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ABSTRACT. In this paper, we establish some new polynomial inequalities
involving various operators and their relationship with the existing results.
All these inequalities have been proved under the assumption that the un-
derlying polynomial is being constrained with respect to its zeros.

n
1. Introduction. Let P(z) = vaz“ be a complex polynomial of
v=1
degree at most n and P’(z), the derivative of P(z). Unless otherwise stated, let
Ti={s:|2l =1}, Ef ={# €C: |zl <1} and Ef = {z € C: |2] > 1}
respectively. For any holomorphic function f defined on Ty, we write || f|| =
sup|f(z)], the supremum norm of f on T;. The Bernstein’s classical inequality

z€Ty
states that

1.1 P’ < P
(1) max | P'(2) < nmax| P(:)|
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holds for every polynomial P(z). This result is best possible and the extremal
polynomial for (1.1) is P(z) = az™, a # 0. Later, in 1930 (see [3]) Bernstein
proved a classical majorization result, which states that, for any two polynomials
P(z) and Q(z) with degP < deg @ and if Q(2) has all its zeros in T; UE] , then
the majorization |P(z)| < |Q(z)| on the unit circle T; implies the majorization
of their derivatives

(1.2) [P'(2)] < |Q'(2)]
on Ty. Under the same hypothesis as of (1.2) the inequality
Pl P /

holds for every f such that |3| < 1, n being the degree of the polynomial Q(z).
Inequality (1.3) is due to Malik and Vong [9]. It is easy to see that (1.3) improves
upon the inequality (1.2).

Since the equality in (1.1) holds for polynomials having all their zeros at
the origin, it is possible to improve upon the bound in (1.1), if we restrict to
the class of polynomials having no zeros in E;. In this direction, we have the
following result conjectured by Erdds [5] and later proved by Lax [7].

If P(z) is a polynomial of degree n having no zeros in E{, then

’ n
. < — .
(1.4) max | P'(2)] < 5 max|P(2)

The result is best possible and equality in (1.4) holds for any polynomial which
has all its zeros on T;. Under the same hypothesis Aziz and Dawood [1] proved
the following refinement of inequality (1.4).

n
1. P'|| < ={||P|| — min |P

(1.5) 17l < AP = min [P(2)]}

If P(z) is a polynomial of degree n, and « is any complex number, then

DoP(z) = [%}' (2 — oyt

Z—

(1.6)
=nP(2) + (a - 2)P'(2),

is called the polar derivative of P(z). Note that D, P(z) is a polynomial of degree
at most n — 1 and it generalizes the concept of “ordinary derivative” is evident
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and convincing from the fact that

(1.7) i PeP)

a—00 «

= P(3)

uniformly with respect to z for TRUER,, R > 0.

Given a polynomial P(z), we can construct a sequence of polar derivatives or
so-called higher order derivatives with respect to finitely many poles as given
below

Dy, P(z) = nP(z) + (a1 — 2)P'(2)
Day Doy P(2) = (n = 1)Da, P(2) + (02 — 2)(Da, P(2))'
Dat e DaQDa1P(Z):(n_t+1)Dat71 e Da1P(z)+(at - z)(Dat71 e Dalp(z))/>
for 2 <t <n.
Like the t™ ordinary derivative P®(z) of P(z), the t™ polar derivative

Dy, ...Dy,Dy, P(z) of P(z) is a polynomial of degree at most n — ¢. In this
connection, the following results are due to Liman et al. [8] holds good.

Theorem A. Let Q(z) be a polynomial of degree n having all its zeros
in Ty UE] and P(z) is a polynomial of degree at most n. If |P(z)| < |Q(z)| on
Ty, then for all o, f € C with |o| > 1,|8] <1

for|z| > 1.

2D P(2) + 1B ('a‘ - 1> P(2)

< ‘zDaQ(Z) +nf <MT_1> Q(z)

Theorem B. Let P(z) and Q(z) be polynomials with degree of P(z) not
exceeding that of Q(z). Let Q(z) be a polynomial of degree n having all its zeros
in Ty UE] and P(z) is a polynomial of degree at most n. If |P(z)| < |Q(z)| on
Ty, then for any o € C with |a| > 1

zDaP(z)

n

ZDaQ(Z)

n

la] — 1)

‘ Qz

(1ol = 0| 22 for a2 1.
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Theorem C. If P(z) is a polynomial of degree n which does not vanish
in B, then for all o, f € C with |a] > 1,|5] <1 and |z| =1

2DoP(2) + nf (WT_l> P(z)‘

{5 o (25 s
s (52 oo (252 ]

We refer to [10] and [11] for more results involving mazimum modulus of sequence
of polar derivatives. The following result which is due to Aziz and Shah [2] gives
us the bound for the minimum modulus of Dy, - -+ Do, Doy P(2).

Theorem D. If P(z) is a polynomial of degree n having all its zeros in
Ty UE], then for z € Ty UIE]‘LF

min | Dy, - -+ Doy Do, P(2)|

zeTq

>nn—1)---(n—t+1)|agag - oy |z\"7t min |P(z)],
zeTq

where o are real or complex numbers with |a;| > 1, i = 1,2,....¢; t < n—1.
The result is best possible and equality holds for the polynomial P(z) = meP 2",
m > 0.

Let P(z) be a polynomial of degree n, then the operator which is denoted
as B maps a polynomial P(z) into B[P(z)] and is defined as

2

st e (5) 5 o0 () 52

where A\g, A1 and Ay are such that Ao+ <71l> Az + (Z) Xoz? # 0 in |z| > |z — g|
This operator B is well known as B, operator and was introduced by Q. I.
Rahman [13](see also Rahman and Schmeisser [14, Lemma 14.5.7]).

Definition 1. If P(z) is a polynomial of degree n and D, P(z) be its polar
derivative which is a polynomial of degree at most n — 1, then

mz\ Dy P'(2) T (77;,2)2 D,P"(z)

BIDoP(2)] = 2oDaP(z) + M (57) 22 R
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where 0 < m < n—1, A\g, A\1 and Xy are such that \g+ <T> Az + <7721> Aoyz? #0

in |z| > ‘z— %‘ Note that, by Definition, B[D,, -+ - Do, Do, P(2)] is also defined
stmilarly.

In this paper, we combine different ideas and techniques in order to
prove some operator preserving inequalities involving the operators B, D, and
Dy, ...DgyDy, of P(z) jointly. We will see that the established results provide
the generalizations of Theorems A, B, C, D, and many other results in this direc-
tion as well. This paper consists of four sections. The first section which is being
devoted to introduction and preliminary results. In Section 2 we will formulate
the main results. Section 3 contains some auxiliary results and the proofs of the
main results are presented in Section 4.

For the sake of simplicity, we use the following notations:

A, = (laa| = D(Jag| = 1) -~ (Jaz| = 1),
Ne=nn—-1)(n—2)---(n—t+1),
At = Qg1 - (.

2. Main Results. We first present the following result:

Theorem 1. If P(z) is a polynomial of degree n, having all its zeros in
Ty UET, then for every real or complex numbers B, a1, ao, ..., ap, 1 <t < n with
lai| > 1, 1 =1,2,3,...,t, || <1

N3

B[Dat e Da2D011P(Z)] + FAQtB[P(Z)]

B

Z CNt AtB[Znit] + ﬁAatB[Zn] s

where C = m%rn |P(2)|. This result is best possible and we see that equality holds
zel
for the polynomial P(z) = a 72", a > 0.

Remark 1. If in Theorem 1, ¢ — 1 and 8 — 0, we under the same
hypothesis obtain the following inequality

[BIDaP()]| 2 n |a Bl="1] min|P(:)]

and this result is due to Bidkham and Mezerji [4].
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By the definition of B operator, it follows from Theorem 1, that

Dat e DagDqu/(z)
1!

NoDa; -+ Dag Doy P(2) + A1 ()

. )\2 <%>2 Dat e Da;'Dalpl/(Z)

P orte o (5) F o () 32|

(2.1)
>C Ny

Ay [Aoz”_t + M\ <

+o <(” - t)z>2 (n—t)(n—t— 1)Zn—t—2]

(n—1t)z\ (n—t)z"t1
2 ) 1!

2 2!

1 1)Zn—2
2 1! 2 2! '

2 Ao, [)\ o (T B, (1) (e

If we set \y = A2 = 0 in (2.1), we obtain the following generalization of Theo-
rem D.

Corollary 1. If P(z) is a polynomial of degree n, having all its zeros in
Ty UE], then for every real or complex numbers B, oy, aq, ..., ap, 1 <t <mn with
loyi| > 1, i=1,2,3,...,t, |B] <1

N

2+, B
(2.2) Dqy, -+ Doy Doy P(2) + TA%P(Z) > CNy |A2" 7 + §Aatz" :

where C' = min |P(2)|.
z€Ty

Taking 8 = 0 in Corollary 1 we immediately get Theorem D.

If we choose a1 = a9 = -+ = a; = «, then by dividing both sides of
inequality (2.2) by |a|" and letting |a| — oo, then according to Definition 1,
m = n — t, therefore taking (1.7) into consideration, we obtain the following
result.

Corollary 2. If P(z) is a polynomial of degree n, having all its zeros in
T, UET, then for every real or complex number 8 with || <1

N n—t B n
PO (2) + Q—ttP(z) P 5%

> CNy

)
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where C' = min |P(z)]|.
z€Ty

It is important to note that when ¢ — 1 and 8 — 0 in Corollary 2, we get
the following inequality which is ascribed to Aziz and Dawood [1].

P'(2)| > P
%nl ()] ”?é%rn‘ ()|

Again choosing \g = A2 = 0 in (2.1) and since
Dat e DOQDOZIP(Z) = (n_t+1)Dat71 e Da1P(Z)+(at_z)(Dat71 e Da1P(Z)),7

then it yields from Theorem 1, that:

Corollary 3. If P(z) is a polynomial of degree n which vanishes in T1 U
E;, then for every real or complex numbers ,a1,a0,...,04, 1 < t < n with
|| >1,i=1,2,3,...,t, |8 <1

|m(n - t)Dat—l e Da2Da1P/(Z)+

Ntﬂ

(at—z)(DOtt—l"'DOéQDOth/(Z))/ AOlt P( )

> CN; [Ay(n —t)22" 1 1+BAatnz -1

i

where C' = m%rn |P(2)|. This result is best possible and we see that equality holds
zely
for P(z) = a 72", a > 0.

Corollary 4. If P(z) is a polynomial of degree n having all its zeros in
T, UET, then for every real or complex number 8 with || <1

2 p(t+1 nNtﬂ 2 t—1 25 n—1
(n— 1P () + 22 p (n— )22t T2,

()‘>CN

where C = m%rn |P(2)|. This result is best possible and equality holds for the
zely
polynomial P(2) = a e72", a > 0.

Now we shall establish the following result which is a generalization of
Theorem A.
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Theorem 2. Let Q(z) be a polynomial of degree n having all its zeros in
Ty UE] and P(2) is a polynomial of degree at most n. If |P(z)| < |Q(2)| on Ty,
then for all a, 8 € C with |a| > 1, |8] <1

o] =

BD.p)] 48 (221) Bl

< ‘B[DQQ(Z)] +npB ('a‘ )B[Q(Z)]

for |z| > 1.

If in case 8 — 0, then we obtain the following result:

Corollary 5. Let Q(z) be a polynomial of degree n having all its zeros in
T1UE] and P(z) is a polynomial of degree at most n. If |P(z)| < |Q(z)| on Ty,
then for all a € C with |a] > 1

BIDaP(2)]] < |BIDWQ(2)]| for |2] > 1.

Substituting for B[D,P(z)] (see Definition 1) in Theorem 2, we obtain the fol-
lowing inequality

AoDoP(2) + A1 ( 5 ) DaPz) | 5, (m21z>2 DaP7(2)

1! 2!
+n5<|a‘2_1> NoP(2) + )\1<d;> 1(') )\2<d;> P;(!z)

S PoDa(= HM( 2) a?'( )+A2< 2 >2D 622!”()

+nf3 (l al — ) [)\OQ(z) + A (%) % Y <%)2 Q’;(!z)}

where my < d—1, d <n and m <n — 1. Inequality (2.3) includes many known
polynomial inequalities as special cases, e.g., we obtain Theorem A from (2.3) if
A1 = Ay =0, and in view of (1.7) we obtain inequality (1.3). For \g = Ay = 0, let
|a| = oo and taking (1.7) into account, we get my =d—1 and m =n—1. In this
connection, under the same hypothesis as of Theorem 2, the following inequality
is an immediate from inequality (2.3).

l

(2.3)

9

n n2
(@1 () + "2 >' np

LQ'(:)].

5 (n=1)Q"(2) +
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Theorem 3. If the polynomial P(z) has no zeros in E{, then for all
a,p € C with |a] > 1, |8] <1 and for |z| =1

'B[DQP(Z)] +np (MT_l> B[P(z)]‘

<2 HaB[z”*] + (“‘“‘%) Bl

+ Aol ‘1 +8 (M;l) H max |P(2)].

2 z€Ty

Remark 2. By taking # = 0 in Theorem 3, we get a result due to
Bidkham and Mezerji[4, Theorem 2]. Also if we take A\; = Ay = 0, we obtain a
result which is due to Liman et al.[8, Corollary 3]. Besides all this, Theorem 3
includes many well known polynomial inequalities as special cases by choosing
Ao, A1 and A9 appropriately, see, e.g., inequality (1.4).

Next we will present the following generalization of Theorem C.
Theorem 4. If P(z) is a polynomial of degree n having no zeros in E7,

then for all a, 5 € C with |a| > 1, || <1 and |z| =1

‘B[Dap(z)] +nf <MT_1> B[P(Z)]‘

<5}
bl 1+ (B L ip].

Remark 3. A result due to Bidkham and Mezerji[4, Theorem 3] immedi-
ately follows from Theorem 4 if 5 = 0. In addition, if we substitute B[D,P(z)|(see
Definition 1) in Theorem 4, and take A\ = Ay = 0, we get a result due to Liman
et al.[8, Theorem 3]. Similarly, inequality (1.5) is also obtained from Theorem 4.

aB" Y+ (MT—l) B[z"]

£l ‘1+ﬁ('“‘2‘1)\}max|P<z>|

z€Ty

aB[z" '+ (MT_l) B[z"]

Finally we present the following generalization of Theorem B. To be more
precise, we prove.

Theorem 5. Let Q(z) be a polynomial of degree n and Q(z) = 0 in
Ty UE] and P(2) is a polynomial of degree at most n. If |P(z)| < |Q(z)| on Ty,
then for all a« € C with |a] > 1
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+ (laf = 1)

<

)

‘B [DaP(2)]

‘B [Q(2)]
2

‘B [DaQ(2)]

n

-+ (ol - |2

for |z| > 1.

Remark 4. By Definition 1, Substituting for B[D,P(z)] in Theorem 5,
we have

(2 B () e

LDty () L2, (2 20
T e opars o (2) 22 (2 22

D o ()7 e (5 5

where m; < d—1, d <nand m <n — 1. As earlier, if we fix A\ = Ao =0 in
(2.4), we get a result ascribed to Liman et al. [8, Theorem 2]. Again if we choose
Ao =X =01n (2.4), we get

n(lal —1)
2

d(le| — 1)

1P (2)]

ma m
(25)  ZHD.P(2)] + Q) < D@/ +
If we divide (2.5) both sides by |&| and make |a| — oo, then m; = d — 1 and
m = n — 1, and we obtain the following more generalized version of inequality

(1.2).

d—1

AP+ Q) <

d
Q"(2) + 3 IP(2)].
3. Lemmas. For the proofs of the main results, we need the following
lemmas.

Lemma 1. If all the zeros of an nth degree polynomial P(z) lie in a
circular region C' and if none of the points oy, c4—1,...,a1 lie in the region C,
then each of the polar derivatives

Da, -+ DayDa, P(2), t=1,2,....n—1
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has all of its zeros in region C'.
This lemma follows by repeated applications of Laguerre’s theorem [12].

Lemma 2. If all the zeros of a polynomial P(z) of degree n lie in a circle
z € Ty UE], then all the zeros of the polynomial B[P(z)] also lie in the circle
zeT, U E;

For the Lemma 2 we refer to Rahman and Schmeisser [14, Def.14.5.1 and
Lemma 14.5.7].

Lemma 3. If all the zeros of a polynomial P(z) of degree n lie in z €
Ty UE;, then for |a] > 1, the polynomial B[D,P(z)] also has all its zeros in
ze T U El_

Lemma 3 is ascribed to Bidkham and Mezerji [4].

Lemma 4. If all the zeros of a polynomial P(z) of degree n lie in a
circle z € Ty UET, then for |a1| > 1, |ag| > 1,...,|a¢| > 1 all the zeros of the
polynomial B[D, - - Do, Do, P(2)] also lie in the circle z € T UE] .

Proof. By combining Lemma 1 and Lemma 3, the proof of Lemma 4
follows. O
Next lemma is due to Jain [6].

Lemma 5. If P(z) is a polynomial of degree n, having all its zeros in
Tl UEl_! then fOT’ |CM1‘ > 17 |Cl2| > ]-7 teey ‘at‘ > 17 (t < n)

Ny
|Da, - "Da2Da1P(Z)| > ?Aatuj(zﬂ-

Lemma 6. If all the zeros of an n-th degree polynomial P(z) lie in T1 U
E{, then for every a € C with |a] > 1,

nle] = 1)

DaP()] 2 4

|P(2)], |2] = 1.
Equality holds only for the polynomials having all zeros on |z| = 1. This
lemma is ascribed to Shah[15].

Lemma 7. If the polynomial P(z) has no zeros in E7 , then for all o, B €
C with |o| > 1, 8] <1

o] — 1
2

o] -1

BID.P()]+ 18 (272 BiPG)) < |BIDa@) + 0 () Bl
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for |z| > 1, where Q(z) = 2"P(1/Z).

Proof.  Since P(z) # 0 in E]. Therefore all the zeros of Q(z) =
"P(1/z) lie in Ty UE] and also for |z| =1

|P(2)] = 1Q(2)].
Applying Theorem 2 for all o, 5 € C with |a] > 1, |B] < 1, we have

20.pe) + 05 (W) Bty < Bina0e) 408 (1) Bio]|
This completes the proof of Lemma 7. O
Lemma 8. The inequality
BD.r()]+n (1) Bipe)
<o+ 6 (120) B max PGe)

holds for every polynomial P(z) of degree n and for all o, f € C with |a| > 1,
Bl < 1.

Proof. Let M = m%x|P(z)|. If we take Q(z) = Mz" in Theorem 2,
zel

we have Do {M2z"} = nMaz""!, BinMaz""'] = nMaB[2""'| and B[M2"] =
M B][z"]. Therefore, from Theorem 2, we get

ol —

B[DoP(2)] +nf ( > B[P(z)]'

<n

aBV“ﬂ+ﬁCM;1>Bk]

P(z
%%\(N

This completes the proof of Lemma 8. O

Lemma 9. For every polynomial P(z) of degree n and for all o, € C
with |a] > 1, || < 1, we have

BDuPE)] 408 (22 BPG) -+ B0, 405 (21 Blo)]
<ol [145 (5| + Jamtr 48 (1) B | max peo,
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where Q(z) = 2" P(1/Z).

Proof. Let M = max |P(z)|. Then by Rouche’s theorem all the zeros of
zel

S(z) = P(z) +yM2z" lie in |z| < 1, for every v with |y| > 1. If T'(2) = 2" S(1/z),
then for |z| = 1, we have

T(2)] <165(2)|

for any 0 € C with || > 1. Therefore, it yields by Rouche’s theorem that all the
zeros of T'(z) + 05(z) lie in |2| < 1. Thus applying Lemma 6 for every o with
la] > 1 and |z| =1, we get

o] = 1)

Da(T(:) + 5] = W=7y a5,

Equivalently for every 5 € C with || < 1 and for |z| = 1, we have
InB(lal = 1)(T(2) +65(2))| <2|Da(T(2) + 65(2))|-

Since |a] > 1, so by Lemma 1 for k = 1, all the zeros of D, (T'(z) + 05(z)) lie in
|z| < 1. Therefore, by Rouche’s theorem all the zeros of 2D, (T(z) + §5(2)) +
nB(la] —1)(T(z) + 6S(z)) lie in |z| < 1. Since B is linear, we have by Lemma 3
all the zeros of

F(2) = 2B[DaT(2)] +nf(Ja| = 1) B[T(2)] +6 {2B[DaS(2)] + nf(|e| — 1) B[S(2)]}

lie in |z| < 1.
This gives for |z| > 1, that

2B[DoT'(2)] + nB(la] — 1)B[T'(2)]| < [2B[DaS(2)] + np(|a| — 1)B[S(2)]]
12B[DaQ(z) + nyM] + np(|la| — 1)B[Q(z) + 7M]|
< [2B[Do P(z) + nyMaz"""] + nB(la| — 1)B[P(z) + vM2"]|.
This implies
2B[DaQ(z)] + nB(|a| — 1)B[Q(2)] + n¥Ao(2 + B(|al — 1)) M|

< [2B[DaP(2)] +nf(lal = 1)B[P(2)] + ny{2aB[z" '] + B(la| - 1)Blz"]} M|
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Equivalently
2B[DaQ(2)] + nB(la| = 1)BIQ(2)]| — nlv[|Xol 12+ B(la] = 1)| M
(3.1) < [2B[DaP(2)] + nB(la| — 1)B[P(z)]
+ny{2aB[z" " + B(la| — 1)B[z"|} M| .
With the help of Lemma 8, it is possible to choose an argument of v such that
2B[Do P(2)] +nB(|la| —1)B[P(2)] + ny{2aB[z""'] + B(ja| — 1) B[-"]} M|
=nly| [2aB[2""] + B(la| = 1)B[2"]| M — [2B[Da P(2)] +nf(|a] — 1)B[P(2)]| .
Using this equation in (3.1) and letting v — 1, we obtain for |z| =1
2B[DaQ(2)] + nb(la| = 1)BIQ(2)]| —n [Aol 2+ B(la| —1)| M
< n|2aB["" + B(la = 1)B[e"]| M — [2B[DaP(2)] +nf(|a| — 1)B[P(2)]| .
Consequently

2B[DaQ(2)] + nB(lal — 1)BQ(2)]|
(3.2) + [2B[Da P(2)] + nf(la] — 1) B[P(2)]]
<n [l 2+ B8(lol = D] + [2aB[z"""] + B(la| — 1)B[="]|] M

for every «, 8 € C with |a] > 1, || < 1. Using continuity of a and £, it follows
that inequality (3.2) is true for every o, 8 € C with |a| > 1, |8] < 1 and the proof
of Lemma 9 is thus complete. O

As above, when we substitute B[D, P(z)] and related terms in Lemma 9,
and then we take A\; = Ay = 0, we obtain a result which is due to Liman et al. [8,
Lemma 5]. Also if we take § — 0, we get a result due to Bidkham and Mezerji
[4].

4. Proofs of Theorems.

Proof of Theorem 1. Let

C = min |P
?é%r?‘ ()]

then |P(z)] > C on T;. Therefore, for every A with [A\| < 1
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|P(2)] > [AC| on T;.

If P(z) has a zero on T} then C' = 0 and the result is trivial. Therefore, from now
onwards, we will assume that P(z) has all its zeros in E; . By Rouche’s theorem
the polynomial

F(z)=P(z) — \Cz"

also has all its zeros in E]. Thus, on applying Lemma 5 to F'(z) we obtain for
|| > 1, e > 1,00 oy > 1

Ny
|‘DOlt "'DOéQDOélF(Z” > ?Aat|F(Z)|'

Since F(z) has all its zeros in E{ , again applying Rouche’s theorem for every real
or complex number 5 with |5] < 1, we get all the zeros of

BN,
Dat e DOtQDalF(Z) + TtAatF(z)

lie in E; . Thus by Lemma 4 all the zeros of
X(2) = B[Dy, -+ Day Do, F(2) + BN2 7" Ay, F(2)]

also lie in E;. Now operate Dy, -+ Do, Dqo, and B on F(z) = P(z) — A\C2", we
get

X(2) = B[Da, -+ - Doy Doy P(2) — CAN2" 'Ay + BN;27 P Ay, (P(2) — AC2™)]
= B[Da, -+ Doy Do, P(2) + BN:2 ' Ay, P(2)
— )\{CNthitAt + ﬂNt27tAatCZn}].
As B is linear operator, we obtain
(41) X(2) = B[Da, -+ DayDa, P(2)] + BN:27" Ay, B[P(2)]
—MC NAB[2" ' + BN;27 1 A, C B[2"]}.
This gives
|B[Da, - - Doy Doy P(2)] + BN:27" Aq, B[P(2)]]
> |C Ny AB[2" Y + BN2 1 A, C B[2"]| for |z] > 1,
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that is
|B[Dat e DOQDOQP(Z)] + ﬁNtQﬂtAatB[P(Z)”
> C Ny|AB[2"" + p271 Ay, B[2")| for |2] > 1.
If this is not the case, then we have
|B[Dat e DOtQDOqP(ZO)] + 5Nt2_tAatB[P(ZO)”
< C N|A¢B[2 7" + 827" Ay, B[40
for any point z = zp with |zo| > 1. If we take

B[Dy, -+ Day Do, P(20)] + BNi27t Ay, B[P (20)]

A\ =
C Ny (MBlzy "] + B2t Ao, B2

then we see that A is well defined and with this choice of A\, we get from (4.1)
that

X(Z()) =0

which is a contradiction that all the zeros of X (z) lie in E;. Hence we conclude
that

|B[Da, -+ Day Do, P(2)] + BN;2 7" Ao, B[P(2)]|
> C Ny |[MB[2" " + 27" Ay, B[2"]| .

This completes the proof of Theorem 1. O

Proof of Theorem 2. For every v € C with |y| > 1, we get by
Rouche’s theorem all the zeros of P(z) —vQ(z) lie in |2| < 1 and for ¢ > 1 the

polynomial P(tz) —~vQ(tz) vanishes in |z] < 7 < 1. Now by Lemma 6, we obtain
for jo| > 1 and |2| =1

(lof = 1)

[Da(P(t2) —4Q(t2))] > © 5 |P(tz2) = 7Q(t2)], [z = 1.

Again applying Rouche’s theorem, we have for every f € C with 3] < 1, the
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polynomial

nlal —1)

S(2) = DalP(t2) —1Q(t2) + B2 {P(t2) — 1Q(¢2))

has all its zeros in |z| <1, so by Lemma 3 all the zeros of

(4.2) B[S(2)] = B[DoP(tz)] +np ('“‘2_ 1> B[P(tz)]

—{BinaQ) 405 (1) Bloea}
also lie in |z| < 1. This gives for |z| > 1

B[D,P(tz)] +np <MT_1> B[P(tz)]‘

< |BDaqea + s (2) Bl

Otherwise there is a contradiction that is, if there is a point z = zy with |z9| > 1,
such that

o =1
2

B[DoP(tz0)] + nf < > B [P(tzO)]‘

> BDaQa0)] + 05 (1) Blowe]

If we take

BIDaP(tz0)] +n (1251) BIP(tx0)]

B[DaQ(tz)] + nj (‘04271) B[Q(tzo)]'

It is easy to see that «y is well defined and with this choice of v, (4.2) becomes
zero for |zp| > 1, i.e., B[S(20)] = 0, which is contradiction that all the zeros of
B[S(z)] lie in |z| < 1. Thus making ¢ — 1 and using continuity, we get for every
la| > 1, |B] <1and |z| > 1

o] — 1
2

) Blr] < [Bioaeen + s (5 ) B

BIDaP(2)] + 1 (
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This completes the proof of Theorem 2. O

Proof of Theorem 3. On combining Lemma 7 and Lemma 9, we get

Q‘B[Dap(z)] ﬁ(m )B[P(Z)J‘
< |BDuPE)] 408 (U2 ) BRI + [ BlDa0e) + 08 (1) BlQ)
<ol |8 () 4 o s (1) 56| | max o

and the proof of Theorem 3 follows. O
Proof of Theorem 4. Let m = m%rn|P(z)|. In case P(z) = 0 for
zel

any z on Ty, then m = 0 and Theorem 4 reduces to Theorem 3. Therefore, the
case when P(z) has all its zeros in |z| > 1, so that m > 0. Now by Rouche’s
theorem the polynomial Wj(z) = P(z) — ém has no zeros in |z| < 1. Therefore
the polynomial V;(z) = 2" W1(1/2) = Q(z) — dmz", where Q(z) = 2" P(1/%)
will have all its zeros in |z| < 1. Also |Wi(z)| = |[Vi(z)| on Ty. Applying Theorem
2, we get for all o, € C with |o| > 1,|8] <1 and |2| =1

51Da )]+ 05 () B o)

< [BIDa) + 0 () e

Since B and D, are linear operators, we have

o

‘B[DQP(z)] — nmdXo + nf3 (T_1> BIP(2)] — npB (MT_l> Smo

o] -1

< ‘B[DQQ(Z)] — dnmaB[z"" Y 4+ nf <T> BlQ(2)]

(4.3) —nf ('a‘ - 1) SmBL")

_ ‘B[DQQ(Z)] nB (‘“'%) BIQ(2)

—Smn {aB[z"l] + (WT_l> B[z”]}‘ .
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Since Q(z) = 0 in |z| < 1, so we have min |P(z)| = min |Q(z)| = m. Therefore
2€Ty 2€Ty

by Theorem 1 for ¢t = 1, we have

‘B[DQQ(Z)] nf ( ) B[Q(2)]

o =

> mn )

aB[z"Y + 3 (‘042_ 1> B[2"]

Mo+ B <‘O"2_ 1) o

aB[z"" N+ (W—_l) B[2"]|.

and this will allow us to rewrite (4.3) as

— mn/|d|

BD.P)+ 8 (51 ) Bp)

o

< |Ba@ens (5 ) i)

—mn|d|

Letting 6| — 1, we get from above inequality

o] —

BD.P()] + 5 (1

<—mn{

Now by Lemma 9, we get for |z| =1

H) Bl - [BID.Qe) + 05 (12 Bla)]

— ‘)\04—6 <‘O‘|2_1> Ao }

aB[z"Y + 8 ('a‘; 1> B[z"]

Q‘B[DQP(Z)]-F B('a‘ >B[P(Z)]‘

<nH 1+5<‘O‘|2_1>‘}1Z%%}1{\P( )|

~{Jast+ (B2 | - ol |1+ (22) | i e

This completes the proof of Theorem 4. O

Proof of Theorem 5. By hypothesis Q(z) = 0 in |z| < 1, therefore,
by Lemma 6, we have for every a € C with |a| > 1

W@(z)\ < [DaQ(2)].

By Lemma 1 for ¢ = 1 all the zeros of D,Q(z) also lie in |z] < 1. By Rouche’s
theorem for every real or complex number ¢ with |o| < 1 all the zeros of

+ [ Aol

aB[z"Y] + 8 <‘O‘|2_ 1) B[z"]

no(|ja| — 1)

DaQ(Z) - 92

Q(2)
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lie in |z| < 1,. Thus by Lemma 2 and Lemma 3 all the zeros of

no(laf —1)

T(2) = BDLQ()] - "7

B[Q(2)]
also lie in |z| < 1, and this gives for |z| > 1

n(lel —1)

BID.Q)| = “

[BIQ()]I;
otherwise there is a contradiction with the zeros of T'(z). Therefore, we have for
every real or complex number § with |5 <1

nb(lal 1)
2

|BIDaQ(2)]| = |B[Q(2)]] = 0.

Now it is possible to choose an argument of 3 in the right hand side of Theorem
2 such that

BID.Q()] + 1 (122) Bl = s - U= i)
Hence from Theorem 2, we obtain for |z| > 1
BDPE) - D ig) 1B1pE) < 1BID.QEI - T8 B
Letting |3] — 1 and consequently
(BRI 1y [ QN ¢ PRGN, gy [2ECY)

for |z| > 1. This proves Theorem 5 completely. O
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