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ABSTRACT. The main objective of this article is to examine the uniqueness
of k" derivative of transcendental entire function and i derivative of its
difference operator that share pair values (a1, as), 0 IM and zeros of k™
derivative of transcendental entire function contained in i*" derivative of its
difference operator. Meanwhile all of which greatly generalizes the outcomes
obtained by X. Huang [11] and L. Sheng [16].

1. Introduction and definitions. In this paper, we employ the gen-
eral notations found in [1, 2, 3] for the Nevanlinna’s value distribution theory.
Readers should be familiar with the basics of Nevanlinna’s value distribution
theory for meromorphic functions in C, particularly the first and second main

theorems and counting functions N(r, oo; f) (Counting multiplicity), N(r, co; f)
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(ignoring multiplicity), the proximity function m(r, f) and T'(r, oco; f) (character-
istic function). In addition, S(r, f) = o(T'(r, f)) as 7 — oo outside of a possible
exceptional set of finite logarithmic measure.

Let f and g be two non-constant meromorphic functions and «, 8 be
small functions with respect to f and g. If the zeros of f — a and g — 8 concur
in locations and multiplicities, then we say that f and g share the pair of small
functions («, ) CM (Counting multiplicities) and if we do not consider the mul-
tiplicities, then f and ¢ are said to share the pair of small functions («, ) IM
(Ignoring multiplicities). The counting function N, | , gia of g means those
a-points of g are counted according to multiplicities whose multiplicities are not

less than g, N, <r,

) denotes the counting function of ¢ whose a-points are
g—a
counted with proper multiplicity where the multiplicities are less than or equal to

— 1
q and the corresponding reduced counting function is given by N, (r, >,
g—a

— 1
Ny (r, ) where the multiplicities are ignored. Define
g—a

o) = T 8 LS,

r—o0 log r

_ ——logtlogt T(r, f)
p2(f) - Tll)I{.lo logT

as the order and the hyper-order of f respectively. For a non-constant meromor-
phic function f and the non-zero finite complex number ¢, we define its shift by
f(z + ¢) and its difference operator by Af(z) = f(z + ¢) — f(2), where f(z) is
not a periodic function of period c.

Definition 1.1 ([8]). For a non-constant meromorphic function f, the
set of all small functions of f is denoted by S(f), i.e., S(f) = {a € M(C) :
T(r,a) = S(r, f) as r — oo}. Clearly S(f) C M(C).

1
Let us consider f — a and g — a share 0. Then by N, n) <r, f—a>
— 1
<N (m,n) (r, f)) we represent the counting (reduced counting) function refers
—a

to the number of zeros of f —a and g — a, where these zeros have multiplicity m
and n respectively.

Definition 1.2 ([2]). For a complex constant a, we denote the set of all
zeros of f —a by E(a, f), where each zero with multiplicity m is counted m times
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and all distinct zeros of f —a by E(a, f). For two non-constant meromorphic
functions f and g, we say f and g partially share the value a CM, if E(a, f) C
E(a,qg). On the other hand, if E(a, f) C E(a,g), we say f and g share the value
a IM.

Here we present some results published recently regarding uniqueness of
f" and f(z + ¢) when they share values. X. Qi and L. Yang [15], proved the
following results:

Theorem A. Assume that a(# 0) € C, and that f is a transcendental
entire function of finite order. If f'(z) and f(z + c) share 0 CM and a IM, then

f'=fkE+o).

Theorem B. Let f be a transcendental entire function of finite order,
and let a, b be two distinct finite values. If f'(2) and f(z +c) share a, b IM, and

N(r, f’l—a> =S(r,f). Then f' = f(z+c).

H. X. Huang and M. L. Fang [13] improved the above Theorems and
established the following result:

Theorem C. Suppose f is a transcendental entire function with ps < 1,
c is a non-zero finite complex value, and a and b are two distinct finite values. If

f" and f(z + ¢) share a, b IM, then f' = f(z +c).

The following Theorem was established by X. Huang, B. Deng, and M.
Fang [12] through their investigation into the uniqueness of f and f*) when they
share pair values.

Theorem D. Let f be a non-constant entire function, let oy, a9, b1, B2
be four small functions of f such that ay Z 1 and as Z B2, and each of them not
equal to none of them identically equal to co. If f(z) and f(k)(z) share (aq, a2)

CM and (By, B2) IM, then (ag — B2)f — (a1 — B1)f¥) = @y — a1 fa.

In 2021, X. Huang [11] investigated uniqueness of f(z) and A f when they
share the pair values and as a result, they proved the following Theorem.

Theorem E. Let f(z) be a non-constant entire function of pa(f) < 1,
n a non-zero complexr number, and ¢ = 1,2. Let a; and b; be four finite complex
numbers such that a; # b;, and let

f'(z)((a2 = b2) f(2) — (a1 — b1) A f(2) — azb1 + a1bs)
(f(2) —a1)(f(2) —b1) '

(1.1) p(z) =
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If f(2) and A\, f(z) share (a1,a2), (b1,b2) IM, then either
(12) (CLQ — bg)f(z) — (a1 — bl) An f(Z) = CLle — albg,
or ¢(z) is a periodic entire function with period 7.

L. Sheng, D. Mei and B. Chen [16] conducted the investigation into the
uniqueness of entire function with respect to its difference operator in 2017 and
established the following conclusion.

Theorem F. Let ¢ € C, n € N, and let f(z) be a non-constant entire
function of finite order. If f(z) and AL(f(z)) share two distinct complex con-
stants a* CM and a IM and if

1
N <T’f(,z)—a*> =T(r, f)+S(r, f),
then f(2) = A(/(2)).

In this paper we prove the following result for the uniqueness of f (k) and

(A,

Theorem 1.1. Let f be a transcendental entire function with po(f) < 1,
let ¢ be a non-zero finite complex value, and a1, as be two non-zero finite values.
If % and (Af)D share (o1, 00), 0 IM and E(0, f*®) C E(0,(Af)D), then
arf®) = a (AF)D fori > k.

The folowing Example justifies the Theorem 1.1.

Example 1.1. Let f =sinz, ¢ =7, aq = =2, ag = —4, 7 = 4, and
k = 2. Then it is clear that f@ and (Af)® share (o1, a0) and 0 IM. Then one
can easily verify that oq(Af)(’) — a2f(k) =0.

The following natural and intrinsic consequences are provided by Theo-
rem 1.1:
For k =0 and ¢ = 0, Theorem 1.1 simplifies to

Corollary 1.1. With ¢ being a non-zero finite complex value and oy, as
being two non-zero finite complex values, let f be a transcendental entire function
with pa(f) < 1. If f and (Af) share (a1,02), 0 IM and E(0, f) C E(0, (Af)),
then asf = a1 A f.

In the case of a; = as = «, Theorem 1.1 becomes

Corollary 1.2. Given a transcendental entire function f with pa(f) <1,
two non-zero finite complexr numbers ¢ and c. If f(k) and (Af)(z) share o, 0 IM
and B(0, f*) C B0, (AN)Y), then f¥ = (A1)©.
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When k£ =0, 7 =0 and oy = as = «, Theorem 1.1 simplifies to

Corollary 1.3. Let ¢ and a be two non-zero finite complex values, and
f be a transcendental entire function with p2(f) < 1. If f and Af share a, 0 IM
and E(0, f) C E(0,Af) then f = Af.

2. Lemmas. In order to prove our findings, we require the following
lemmas.

Lemma 2.1 ([7]). Let f be a non-constant meromorphic function with
p2(f) <1, and let ¢ be a non-zero complex number. Then

N ( f<f(+)>) m ( f(f&))) — S, f),

for all r outside of a possible exceptional set E with finite logarithmic measure.
Lemma 2.2 ([17]). Let f be a non-constant meromorphic function of

finite order. Then
m (r, ]}) =S(r, f).

If the order of f is infinite, then

m (r, J;) = O(log(rT(r, f))), (r — oo, ¢ Ey),

where Fy is a set whose linear measure is not greater than 2.
Remark 2.1. If k£ and j are positive integers with & > j, then

F) fo =l p(k=2) (4D
I e R e R e RO

which gives,

f(k) f(k) f(k—l)
" (T’ f@) =m (T’ f(k1)> m (T’ f(k2>)

FE=2) £+
tmA T ey | Tt TG )
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using this with Lemma 2.2, we get,

(k)
m (r, ‘;,(])> =S(r, f).

Lemma 2.3 ([18]). Let f1 and fo be two non-constant meromorphic func-
tions in |z| < oo then,

N(r, fife) = N ( ff) N(r, f1) + N(r, f2) — (7“,;1>—N(7”,;2>-

By referring the Lemma 3.4 in [10], we prove the following Lemma.

Lemma 2.4. Consider a transcendental entire function f, let k; (j =
1,2,---n) be positive integers, a and b be two distinct small functions of f, with
a# 00 andb# oo and let vy =a—kj(a—0b) (j=1,2,---n). Set

(AF)D —q b—a

LUAHD) = ‘(Af)“rl) e

Subsequently, we can possess,
(i) L(LAHW)#£0;
o Len™) o Een g

N (AH)® —b)
W“m<“¢§§§ig>=smﬂ;
" m( (AHD=)(AHO IZS«QJ(C)) V). ..((M)m_%) =5(r, 1);
v m( (AHt- )((Af)<§>(A52))E)()A((Jf) = )> --((Af)(i)—un)> —n

Proof. (i) Suppose that L((Af)?) = 0. Then we get,

(Af)(”l) —d a —b

(Af)D —a  a—b"
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It follows that (Af)® —a = #(a — b), where ¢t is a non-zero constant. So
T(r, (Af)D) = T(r,t(a —b) +a) = S(r, f), a contradiction. Hence,
L(ANH®) 20,

(id) Since L(Af)W) = (@ =) (AP —a) = (a=b)((AF)TV —d'), by

Lemma 2.2, we have

L((A—f)(i)) m(r,a —b)+m T(a—b)((Af)(iH)_a/) = S(r
m(Ta((Af)(i)—a))S (r, b))+ (, LD —a )—S(,f).

Similarly, we have

(vi1)

r?
— V]

@ =) (AN —a) - <a—b><<Af><i+1>—a'>
| (A

3

I
3

IN
3

r,

(a' = V)(AF)D — (a—kj(a—b))]
(AS) (1 Rz

(i+1) _ a —kild —b
+m < = BION e i b>>]> s st
(@ =)L — v (= DIAN —
= ( B0 vy > o ( e R
= 8(n1)
(iv)
L(AH)

N~ AL(AND)
Ry
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-
Hj;éi(yj = Vi)

By Lemma 2.2, Remark 2.1 and above, we have

where A; = are small functions of f.

" < (DT =) (BHT = wa) (AT = vg) - (BT = w))
_ —~ A;L((Af)Y)
=m (T,Z (]Af)(z) —vj )

7j=1
- AGL((AF)D)
<Son (- H0 2

(v)
LU(AHD)(AHD)
(AN =) ((AHD =) (AF)D —vg) - (ASHD —1;)
_ - AL(AN)

_ Y%
Hj;éi(l/j = Vi)

By Lemma 2.2, Remark 2.1 and above, we have

where A; = are small functions of f(z).

. LAND(AHD)
(AHED =) ((AS)D =) (ALD —v3) - (AFD —v))

- (Z (Af)E Vj)

j=1

Y m T—AjL((Af)(i)) S(r, f)=5(r
<3 (,(M)(i)_yj% (r.1) = 50, f).

Similarly, as in Lemma 2.4, we prove the following Lemma.
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Lemma 2.5 ([10]). Consider a transcendental entire function f, let k;
(j =1,2,---n) be positive integers, where a and b are two distinct small functions
of f, with a # oo and b # oo and let v; = a — kj(a—b) (j=1,2,---n). Set

- b—a

L(f(k)) = ‘ f(k+1) _ CL/ b/ _ a/

Subsequently, we can possess,

. L(f(k)) B L(f(’“)) B
(i7) m <7’7 (Fk) — a)) S(r, f),m <r, 0 b)> = S(r, f);
L(f(k))
(tii) m <T, (F® = V])> =S(r, f);

‘ L(f™) B .
e <7“, (f(k) - V1)(f(k) — yz)(f(k) —v3)-- (f(k) _ Vj)) = S(r, f);

w s L() (1)
’ (f(k) — yl)(f(k) — 1/2)(f(k) — 1/3) - (f(k) _ Vj)

) -0

3. Proof of Theorem 1.1. Suppose that aof®) — ai(Af)® # 0.
Considering f*) and (Af)® share (a1, a2), 0 IM and E(0, f*)) C E(0, (Af)@)
and f is a transcendental entire function with pa(f) < 1, using the Nevanlinna
second fundamental theorem, Lemma 2.1, 2.2 and Remark 2.1 we obtain:

1 —( 1\ =
T < W (rgy ) +F (g ) 47 (%) 560

1
S N (7'7 a2f(k) — Oél(Af)(Z)) + S(T‘7 f)
T(r, asf*) — al(Af)(i)) +S(r, f)

= m(r, asf®) — oq(Af)(i)) +S(r, f)

m(r, f(k)) +m (T7 g — Oél(Af)(Z)

IN

o >+Smﬂ

T(r, f*) + S(r, ).

IN
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Consequently,
(3.1) T(r f0) = W (r, f(k)l_al> +N <7’, flk)> LS.
Assign

(3.2) o(z) = f(’““)((?(lk()A_ fi(f;ﬁk?Q IO}

(3.3) b(2) = (AN (@ (ANHD — asf®)

(AN = ag)(AF)D

Observe that the entire function f is non-constant with ps(f) < 1 and f *) and
(Af)D share (a1, az), 0 IM and E(0, f®) € E(0, (Af)®). Let 2o be a common
zero of f) — ay (resp. f®)) and (Af)D — ay (resp.(Af)) with multiplicities
m and n respectively. Without loss of generality, Set m < n. Then zq is a zero
of anf (k) _ a1 (Af )(i) with multiplicity atleast m. Obviously, zg is the zero of
FEH) with multiplicity m — 1. Consequently, (3.2) and the sharing of (o, ag),
0 IM and E(0, ) C B0, (AF)D) by £f*) and (Af)® support 1(z,) # o0o. We
understand that 1 has no poles. In other words, 1 represents an entire function.
Based on Lemma 2.1, 2.2, and Remark 2.1 we conclude that,

o FED(a(AF)D — ay f*))
T M — ag) @

fOrY (AH)D — f®)
< m (r, M) +m (r, G

T(r,(2)) = m(r, () =

From the first fundamental theorem, Lemma 2.1, 2.2, Remark 2.1 and by Hy-
pothesis, we obtain

ot — [ BDE (AN — af®)
T(r,¢(z)) = m(r,é(z)) = ( T (AHD —ag)(AHE )

o BPEa A \ (A ()
(BN = ) (B ((AH0 = a) (A1)

IN
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(Zlf)@+l)a1 N (fo)@+l)a2
T\ @n T =a) ) T\ (AN =)

IN

< T (7“, (Af)(i)> + S(r, f)

&)
(@) ()
< m (7"7 (Af{k)) ) + N <r, (éf{k)) > —I-S(T, f)
(3.5) = S(r, f).

Thus by the Nevanlinna first fundamental theorem, (3.4), E(0, f*)) € E(0, (Af)®),
Lemma’s 2.1,2.2 and Remark 2.1, we have

27(r, ) = T(r, (f7)?)
=7 (re i) T (R £ @A) = anf®) 4 () Vo)

. FED o (AL — ag et pR) 4 ¢(Z)f(k)a1>
)
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Thus,
(3.6) T(r, f*®) <T(r, (D)D) + S(r, ).
On the other hand,
T(r, (AN)D) = m(r, (A))D) + N(r, (Af)D)

<m (T, (Af)w) (e f)

G

< T(r, f¥) + S(r, f)

(3.7) T(r, (AF)D) < T(r, fP) + S(r, f).
By using (3.6) and (3.7) we get,
(3.8) T(r, (AH)D) =T(r, fP) + S(r, ).

Now let m and n be two positive integers and let z1 € S (a1, a2)
(S(m,n)(0,0)). i.e, z1 be a common zero of 7B~y (resp.f®Y) and (Af)D — ay
(AF)D) with multiplicities m and n, respectively, (3.2) and (3.3) imply that
ny(z1) — me(z1) = 0.

If ny(z) — me(z) = 0 for some positive integers m and n. It follows that
nY(z) = m¢(z). Then by calculating we have,

f(k+1) f(kJrl) _ Af (i+1) (Af)(iJrl)
(3.9) n(f(k)—oq_ Re >_m<(( ) >

It suggests that,

[0 —a\"_ (2D —ax\"
(3.10) (}Wl) :A<(Af)(")2>

A is a non-zero constant. As a result, m equals n; otherwise, (3.8) would be

AN —az (A0

contradictory.

19—\ _ ((an¥ —a
(3.11) B( ® 1) :< A 2>
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where B # 1 is a non-zero constant. Thus we have

az _ (B=1)f® + (- B)
(A £ (k)

Since f(z) is an entire function with p2(f) < 1, such that

(k) —OélB
P#E—g
Clearly,
(3.12) Iiﬁi#aho
Therefore, we have
or(r, f*))y < N (r ! +N(r !
’ - TR — ")

— 1 — 1
< N (r, T Oél) + N <r, f(k)> + S(r, f).
Which contradicts (3.1).

Hence, n)(z) #Z me(z) for any two positive numbers, m and n. Therefore,
we have

B (1 5) + N (7 g21) < (v
< T(r,n(z) — mo(z)) + S(r, f)
< T(r,¢(2)) + T(r, ¢(2)) + S(r, f)
(3.13) =S(r,f)

for all positive integers m and n. Thus, using (3.1), (3.8) and (3.13), we obtain
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AN
M)~
M)~
N
=
3
S
VR
j
&,1
=
j
L
N—
+
=
3
S
VR
E
==
N————
N—

IN
[

1 1 1
s ¥ ()~ ()

w5 1Y () Y () 5o
< gT(r, £+ 80 f)

which gives a contradiction to the hypothesis, that f is transcendental entire
function. A
Thus azf® = oy (Af)D. O

4. Open problem. Here, it is natural to pose the open quenstion that
is it possible to prove the following Theorem:

“Let f(z) be a transcendental entire function with pa(f) < 1, let ¢ be a
non-zero finite complex value, and ay, as, 81, B2 be non-zero finite values such
that ap # B1 and ag # Bo. If f(k) and (Af)(i) share (a1, a2) and (S, f2) IM,
then (o — B2) f%) — (a1 — B1)(AF)D # a1 — a1 a7

“Let f(z) be a transcendental entire function with pa(f) < 1, let ¢ be
a non-zero finite complex value, and ay, as, 81, B2 be small functions of f, such
that aq % f1, and as # Bo. If f®) and (Af)(i) share (a1, a2) and (51, 52) IM,
then (o — B2)f®) — (a1 — B1)(AF)D £ agBfy — a1 B, for i < k.7
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