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ABSTRACT. We survey some results regarding semi-orthogonal decomposi-
tions on moduli spaces of vector bundles on a curve, with an emphasis on
those that use the machinery of windows. We briefly outline some of the
main ideas that make windows a crucial tool for these results.

1. Introduction. The present note follows a talk given by the author
during the conference “Generalized and Symplectic Geometry” that took place
during August 2023 in Sunny Beach, Bulgaria.

Let C' be a smooth projective curve over C, of genus g > 2. A vector bun-
dle V on C' is said to be slope-semistable if for every nontrivial vector subbundle
W C V one has

deg W < degV
kW — 1kV '

We say that V is slope-stable if the same is true with a strict inequality. For a
given rank r and a fixed line bundle A of degree d, there is a moduli space M¢(r, A)

https://doi.org/10.55630/serdica.2025.51.21-38

2020 Mathematics Subject Classification: 14F08, 14HG60.
Key words: moduli spaces, derived category, semi-orthogonal decompositions.
*The author was supported by the Luxembourg National Research Fund (FNR17113194).



22 S. Torres

that parametrizes isomorphism classes of slope-semistable vector bundles of rank
r and determinant A [20]. Moreover, if (d,r) = 1, then M¢(r,A) is a smooth
projective Fano variety of index 2 with Picard group isomorphic to Z, and there
is a universal family £ over C' x M¢(r, A) [20, 19].

Throughout this note, we will only consider the case when d and r are
coprime.

Definition 1.1. We will denote by 6 the ample generator of Pic Mc(r, A).
Also, we normalize the universal bundle & so that c1(E|{zyxme(rn)) = 0-

Definition 1.2. We denote by ®¢ : D°(C) — Mc(r,A) the Fourier—
Mukai functor defined by the universal bundle £, that is

O = Rp.(Lq"(1) © €),

where q and p are the canonical projections from C x Mc(r,A) to each factor.

Since M¢(r, A) is Fano of index two, the vector bundles 6¥, O Me(r,A) Start
a semiorthogonal decomposition on its derived category, with each of these two
blocks being equivalent to Db(pt). What we want to do is study the remaining
part of this decomposition. Observe that, for example, if ®¢ is fully faithful, then
we get a copy of D(C) inside D®(M¢(r, A)). In fact, if arranged correctly, these
three blocks will constitute the first pieces of a semi-orthogonal decomposition.
In what follows we present some known results that answer some questions about
the decomposition of D’(M¢(r, A)). Notably, for the case r = 2, a full semi-
orthogonal decomposition is known.

2. The case r = 2. When g = 2 and r = 2, with d odd, the moduli
space M¢(2,A) is the intersection of two quadrics in P°. A classical theorem by
Bondal and Orlov gives a description of the derived category of Mc(2,A).

Theorem 2.1 ([7, Theorem 2.9]). If g = r = 2, and d is odd, D°(Mc(2, A))
has a semi-orthogonal decomposition of the form

Db(MC(Qv A)) = <9\/’ OMC(ZA)? Db(C)>

The embedding from D°(C) to D*(Mc(2,A)) is obtained by the Fourier
Mukai transform ®¢. Later work by Fonarev and Kuznetsov, and then Narasimhan,
showed full faithfulness of ®¢ holds for higher genus too.
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Theorem 2.2 ([10]). Let r =2, g > 2, d odd. For a generic curve C' of
genus g the functor

de : DY(C) — D*(Mc(2,M))

1s fully faithful.

Theorem 2.3 ([18]). Letr =2, g > 2, d odd. For any smooth projective
curve C' of genus g the functor

dg : DY(C) = D*(Mc(2,A))
is fully faithful. Moreover,

0", Oug(2.n) D°(C)

is the start of a semi-orthogonal decomposition on D®(Mc(2,A)).

Here, by abuse of notation, we are denoting by Db(C’) the essential image
of ®g : D°(C) — DP(Mc(2,A)). Moreover, Belmans and Mukhopadhyay showed
that, by twisting this subcategory by 6", one can arrange to have four semi-
orthogonal blocks, now with two copies of D°(C).

Theorem 2.4 ([6]). Let r =2, g >4, d odd. Then
6", 6" © D°(C), Oz, D°(C)

is the start of a semiorthogonal decomposition on D°(Mc(2,A)).

Again abusing the notation, by 8¥ ® D°(C) we mean objects of the form
6 ® V, where V is in the essential image of ®¢.

In [16], Lee and Narasimhan found that, under certain hypotheses, one
can also find a copy of D°(Sym? C) inside D°(Mg(2,A)).

Theorem 2.5 ([16]). Let r = 2, d odd and suppose C' is non-hyperelliptic
of genus g > 16. Then there is a fully faithful functor

D¥(Sym? C) — D*(Mc(2,A)).
Moreover,
Oy, D'(C), D*(Sym®C)

is the start of a semi-orthogonal decomposition on D®(Mc(2,A)).
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We will discuss in §4 how to obtain the functor
Db(Sym? C) < D°(Mq(2,A))

appearing in this theorem.

So far we have described results where we see semi-orthogonal pieces
inside D®(M¢(2,A)) that are equivalent to D°(pt), D*(C) or D?(Sym?C). Mo-
tivic decompositions and other cohomological computations [8, 13, 5] suggested
that higher symmetric products of C' should be found as well. In fact, all these
are pieces of evidence towards the following conjecture, stated independently by
Narasimhan and by Belmans, Galkin and Mukhopadhyay [13, 2].

Conjecture 2.6 (BGMN). D’(M¢c(2,A)) has a semi-orthogonal decom-
position of the form

(D*(pt), D*(pt), D*(C), D*(C),...
..., D’(Sym?~2C), D*(Sym?~2C), D*(Sym?~L C)).

That is, there are two copies of D*(Sym®C) for a = 0,...,9 — 2 and one of
Db(SymI~1 ).

From [17], we know that such semi-orthogonal decomposition cannot be
further decomposed.

In a series of works done during recent years, the BGMN conjecture was
finally proved.

Theorem 2.7 ([24, 27, 23]). Conjecture 2.6 holds.

Remark 2.8. In [21], Sink and Tevelev prove an analog of Theorem 2.7
for the case of even degree, where they work with a noncommutative resolution of
the moduli space. In the even genus case, this shows a conjecture by Belmans [3].

In §6, we briefly discuss the part of Theorem 2.7 that has to do with
building the blocks and proving semi-orthogonality between them, by using the
method of windows. This proof can be found in [24]. In [27], the same result is
obtained by different methods, which are also explained in [26]. For the fullness
part, that is, showing that the blocks constructed exhaust Db(MC(2,A)), the
reader is referred to [23].

3. The case r > 2. For arbitrary rank r, a semi-orthogonal decompo-
sition of the derived category D®(Mc (2, A)) is not known. However, just as in the
case r = 2, we do know that at least we can start with D°(pt) and D°(C). This
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was proved by Belmans and Mukhopadhyay under certain numerical conditions,
and later enhanced by Lee and Moon, removing these conditions. More precisely,
the results are as follows.

Theorem 3.1 ([6]). Ford =1 and g > r+ 3, the functor
dg : DY(C) — DP(Mc(r,A))
1s fully faithful. Moreover, if g > 0 then
0¥, 6V @ D"(C), Opeirny, D(C)
is the start of a semiorthogonal decomposition on D°(Mc(r,\)).
Theorem 3.2 ([14]). For any d with (d,r) =1 and any g > 2, the functor
®g : D*(C) — DP(Mc(r,A))
is fully faithful. Moreover, if g > 6 then
6", 6 ® D*(C), Oumu(ray: D°(C)
is the start of a semiorthogonal decomposition on D°(Mc(r,\)).

More recently, Lee and Moon proved the following.

Theorem 3.3 ([15]). Let g > 2, (d,r) = 1 and suppose r > 2. Then
there is a fully faithful functor

Db(Syma C) — Db(MC(T, A)).

Remark 3.4. In particular, all symmetric products of C' are Fano visi-
tors.

In §7, we briefly mention the main ideas for the proof of Theorem 3.2,
where windows are used to show full faithfulness and semi-orthogonality. Theo-
rem 3.3 uses similar ideas, again involving windows.

When r = 3 and d = 1, there is a decomposition formula for the motive
of M¢c(3,A) in terms of that of products of the form Sym® C' x Jac C, found by
Goémez and Lee in [11]. However, its counterpart at the level of derived categories
is an open problem. In general, a semi-orthogonal decomposition of M¢(r, A) is
expected to have the following shape.

Conjecture 3.5 ([11, 14]). D°(Mc(r,A)) has a semi-orthogonal decom-
position where each block is the derived category of products of Sym® C' and Jac C.
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4. The relevant functors. We will say something about the proofs
of Theorem 2.7 and Theorem 3.2. Specifically, we will address the use of win-
dows as the main tool for showing full faithfulness of different functors and semi-
orthogonality between the blocks defined by their essential images. We will not
address the statement of fullness in Theorem 2.7, which uses different techniques
and can be found in [23].

We have mentioned that, in the theorems above, the copies of Db(C’ ) inside
D®(Mc/(r, A)) are obtained using the Fourier-Mukai transform ®¢ = Rp.(Lq*(-)®
£), where £ is the universal bundle (normalized as in Definition 1.1).

Now, for higher symmetric products of C, the relevant functors from
D®(Sym® C) to D’(M¢(2, A)) are obtained doing the following construction. Let
T be the Sy-quotient map

7:C%— Sym“C
and consider the projections m; : C* — C for j = 1,...,a. Then the bundle

(e
® 77 () has an S,-equivariant structure. We define
7=1

(03
No . __Sa *
ESY =T, ®7Tj5
=1

and similarly
5 (0%
&% =15 ®7T;’75 ® sgn
j=1

Both €5 and £ are vector bundles on Sym® C'x M¢(r, A), and we can consider
the Fourier—-Mukai transform defined by each of them.

Definition 4.1. We will denote by
o, Po 2 D'(Sym® C) — D°(Mc(r,A))

the Fourier—-Mukai transforms with kernel £%°, Ega, respectively.

More generally, and because it will be needed later, we do an analogous
definition for any vector bundle on C' x M, where M is any scheme over C.
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Definition 4.2. For M a scheme over C and F' a vector bundle on Cx M,
we define

(0% (03
—Xa
FR .= 75 ® T F and F = 7oe ®7T;<F ® sgn
Jj=1 J=1

and denote by
oL, @ : DY(Sym® C) — D" (Mo(r, A))
the corresponding Fourier—Mukai transforms thus defined.

4.1. The Bondal-Orlov criterion. To see wether ®, and ®, are fully
faithful, the Bondal-Orlov criterion [7] says that it suffices to consider the sky-
scraper sheaves of closed points. For an effective divisor D € Sym® C, we denote
by (£%%)p the restriction of £¥% to {D} x M¢(r, A), and similarly with (Ega)D.
Note that (E¥*)p = ®,(Op). So the question of full faithfulness of ®, boils
down to the computation of

RHom () (E¥)p, (E%*)pr) = Ry ey ((EX) ) ® (E5) )

for divisors D, D’ of degree o. Namely, ®, will be fully faithful as long as for
every D, D’ € Sym® C we have

» Koy Ko, _JO ifD#D orp<Oorp>a
(L1) HP (Mc(r, A), (€2} @ (£%) ) = {C iy O bty

For ®, we have the analogous condition, with Ega in place of £¥*. This means
that we need to compute cohomology groups of several bundles on Mg (r, A), and
in most cases we should obtain no cohomology at all.

More generally, if F' is any bundle on C x M, where M is a complex
scheme, the functor <I>aF from Definition 4.2 is fully faithful if and only if the same
condition (4.1) holds, with F' in place of £ and M in place of M¢(r, A).

Now, if full faithfulness holds, then semi-orthogonality between these dif-
ferent admissible subcategories can be tested in a similar fashion. For instance,
for the image of @5 to be left orthogonal to that of @g , it suffices to prove that

Ry ((an% ® (FXLB)D/> = 0 whenever D € Sym®C and D’ € Sym” C.
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5. Windows. The theory of windows, as developed by Halpern-Leistner
and by Ballard, Favero and Katzarkov, is a key ingredient in the theorems men-
tioned above. Roughly speaking, given two GIT quotients X // . . G of the same
space with different choices of stability conditions, windows will allow us to com-
pare the cohomology groups of a same G-equivariant object on X once restricted
to either of these two quotients. Here we spell out the main ideas. Details can
be found in [12, 1].

Let X be a smooth projective-over-affine variety over C with an action of
a reductive group G and let £ be a G-equivariant ample line bundle. We consider
the GIT quotient X /. G. For simplicity, let us assume that G acts freely on the
semistable locus X™*(L).

5.1. Weights. Let F' be a G-equivariant vector bundle on X. If a one-
parameter subgroup A : G,, — G fixes a point z € X, then G,, has to act on
the fiber F,. The eigenvalues of this action are called the A-weights of F'. The
unstable locus X\ X*(L) can be given a Kempf-Ness stratification US;, where
each stratum S is indexed by a pair consisting of a one-parameter subgroup A
and a connected component Z of the fixed locus X*. By the set of weights of
F we mean the collection of all the A-weights of F' on Z, for every pair (A, Z)
appearing in the stratification. More generally, weights can be defined for any
G-equivariant object F' € D%(X).

5.2. Quantization theorem. When the weights of a given object F' €
D%(X ) live in certain range, the cohomology in the GIT quotient X /. G can be
computed directly on X.

Theorem 5.1 ([22, 12]). Let F' € D%(X). Take a Kempf-Ness stratifi-
cation of the unstable locus X\ X**(L) = US; and or each t let n; be the weight of
det./\/'svt/X. If all the weights of F' on each Sy are < ny, then

HP(X |, G,F) = HP(X,F)¢

for every p. More generally, let F, K € Dg(X) and fix an arbitrary integer wy
for each stratum. If, in every stratum, all the weights of F' are > wy and all the
weights of K are < wy + n, then

HOHlDb(X//ﬂG)(F7 K) = HOI’HDZ&(X)(F, K)

5.3. The window subcategory. Moreover, for any given choice of in-
tegers w = (wy), there is a way to embed D’(X J,G) as a window subcategory
inside the derived category of the stack [X/G], and to write down its orthogonal
complement.
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Theorem 5.2 ([12, 1]). With the notation as above, for any choice of
integers w = (wy), define Gy, C Dg(X) as the full triangulated subcategory con-
sisting of objects having weights within [wy, w; + 1). Then the restriction from
X to X*(L) defines an equivalence of categories

Gy = DX J,G).
Moreover, Gy, sits in a semi-orthogonal decomposition
Dg(X) = (D ) ([X/ G <y Guoy Dxus() ([X/G))3w0),

where Dg(us(ﬁ)([X/G])Qu stands for the full triangulated subcategory of objects
supported in the unstable locus X" (L) having weights < wy, and similarly for
Dius (£ ([X/G]) >0

5.4. Windows in the wall-crossing. As a consequence, we can com-
pare what happens when we restrict objects in Dg(X ) to different GIT chambers
on either side of a GIT wall. If the weights satisfy the right numerical condition,
cohomology will be the same on both restrictions. Furthermore, when one win-
dow is strictly smaller than the other, the derived category of one side of the wall
is embedded in that of the other.

Theorem 5.3 ([12, 1]). Let L1 be two G-equivariant line bundles on
either side of a codimension-one GIT wall Ly. Suppose the wall-crossing is bal-
anced, with X*(Lo) = USF U X*(Ly). Let F, K € D%(X) such that, on the
strictly semistable locus of the wall, all the weights satisfy

—n, < weight,, K — weight,, F' < nj.
Then
Home(X//£+ G)(F7 K) = HomeG(X)(F, K) = Home(X//C_ G)<F7 K)

Moreover, if the weights of wx on the strictly semistable locus of the wall are all
<0, then [we,n;") C [wy,m; ) and we get an embedding

DX [z, G) = DX J;_G)
given by G, C G, .

Remark 5.4. Here we have assumed that G acts freely on the semistable
locus of a given GIT chamber, so that in this case the GIT quotient X /.G is
isomorphic to the corresponding quotient stack [X*(L£)/G]. In the general case,
the results mentioned in the present section need to be stated in terms of the
derived category of the stack [X*(L£)/G] rather than X /. G.
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Example 5.5. Let G,,, act on X = A" x A™! by (tz,¢71y) and choose
linearizations £+ = Ox(£1). We get a standard flip

P" x P™

~.

Xo

A window on the left hand side lives in weights [w,w +n + 1), and a window on
the right hand side lives in weights [w, w+m+1). If n < m, we get an embedding
Db(X,) c D*(X_) from G C G,

Remark 5.6. In the case of M¢(r, A), we only have one possible stability
condition, namely slope-stability. This means that windows cannot be applied
directly to our case. However, we can try to rewrite the original questions in
terms of a different moduli problem where we do have variation of GIT.

6. Stable pairs for r» = 2. In the case of r = 2, instead of studying
the space M¢(2,A) directly, we will deal with moduli spaces of stable pairs,
where the stability condition depends on a real parameter ¢. These spaces were
introduced and studied by Thaddeus [25].

Definition 6.1. Let C' be a smooth projective curve of genus g > 2. Fix
a number 0. A pair (E, ¢) of a rank-two bundle with a section ¢ € HO(E) is said
to be o-semistable if for every line subbundle L C E one has

1

d%Lging—a if g € HO(L),
1

deg L §§degE+a if o ¢ HO(L).

As usual, A is a fixed line bundle on C' of degree d.

Theorem 6.2 ([25]). Given o € (0,d/2], there exists a moduli space
Mc(2, A; o) parametrizing o-semistable pairs (E, ¢) with fized determinant det E =
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A. Moreover, when o ¢ d/2+7Z, the space Mc (2, A; o) carries a universal bundle
F and a universal section ¢ € HO(F).

Thaddeus gives an explicit way to construct M¢ (2, A;0) using GIT. In-
deed, for different values of o, these spaces arise from variation of GIT, which is
described by chambers My, M,..., M, and a diagram

NN
| |
2

My Me

(6.1)

’A)

where My is a projective space, the map M; — M is a blow-up along a copy of
C — My, and M;_1 --» M; are small birational modifications for 1 < i < v =
|(d —1)/2]. The last morphism M, — M¢c(2, A) forgets the section in the pair,
and it is birational if d = 2g — 1. The GIT walls occur at o € d/2 + Z.

6.1. Koszul resolutions. Let M; = Mc(2,A;0) be one of these spaces.
One important feature is that, if we consider the locus of pairs (E, ¢) where ¢
vanishes along a given effective divisor D, this again consists of a moduli space of
stable pairs, now with the same parameter ¢ but different determinant bundle.

Theorem 6.3 (25, §1.9]). For any effective divisor D on C of degree «,
one can embed

M;_o(A(—2D)) — M;(A)

as the locus of pairs (E, ) such that ¢ vanishes along D.

Let z € C and let (F, ) be the universal pair on M;(A). Write F, for
the restriction of F to {z} x M;(A) and ¢, € HY(F,) for the corresponding
restriction of ¢. Then the zero locus of ¢, is precisely M;_1(A(—2x)) C M;(A).
Furthermore, it is not difficult to show that there is an exact sequence

(6.2) 0— AQJ::LY — .7:; — OMi(A) — OMi_l(A(_Ql-)) — 0,

where the map F,) — O, () 1s given by ¢g.
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6.2. Wall-crossing. Every two consecutive chambers M;_;, M; can be
written as GIT quotients X //, . PGLy of the same space by some projective
linear group under different stability conditions. There is a PGLy-equivariant
bundle F on X that restricts to the universal bundle on both sides of the wall.

Recall that, from Theorem 5.3, if F, K are PG Ly-equivariant objects in
X satisfying the correct weights conditions in the strictly semistable locus on the
wall, we will have

Home(Mi_l)(F, K) = Home(Mi)(F, K)

In our case, there is only one Kempf—Ness stratum, where the strictly
semistable locus on the wall consists essentially of vector bundles that split as
L & L', together with a section ¢ € H° (L). These points are fixed by a diagonal
one-parameter subgroup of G = PGL,, where x = h%(L) + h°(L’). One can
compute the widths n of a given window, as well as the weights of the needed
vector bundles, using the following description.

Theorem 6.4 ([25, §3]). The wall-crossing between two consecutive cham-

bers M;_1 and M; is given by a flip

7

where IP)Wii are projective bundles over Sym® C'.
Using windows and wall-crossing, one can prove the following.

Proposition 6.5 ([24, Proposition 3.18]). If d < 2g — 1, for each i there
18 a fully faithful embedding Db(Mi,l) — Db(Mi) and a semi-orthogonal decom-
position of the form

Db(M;) = (D°(M;_1), D’(Sym‘ C), ..., D’(Sym' C))
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with d + g — 3i — 1 copies of D*(Sym' C).

6.3. The fully faithful functors. As in Definition 4.2, consider the
bundles F2 and F on Sym® C' x M; and the corresponding Fourier—Mukai
transforms ®7 and 55 from D°(Sym® C) into D°(M;).

Theorem 6.6 ([24]). If deg A < 2g — 1, then the functors
o7, 37 . DP(Sym® C) — DP(M;)
are fully faithful for i > a.

As mentioned in §4.1, the proof of full faithfulness requires computa-
tions of H? (M;, (F**)}, ® (F**)p/) and HP (Mi, (7&1)% ® (?gah)/)’ where
we should obtain the right hand side of (4.1). To this end, we use the fact that

.. —=X .. .
the restrictions of F2* and F  to a divisor D = x1 + . ..+ z,, are deformations

(0%
of ®]—"Ij, so that
j=1

W (FE)p), b (F* ) <0 | QR F,
j=1

by semicontinuity, and then apply RI' to Koszul resolutions of the form (6.2),
twisted by suitable bundles. This effectively allows us to reduce computations in
M;(A) to computations in M;_1(A(—2z)). After induction arguments, computa-
tions of cohomology groups of several vector bundles on M, and then windows
into M;, i > «, Theorem 6.6 is proved.

6.4. The semi-orthogonal blocks. Without loss of generality, we can
fix d = degA = 29 — 1. To this point, we have constructed a collection of
admissible subcategories in Db(Mv), namely the essential images of @f and ECJ;,
for « < v = g — 1. Each of these is equivalent to D°(Sym®C). Furthermore,
we can use the same techniques to prove that these admissible subcategories,
after twisting by suitable bundles, can be arranged in a way that they are semi-
orthogonal to each other.

Recall the diagram (6.1). When d = 2g — 1 the last map = : M, —
M¢(2,A) is a birational morphism and 7* is fully faithful. Using the fact that
7€ is equal to F twisted by a line bundle, and looking at the condition (4.1), one
can see that full faithfulness of @, follows from that of ®7, and full faithfulness

of @, follows from that of 65
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Finally, and for similar reasons, semi-orthogonality of these blocks in
Db(M,,) implies semi-orthogonality of the corresponding blocks in D®(M¢(2,A)),
after twisting by adequate line bundles. The end result is a list of semi-orthogonal
blocks of the form

0V @ Db(pt), (8Y)?® D’(Sym?C), (8Y)®® D’(Sym*(), o
-, (0V)3 @ D*(Sym® C), (6Y)? ® D*(Sym®C), Y @ D°(C),
Db(pt), 6Y ®Db(Sym2 ), (¢9v)2 ®Db(Sym4 ), el
(0V)? @ D*(Sym® C), 0¥ @ D°(Sym® ), Db (C)

where each D®(Sym® C) is the image of @, if « is even, or the image of B, if a is
odd. For a < g—2, the category D?(Sym® C) appears twice, while D?(Sym?~! )
appears only once.

A priori, there could be an orthogonal complement P to the admissible
subcategory generated by all these blocks. The fact that P = 0 was proved in
[23] using completely different techniques.

7. Parabolic bundles for r > 2. We will briefly sketch the key
ingredients for the proof of Theorem 3.2, which concerns the case r > 2. For this
case, we consider the following spaces.

Definition 7.1. Fix two points q1,q2 € C. Given two weights a1,a2 €
[0, 1], we denote by M(c.q, 4,) (75 A; a1, a2) the space of parabolic bundles on (C;qu,
q2) with a flag of rank r —1 on q1 and a flag of rank 1 on q2, and weights ay, ag,
respectively.

For a fixed pair of points (q1,q2), the spaces Mc.q, 4,)(7, Asa1,a2) are
obtained as GIT quotients, related to each other by variation of GIT as the
choice of the stability parameter (aj,as) varies.

When the weights are small, say a1 = as = €, we have

(7.1) M(Cigy.00) (1 As €, €) = ]P’(qul) X o) P(Egy)-

The key idea to Theorem 3.2 is then to use (7.1) to rewrite the coho-
mology of certain vector bundles on M¢c(r, A) as cohomology of vector bundles
on M(C;qlm)(r, A; € €). The latter cohomology groups are thus obtained by doing
computations in some other space Mc.q, 42) (r,A;a1,a2) and then using windows.

For example, to prove that ®g : D’(C) — D’(Mq(r,A)) is fully faithful,
one needs to find H?(Mc(r,A), &, ® E,,). But

(7.2) HP(Mc(r, M), Eq @ Eg) = HP (Mg, 40) (1 As €,€), O(1, 1))
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using (7.1). A windows argument will tell us that the right hand side of (7.2) is
equal to the cohomology of a corresponding bundle in a different GIT chamber
M(C;qhqz)(r, A;aq,az), where classical vanishing techniques may be available. For
details, see [14].

8. More on parabolic bundles. We finish by mentioning an open
problem about the derived category of another moduli space of parabolic bundles,
which can also be seen as the moduli space of bundles on a stacky curve.

Choose p1, ..., pag+1 € Phand let M = Mpry, 0 0(2,0;1/2,...,1/2)
denote the moduli space of parabolic vector bundles of rank two on (IP’I; DPlyeeey
P2g+1) of degree zero, with weights 1/2 at each marked point. Let C denote a
stacky P! with Z /27 structure at each p;. The space M is also equal to the moduli
space of rank-two vector bundles on the stacky curve C, and can be obtained as
the Fano scheme of (g — 2)-dimensional linear spaces inside the intersection of
two quadrics in P29, Fonarev has conjectured the following.

Conjecture 8.1 ([9]). The derived category of M has a semi-orthogonal
decomposition of the form

(D°(pt), D(C), D*(Sym2C),...,D(Sym?~1C))

where Sym® C denotes the root stack obtained from P* by extracting the square
root from 2g + 1 hyperplanes in general position.

Fonarev has provided evidence towards this conjecture in [9], by comput-
ing the Grothendieck groups on both sides. More evidence backing this conjec-
ture, as well as other conjectures regarding the derived categories of other Fano
schemes on the intersection of two quadrics, can be found in [4].
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