)c fley,e%v d(y,v),
(52) @ =g [ flene) e b )
in the above integral we let (y,v) = d1(x,u).
Now letting ¢ — 0, we see that for any f € C§°(Hop),

(L, cqp®™?) = lim (Lf, cqpz™@) = lim (f, L cqpz™?) = f(e),

by (5.2) and the formula (5.1) for cél. The theorem is proved. O
Here the integral in (5.1) is convergent, but it is not computed explicitly.
We will give a description of polar coordinates on the octonionic Heisen-
berg group Hp, and then compute explicitly cg. Then, we have
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Lemma 5.2. ch27Q being defined in Theorem 5.1, we have

24 Q42
(5.3) Q= 37 am-
T3

Proof. Let S be the unit sphere in the octonionic Heisenberg group
Hop, i.e.,

S =< (z,u) €Hol|z = (20,...,27) €O, u= (uy,...,u7) € R,

7 2 7
(Zx?) + 16211? =1
i=0 j=1
Taking polar coordinates, i.e., setting (z,u) = d,(y,v) with (y,v) € S, we get
_ —(Q+6)/4
g =@ =) [ el () + 1) @ (o)

—(Q+6)/4
) r@ 1 dr d(y,v); (y,v) € S,

Ho
=@ = [ [ (oot +1
—@ = [ [ WR O+ )T )
S JOo
= (Q* — 4)/ /00 |y\2 (7”4 + 1)_(Q+6)/4 rQ+ gy d(y,v)
S J0

—(Q*—4) </OO° p@F1 (pt 4 1) (@O dr) </5 \y|2d(y,v)> .

Let’s compute the two integral separately. The first integral is

(o)
I :/ @+l (T4+1)7(Q+6)/4 dr
0

-2

1 o0
= —/ s (1+ 8)7%&9; s =1t
0

4
_I(4®
AT (20
. / o st I(2)I(y
since =
o (L4s)*tv Iz +y)
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To compute the second integral, we use the Lemma 2.9 in [17, p.911]:

L= / yI? d(y, )
S

4
15
re) w2T(3)
= 480
“ AT T30(6)
_40meT(3)
G
_r
24
Q+2
CR+2

The proof is complete. O

6. The Green functions of the octonionic Heisenberg group.
We compute in this section the kernel G of the integral operator £~ !, which is
also known as the Green function of L. It is related to the heat kernel k¢, ¢ > 0,
by the formula

G(h) = /Oo k(e h) dt, h € Ho.
0

The explicit formula for G is given in the following Proposition.

Proposition 6.1. The Green function of the octonionic Heisenberg group
Ho s given by

(6.1) Gz, u) =3 x 41673 p2=C,

Proof. Using Proposition 3.5, the Green function of the octonionic
Heisenberg group can be written as

Gz, u) = /OOO (e, (2, u)) dt
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[SIE

_(2m)

2
0o 00 o= ‘IL ~ coth(tr)
lul2 Jo 0

ft]gﬂu\r)r% dr dt.
sinh®(tr) 2

It is possible to define the Bessel functions of the first kind J, by its series
expansion as follows [1, p.360]

o0 _1 m
) =2, m!r<( )

T\ 2m+v
m+v+1) (5) ’
where I'(z) is the Gamma function. Then it follows that

G(x, u)

277)% i m|U‘2m+2 /OO /OO ei‘m‘fr coth(tr)
o = mvr m+2+1)227t5 Jo \ Jo

2m+10

r dr
sinh?(tr)

By performing the change of variables tr — p, we get

dt.

_ 1zl
g(x u) _ 27(% (_ )m|u‘2m /oo /oo T coth(p)p2m+10
’ Z m!T (m + £)22m J, 0
m=0

d dt
t2m+11 sinh4(p) P
o0 m 2m
_ %Z |“\
= m'I‘

00 p2m+10 o 6__‘1‘%::“1([)) g d
22m / Sinh4(p) [) $2m+11 p-
2

x|*pcoth
Making the change variable s = W and using the integral representa-

[ee]
tion of the Gamma function I'(y) = / s77 e % ds, we arrive at

0

Glow) =2rt > LI
=272
m'F(m—i— Ty92m
oo, 2m+10 4 2m+10 (9]
></ p 1 ( 5 ) </ 82m+968d8> dp
0 sinh*(p) \ [z[*pcoth(p) 0

Z 1)™T(2m + 10) (4|u)?™
2|x\20 —

dp
m!T(m + 5)22m|z|4m /0 sinh?(p) coth?™10(p)”
On the other hand, the intagral I

_/°° dp
™ Jo sinh?(p)

p COth2m+10(p
lated very well by expressing the integrand function with the function tanh. As

(6.2)

dp is calcu-
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I, = /oo dp dp = /OO tanh?™*5(p) (1 — tanh?(p))? dp and
" o sinh?(p) coth?™+10(p) 0

tanh’(p) = 1 — tanh?(p), we get

2
2m+7)(2m+9)

Iy =

_4117r%§: (—1)™T(2m + 10) (4]u])2™ 2
B miD(m + 5)22m|z[4m  (2m +7)(2m + 9)

_4117752 (—1)mr(2m—|— 10) <4‘u|>2m
= ‘Q;|2O = m!l(m + %)(2m+7)(2m+9)22m ‘$|2
4117-(% e (—1)mr(2m+10) (4‘u|>2m
‘1‘|20 F(m+1)r(m+1+%)(m+%)(m+%)(2m+7)(2m+9)22m z[2)
I'(z+1) = 20(2),

24%22 (-1)"T(2m + 10) (M)m
[0 2= /a2 2T (2 2) (me+3) (m+§) (2m+7) (2m+9)22m \ |22

The last equality follows using Legendre’s duplication formula [4, p.896]:

I'(z)T (z + %) = 21727 /1 T(22).

It follows that

133 X U
G(z,u) = ;xw Z (=1)™(2m +2)(2m + 4)(2m + 6)(2m + 8) <Z|lx|‘2‘>
m=0

Using the usual methods of series expansion, we obtain

q1373 384
(1 + () >
B 3 x 4167'('3 ‘$|20

X
|20 (|1 + 16]u[?)?



340

N. E. Askour, Z. Mouhcine

3 x 41673
(J2]* + 16[uf2)”
_ 3x 41073 341043
ey e
= 3 x 41673 5720 — 35 4163 pQ—Q’

where Q = 22 is the homogeneous dimension of Hp and where p is the norm
function on Hp given by

N

p(z,u) = (|z|* + 16]ul?) 7.

It follows that, the Green function of the octonionic Heisenberg group Hp is given

by

Gz, u) = 3 x 41673 p2=@,

The asserted formula is established. O
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