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ABSTRACT. We show that whenever § > 0, n are reals and constants \; sub-
ject to certain assumptions, there are infinitely many prime triples p1, p2, p3
satisfying the inequality |A1p1+Aepa+Asps+1n| < (rnaux;oj)*l/m”S and such
that, for each i € {1,2,3}, p; +2 has at most 7 prime factors. The proof uses
Davenport—Heilbronn adaption of the circle method together with a vector
sieve method.

1. Introduction. The famous prime twins conjecture states that there
exist infinitely many primes p such that p + 2 is a prime too. This hypothesis
is still not proved but there are established many approximations to this result.
Let P, be an integer with no more than r prime factors, counted with their
multiplicities. In 1973 Chen [3] showed that there are infinitely many primes p
with p+2 = Ps.
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Suppose that we have a problem including primes (equation, inequality,
..) and let » > 2. We may consider the same problem with primes p, such that
p+ 2 = P,. Up to now many hybrid theorems were proved. We mention some of
them.
In 1937, Vinogradov [23] proved that every sufficiently large odd n can
be represented as a sum

(1) n=pi+p2+Dp3

of primes py, p2, p3. In 2000 Peneva [15] and Tolev [20] looked for representations
with primes p;, subject to p; +2 = P,, for some r; > 2. It was established in [20]
that if n is sufficiently large and n = 3 (mod 6) then (1) has a solution in primes
p1, P2, p3 with

p+2=0P, p+2=PF p3+2=D"P.

The last theorem was subsequently sharpened and finally K. Matoméki and Shao
[13] proved (1) with

p1+2=PFP, pp+2=P, p3+2=P5.

In 1947 Vinogradov [24] established that if 0 < § < 1/5 then there are
infinitely many primes p, subject to the inequality

(2) lap + 8] < p~°.

In 2007 Todorova and Tolev [19] proved that if « € R\Q , f € R and 0 <
6 < 1/100 then there are infinitely many primes p with p + 2 = Py, satisfying
the inequality (2). Latter Matoméki [11] proved a Bombieri-Vinogradov type
result for linear exponential sums over primes and showed that this actually
holds with p +2 = P, and 6 = 1/1000. The best result is due to Shi San-Ying
[17] with p4+ 2 = P; and € = 1.5/100. The present paper is devoted to another
popular problem for primes p;, which is studied under the additional restrictions
pi +2 = P, for some r; > 2. According to R. C. Vaughan [21] there are infinitely
many ordered triples of primes p1, p2, p3 with

(3) IA1p1 + Aopa + Agps + 1| < (maxp;) ¢

for £ =1/10, § > 0 and some constants \;, j = 1,2,3, n, subject to the following
restrictions:

(4) N ER, N\ 75 0, 2=1,2,3;
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(5) A1, A2, A3 not all of the same sign;
(6) A1/d2 € R\ Q;
(7) n € R.

Latter the upper bound for ¢ was improved by Baker and Harman [1] to { =
1/6, by Harman [7] to £ = 1/5 and the strongest published result is due to K.
Matoméiki [12] with & = 2/9.

In 2015 Dimitrov, Todorova [5] proved that there are infinitely many
ordered triples of primes pj, p2, p3 such that the inequality (3) is fulfilled with
righ-hand side max (logpj)_A and p; +2=PFs,i=1,2,3.

Result of this type were obtained by Dimitrov [4] with £ = 1/12 in the
inequality (3) and p; +2 = Pag, i = 1,2,3.

We prove the following

Theorem 1. If conditions (4), (5), (6), (7) are fulfilled then there are
infinitely many ordered triples of primes p1, p2, ps with

(8) IA1p1 + Aopa + Agps + 7| < (max p;) 18

and
pi+2=P;, p+2=P/ p3+2="".

2. Notations. By p and ¢ we always denote primes. As usual, p(n) and
u(n) denote respectively, Euler’s function and Mobius’ function. We denote by
Tr(n) the number of solutions of the equation mimsg - --m; = n in natural num-
bers mq, ..., my and 72(n) = 7(n). Let (mi1, ma) and [mq, meo] be the greatest
common divisor and the least common multiple of mi, my. Instead of m = n
(mod k) we write for simplicity m = n(k). As usual, [y| denotes the integer part
of y, e(y) = e*™¥.

Let qo be an arbitrary positive integer and X be such that

(9) g = X"";
(10) e=X"18 5 0 is arbitrary small;
(11) A=X"T"Plog X,
log? X
(12) =22,
S

(13) D = X"/,
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(14) z=XP 0<pB<7/36;
(15) P(z)= ][ »
2<p<lz
(16) Sa(a) = Z e(pa)logp, 0< Ao <1;
A X <p<X
p+2=0 (d)
X
(1) I@)= [ clay)dy
XX
X
(18) E(£>Q>a) = logp_—
; v(q)
p=a(q)

The restrictions on Ay and the value of 5 will be specified latter. We will write
k ~ K when K/2 < k < K. The letter # denotes an arbitrary small positive
number, not the same in all appearances. For example this convention allows us

to write 27 logz < 2.

3. Outline of the proof. We notice that if (p + 2, P(z)) = 1 then
p+2 = Pyg. Our aim is to prove that for a specific (as large as possible)
value of § there exists a sequence X, X,... — oo and primes p; € (Ao X, X,
i =1,2,3 with [\p1 +Aap2 +A3p3 +1| < e and p;+2 = Py /5, i = 1,2,3. In such
a way, we get an infinite sequence of triples of primes p1, po, p3 with the desired
properties.

Our method goes back to Vaughan [21] but we also use the Davenport—
Heilbronn adaptation of the circle method (see[[22], ch. 11]) combined with a
vector sieve similar to that one from [20].

We take a function v such that

v(z) =1 for |x| < 3e/4;
(19) 0<wv(z)<1 for 3e/4 < |z| < &
v(z) =0 for |x| > ¢

and it has derivatives of sufficiently large order.
So if

(20) To(X) = > v(A1p1 + A2p2 + Asps + 1) log p1 log p2 log p3 > 0

A0 X <p1,p2,p3<X
(p;+2,P(2))=1,i=1,2,3
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then the number of solutions of (8) in primes p; € (MX, X], pi +2 = Py /g,
1 =1, 2, 3 is positive.

Let A*(d) be the lower and upper bounds Rosser’s weights of level D,
hence if d =py---pr, p1 > -+ > pp, v > 1 then

“on (=D, it pl---pgspgsﬂ <D forall 0<s<(r—1)/2
(21) A™(d) _{ 0, otherwise;

o [ (=D, i prepasapss < D forall 0<s<r/2;
(22) A7(d) _{ 0, otherwise;

For further properties of Rosser’s weights we refer to [8], [9].
Let A; = Z w(d) be the characteristic function of primes p;, such

d|(pi+2,P(2))
that (p; + 2, P(z)) =1 for i =1, 2, 3. Then from (20) we obtain the condition

(23) To(X)
= > v(A1p1 + A2p2 + Asps + m)A1A2Az log py log pa log ps > 0.

Ao X <p1,p2,p3<X

To set up a vector sieve, we use lower and upper bounds
(24) Ar= ) XEd), i=1,23

d|(pi+2,P(2))

From the linear sieve we know that A; < A; < A (see [2, Lemma 10]). Then
we have a simple inequality
(25) A1AoAs > ATATAT + ATASAT + ATAT A — 2A7 AT AT
analogous to this one in [2, Lemma 13]. Using (23) and (25) we get
[o(X) = I'(X)

= Z v(A1p1 + Aapa + Asps + 1)
Ao X <p1,p2,p3<X
(26) x (AIA;A;J{ + AfA;A;{ + AIFA;A?: — QAIFA;A:J{) log p1 log p2 log p3 > 0.
[o¢]

Let Y(z) = / v(t)e(—xt)dt be the Fourier transform of the function v

—0o0

defined by (19). Then

e 11 k k
27 T < mi —
27) | (x)|_mm(4’7r\x|’7r\x| <27r\x|5/8> )
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for all £ € N — see [16].
We substitute the function v(A1p; + Aepe+Asps+n) in (26) with its invers
Fourier transform and get

Y (ATATAY + AFAS AL + ATASA; — 207 AT A]) log py log p log ps
Ao X <p1,p2,p3<X
(28)

(o o]

X / T(t)e((Ap1 + Aap2 + Asps + n)t) dt.
—00
Hence our argument is based on the following consequence of (28).

Lemma 1. If the integral

[ee]
I(X) = / T () Z e((A1p1 + Aapa + Azps + 1)t) log p1 log p2 log p3
Ao X <p1,p2,p3<X

X (ATAFAT + ATAS AT + ATATA; —2ATATAY) dt
(29) = T1(X) + To(X) + T3(X) — 204(X) > 0.
is positive then the number of solutions of (8) in primes p; € (NX, X],

pi+2=PFuyg, it =1, 2,3 is positive. Here

r(X)= / Y (t) Z e((A\p1 + Aap2 + Azps + n)t)
Ao X <p1,p2,p3<X

X Al_AS'A:;F log p1 log po log p3 dt;

(X)) = / T (t) Z e((M\p1 + Aap2 + Azps + n)t)
Ao X <p1,p2,p3<X

X AfA;A;r log p1 log ps log p3 dt;
o
3(X) = / T(t) Z e((A\p1 + Aap2 + Azps + n)t)
00 Ao X <p1,p2,p3<X

x AT A3 A3 log py log ps log ps dt;
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[y(X) = / T (t) Z e((A\p1 + Xap2 + Azps + n)t)
Ao X <p1,p2,p3<X
X ATA;'A; log p1 log p2 log p3 dt.

We are going to estimate I'y (X'). The integrals I'a(X), I's(X), T'4(X) can
be treated in a similar way. Changing the order of summation and bearing in
mind (24) we obtain

Iy (X) = / Y(t)e(nt) L~ (Mt, X)L+ (hat, X)L+ (Ast, X)dt,

where
(30) LE,X)= > A%d) > e(pt)logp,
d|P(z) Ao X <p<X
p+2=0(d)

Let us subdivide I'1 (X) into three integrals

(31) I3 () = 03 (X) + TP () + 117 (%),

where

32) X)) = / T (t)e(nt) L™ (Mt, X)LF (hat, X) LT (Ast, X)dt,
[tI<A
A<|t|l<H

30 TVX) = / Y(t)e(nt) L™ (Mt, X)LT (Aat, X)L (Ast, X)dt.
t|>H

Here the functions A = A(X) and H = H(X) are defined with (11) and (12).
We shall estimate I‘g?’) (X), Fgl)(X ), I‘?) (X), respectively, in the Sections
4, 5, 6. In Section 7 we shall complete the proof of the Theorem.

4. Upper bound for I‘§3)(X).
Lemma 2. For the integral I‘g?’) (X), defined by (34), we have
(35) r®x) < 1.

Proof. See [5] Lemma 2. O
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5. Asymptotic formula for I‘gl)(X). The main term of the integral
I'1(X) we will derive from I‘gl)(X). Working as in §5 of [4], but with C' = A, we
get

2

(1) B A7 (d) /\"'(d) eX?
(@6) LX) =BO| > Ty || 2 S +0<(10gX)A—5>-

d|P(z) d|P(z)
where
(37)
0 X X X
B(X) = / Y (t)e(nt) (/ / / e(t(My1 + Aay2 + /\3y3))dyldy2dy3) dt.
—00 0X Ao X Mo X

According to ([5], Lemma 4), we have following

Lemma 3. If there hold (4), (5) and

. A1 Ay 1
A A
0= min <4|A3|’ MR 16)’

then B(X), defined by (37) satisfies
B(X) > eX?,

with a constant implied by the >>-symbol depending only on A1, Ao and As.

Let
AE(d)
(38) G* = .
d%(:z) ¢(d)
Then from (36) and (38) it follows
X2
(39) r\V(x) = B(X)G~ (G")*+0 <W>

6. Upper bound for ng)(X). To find estimate for T'\”)(X) we need
some statements.

We will say that a squarefree number d € N, d < D is well-separated if
for any D1 > 1 and Dy > 1 such that D = D1Ds one can write d = dido with
dy < D; and da < Dy (see [6, ch. 6, §6.1.2]).
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Lemma 4. If d|P(z), z < DY2, \* are Rosser’s weigts and either
AT(d) # 0 or A (d) # 0 then d is a well-separated number.

Proof. See remark 2, [9] O
We shall use following

Lemma 5. Let k, m € N, a € R, and

(40)

1
_27 anaaQENa (a’7Q):17 QZ:[

q

Then for every arbitrary small 8 > 0 the inequality

> 7u(m) Y e(j) min {m—2] m}

m~ M g~J

1/2,1/2
0 x x x'q
Lz (MJ+M3/2+MQ1/2+ Vi )

is fulfilled.
Proof. See Lemma 8, [11]. O

Lemma 6. Suppose a € R and « satisfy conditions (40). Let &(d) be
complex numbers defined for d < D and £(d) < 1. If

(41) LX)=)_&d) D elpa)logp.
d~D p~X
p+2=0 (d)

then for any arbitrary small 8 > 0 we have

X

£(X) < x? <1—/2 + X212 - X2B3D 4 X5/6>.
q

Proof. This is Lemma 1 from [19]. O

Above theorem give good bound for D < 2377 with ¥ > 0. To prove

upper bound for £(X) with bigger D we will use following version of Theorem 1,
[11]:

Lemma 7. Suppose a € R and « satisfy conditions (40), £(d) are complex
numbers defined for d < D, D < z*/?>77,

(42) &(d) <1 and &(d) #0 if and only if d is a well-separated number.
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Then for any arbitrary small 0 > 0 for sum (41) we have

(43) £(X) < Xe(i L X3 4 XD

17/18
g/ Di/4 +X >

Proof. The proof is similarly to proof of Theorem 1, [11]. O

Corollary 1. Suppose o € R and « satisfy conditions (40), £(d) are
complex numbers defined for d < D, D < 2718 and satisfying conditions (42).
Then for any arbitrary small 8 > 0 for sum

W=> ¢&d Y elpa)logp

d<D p~X
p+2=0 (d)
we have
X
(44) W< XY <1_/4 L X3/ X17/18>'
q

Proof. It is obvious that we can represent the sum W as O(log ) sums of
the type (41). For D < /'8 from Lemma 6 we get (44). When 2°/1® < D < 27/18
from Lemma 7 we obtain (44). O

Let us consider any sum L*(a, X) denoted by (30) and let

Lia, Y) =Y &d) Y e(pa)logp,

d<D p~Y
- p+2=0 (d)
where N
_ AT (@), it d[P(2),
§(d) = { 0, otherwise.

It is obvious that
L*(a, X) < max |L(a, V)|

A X<Y <X
If
(45) qe X0 X7
then from Corollary 1 for the sum L(«, Y') we get

(46) Lio, Y) < Y1T/1840,
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Therefore
[¥(a, X) <  max YIT/18+0 o x17/18+6,
’ A X<Y <X
Let
(47) V(t, X) = min {|L* (\t, X)|,| L=t X)|} .

We shall prove the following
Lemma 8. Let t, X, A\, A2 € R,

(48) It| € (A, H),

where A and H are denoted by (11) and (12), A1, A2 satisfy (6) and V(t, X) is
defined by (47). Then there ezists a sequence of real numbers Xy, Xo,... = 00
such that

(49) V(LX) <X =12,

Proof. Ouraim is to prove that there exists a sequence X7, Xg, -+ — 00
such that for each j = 1,2,... at least one of the numbers A\t and Aot with t,
subject to (48) can be approximated by rational numbers with denominators,
satisfying (45). Then the proof follows from (46) and (47).

A
Since /\—1 € R/Q then by [18, Corollary 1B], there exist infinitely many

2
a
fractions — with arbitrary large denominators such that
do
)\1 agn 1
(50) N~ o <3 (a0, q0) = 1.
2 9o 4y

Let go be sufficiently large and X be such that ¢2 = X7/? (see (9)). Let us notice
that there exist a1, q1 € Z, such that

1
Alt—ﬂ < —

51 ,
( ) q1 Q1q(2)

(alv ql) = 1> 1 < q1 < Q(Q), ay # 0.

From Dirichlet’s Theorem (see [10, ch.10, §1]) it follows the existence of integers

1
ap and q, satisfying the first three conditions. If a; = 0 then [A\it| < — and
q14p
from (48) it follows

1 1
MA < Mt < = 2 —
1 1“ q(g)? QO AlA
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From the last inequality, (9) and (11) we obtain

X7/9

X7/9
< Alog X’

which is impossible for large qg, respectively, for a large X. So a; # 0. By
analogy there exist as, g2 € Z, such that

1
< 5> (CLQ, Q2) = 17 1 S q2 S Q(QM a ;é 0.

a
Mot — =2 5
q29p

(52 q2

If ¢; € [XQ/Q, X7/9} for i = 1 or @ = 2, then the proof is completed. From (9),

(51) and (52) we have
G<XP=¢ i=12

Thus it remains to prove that the case
(53) g <X i=1,2

is impossible. Let ¢; < X%°, i =1,2. From (48), (51)~(53) it follows

1 1
1< \az\ < —i—qi)\i\t\ <3 + qiNiH,
q0 q0

1

(54) 1< ]ai] < 5+ NXYB 00 X, =1, 2.
4o

We have
al al
— + | Mt — —

(55) M_NMt_ @ <1 q1>:a1q%1+51

/\2 /\Qt %—l-(/\gt—%) azqi 1+3:2’

q2 q2

where T; = g <)\it - %>, i =1, 2. According to (51), (52) and (55) we obtain
a; 4i

g 1 1 1
il qigg lailgg ~ g
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Thus 2% — 0(1) and
a2q1
Al a1 < 1 )
56 —=——1+0(5).
(56) A2 asqy 4
A
Therefore, both fractions 90 and 82 approximate ==. Using (10), (51), (53)
0 azqi A2
and inequality (54) with i = 2 we obtain
57 1+ 2 X180 102 X < 10
657) oalin < 1+ 2 X5 10g <
. ag a1z . . .
80 |aza|q1 # qo and the fractions — and —— are different. Then using (57) it
40 a2q1
follows
a a apaz2q; — a 1 log X
(58) a _ a1q2| _ |aoaaq1 — a1g2qo) > S g2 '
g  a2q1 laz|q1q0 laz|q1q0 95

On the other hand, from (50) and (56) we have
1

o
4o

Al a1g2

A2 a2q1

ag M

qo A2

ap 0192

q0 a2q1

which contradicts (58). This rejects the assumption (53). Let q(()l), q(()Q), ... be an
infinite sequence of values of g, satisfying (50). Then using (9) one gets an infinite
sequence X1, Xa, ... of values of X, such that at least one of the numbers At
and Aot can be approximated by rational numbers with denominators, satisfying
(45). Hence, the proof is completed. O

7
Let us estimate the integral FgQ) (X;), denoted by (33). Using |Y(t)| < ke

4
(see (27)), (47) and estimate (49) we find
r?(x;)
Le / V(t, Xj) (‘Li()\lt,Xj)LJr()\;gt,Xj)‘ + |L+()\2t, Xj)LJr()\gt, XJ)D dt
A<|t|<H
<e [ viex) (1Lt X1+ 7 0ut X + [L*Out, X)) at
A<|t|<H
(59)
17/18+6

L eX. max 7y,
J 1<k<3
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where
+ 2
T, = / |L*(Net, X;5)|° dt.
A<|t|<H

Arguing as in [5] we obtain

(60) T, < X, 10g7 X;.

Using (59) and (60) and choosing 6 < § we get

2
(2) 17/1840 ,19/18—8 7 eX;
(61) (X)) < eX; X] log” X; < T
Summarizing (31), (35), (39) and (61) we find
62 P(X)) =BG (42 4 of —

7. Proof of the Theorem. Since the sums I'y(X;), I's(X;) and
I'4(X;) are estimated in the same way then from (29) and (62) we obtain

eX?
(63) I'(X;) = B(X;)W(X;) + O(W)v
where
(69 W) =3(64)? (6 - 507).

Let f(s) and F(s) are the lower and the upper functions of the linear sieve. We
know that if

_logD

_ 9 <5<
(65) s gz <s<3
then

2e7 log(s — 1 2¢e7
(66) f(s) = 2Moels ) -y 29

S S
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where v = 0.577... is the Euler constant (see [2, Lemma 10]). Using (38) and
Lemma 10 from [2] we get

Fo)(£+0(105)7))

<G < F() <Gt
(67) < F(2) <F(s) +O ((1og X)*1/3) )
Here
1 1
(68) HZ):QQHSZ (1—p_1> = g X"

see Mertens formula [14, ch.9, §9.1, Theorem 9.1.3] and (14). To estimate W (X})
from below we shall use the inequalities (see (67)):

G — §G+ > F(z) <f(s) - %F(s) + O((logX)_1/3)>
GT > F(2).

(69)

Let X = X;. Then from (64) and (69) it follows

(70) W) 2 375 £9) - 27 (6) + 0106 X))
We choose s = 2.949. Then
(71) F(s) ;F(s) > 0,0001

1
and from (65) for sufficiently large X we get 3 = 7.583.

We choose A > 10. Then from (10), (63), (68), (70), (71) and Lemma 3
we obtain
35/18+0
72 N(X;) > —L——.
The last inequality implies that I'(X;) — oo as X; — oo.
By the definition (26) of I'(X) and the mequahty (72) we conclude that
35/18+0

for some constant ¢y there are at least ¢ triples of primes p1, pa2, p3

J
(log X;)3
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satisfying p; € (/\0ij Xj], 1=1, 2,3, ‘)\1])1 + Aop2 + A3ps —|-7]| < ¢ and such that
for every prime factor p of p; + 2, i = 1,2,3 we have p > X318,

That completes the proof of Theorem.

Using the same manner of the above proof but with parameters

Q(Z):X6/7, €=X71/28+6, A:XfﬁﬁlogX,
log? X
€

H =

., D=Xx%" z=XP = B=0.1429;

we get

Theorem 2. If conditions (4), (5), (6), (7) are fulfilled then there are

infinitely many ordered triples of primes p1, p2, p3 with

(73)

and

1]

|A1p1 + Aopa + A3ps + 1| < (maXPj)_1/28

p1+2="P, p2+2=PF, p3s+2=PF"
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