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Abstract. In this paper we investigate the uniqueness problem of entire
function f and its linear differential polynomial

ak (z) f
(k) + ak−1 (z) f

(k−1) + · · ·+ a1 (z) f
′

sharing an entire function a ≡ a (z) counting multiplicities(CM) with

σ (a) < σ (f)

under some restrictions imposed on the coefficients aj (z) (j = 1, 2, . . . , k).
Our result improves and generalizes some earlier results.

1. Introduction and main results. Let f be an entire function in
the open complex plane C. Then the order σ (f) and the lower order λ (f) of f
are respectively defined by

σ (f) = lim sup
r→∞

log logM (r, f)

log r
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and

λ (f) = lim inf
r→∞

log logM (r, f)

log r
.

Also, the hyper order σ2 (f) and the hyper lower order λ2 (f) are defined
respectively by

σ2 (f) = lim sup
r→∞

log log logM (r, f)

log r

and

λ2 (f) = lim inf
r→∞

log log logM (r, f)

log r
.

For an entire function f(z) =

∞
∑

n=0

anz
n, the central index ν(r, f) is the

greatest exponent m such that |am| rm = µ(r, f), where µ(r, f) = max
n≥0

|an| r
n

denotes the maximum term of f on |z| = r (see [8, p. 50]). It is well known (see
[8, p. 51]) that

σ (f) = lim sup
r→∞

log ν (r, f)

log r
.

Similarly, one can verify that

λ (f) = lim inf
r→∞

log ν (r, f)

log r
.

By Lemma 2 in [4] we see that

σ2 (f) = lim sup
r→∞

log log ν (r, f)

log r

and in a similar way one can prove that

λ2 (f) = lim inf
r→∞

log log ν (r, f)

log r
.

Let u (z) be a non-constant sub-harmonic function in the open complex
plane. We put B (r, u) = sup

|z|=r

u (z). The order σ (u) and the lower order λ (u) of

u are defined by

σ (u) = lim sup
r→∞

logB (r, u)

log r

and

λ (u) = lim inf
r→∞

logB (r, u)

log r
,
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respectively (see [1]).

Let E ⊂ [1,∞) and χE be the characteristic function of E. The upper
and lower logarithmic densities of E are respectively defined as follows

log dens (E) = lim sup
r→∞

r
∫

1

χE

t
dt

log r

and

log dens (E) = lim inf
r→∞

r
∫

1

χE

t
dt

log r
.

The quantity lim
r→∞

r
∫

1

χE

t
dt is called the logarithmic measure of E. It is easy to

note that log dens (E) > 0, then E has infinite logarithmic measure.

The following definition is well known:

Definition 1. Let f(z) and g(z) be two entire functions and a ≡ a(z) be
also an entire function, which, in particular, may be a constant, if the zeros of

f − a and g− a coincide in locations and multiplicities we say that f and g share

the value a CM (counting multiplicities) and if coincide in locations only we

say that f and g share a IM (ignoring multiplicities).

Rubel and Yang ([11]) first studied the uniqueness problem of an entire
function sharing two values with its derivative. They proved the following result:

Theorem 1 ([11]). If a non-constant entire function f and its derivative

f ′ share two distinct finite complex numbers CM, then f ≡ f ′.

What can be said for a non-constant entire function f that shares one
finite value with its derivative f ′? In this connection Brück [2] gave the following
conjecture:

Conjecture. Let f be a non-constant entire function with σ2 (f) < ∞
and σ2 (f) is not a positive integer. If f and f ′ share a finite value a CM, then
f ′ − a = c (f − a), where c is a nonzero constant.

The conjecture for the case a = 0 was resolved by Brück [2]. In 1998,
Gunderson and Yang [7] resolved the case where f is of finite order. In 2004,
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Chen and Shon [5] resolved it when f is of hyper order σ2 (f) <
1

2
. Later, Cao

[3] resolved it under the assumption σ2 (f) =
1

2
.

Considering arbitrary k-th derivatives f (k) instead of f (1), L. Z. Yang [13]
proved the following result:

Theorem 2 ([13]). Let f be a non-constant entire function of finite order.

If f and f (k) share one finite value a CM, then f (k) − a = c (f − a) for some

nonzero constant c.

In 2004, J. P. Wang [12] improved Theorem 2 in the following manner:

Theorem 3 ([12]). Let f be a non-constant entire function of finite order

and a be a non-constant polynomial. If f and f (k) share a CM, then f (k) − a =
c (f − a) for some nonzero constant c.

But, the conjecture still remains open for the case σ2 (f) >
1

2
. However,

Lahiri and Das [9] obtain the following result, which improves and generalizes
some results mentioned above.

Theorem 4 ([9]). Let f be a non-constant entire function with λ2 (f) <
1

2
and σ2 (f) < ∞. Suppose that a ≡ a (z) is a polynomial. If f and f (k) share a
CM, then f (k) − a = c (f − a), where c is a nonzero constant.

For the entire function f , the expression

L [f ] = ak (z) f
(k) + ak−1 (z) f

(k−1) + · · · + a1 (z) f
′ + a0 (z) f,

is called a linear differential polynomial generated by f of degree k, where k is a
positive integer and a0 (z) , a1 (z) , . . . , ak (z) are entire coefficients with ak (z) 6≡ 0.

In this paper we improve and extend the result of Lahiri and Das [9] in
which we replace f (k) by L1 [f ] = L [f ] − a0 (z) f and under some restrictions
imposed on aj (z) (j = 1, 2, . . . , k), we obtain the following result:

Theorem 5. Let f be a non-constant entire function with λ2 (f) <
1

2
and σ2 (f) < ∞. Suppose that a ≡ a (z) is an entire function with σ (a) < σ (f).
Let a0 (z) and aj(z) (j = 1, . . . , k) be entire functions such that for some constant

α > 0, we have for all ε > 0 sufficiently small, |aj (z)| ≤ rα+ǫ, j = 1, 2, ..., k, as
r = |z| → ∞. If f and L1 [f ] = L [f ]− a0 (z) f share a CM, then L1 [f ]− a =
c (f − a) , where c is a nonzero constant.
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2. Lemmas. In this section we present some necessary lemmas.

Lemma 1 ([8, p. 9]). Let P (z) = bnz
n+bn−1z

n−1+· · ·+b0 be a polynomial

of degree n. Then for every ǫ (> 0) there exists R (> 0) such that for all |z| =
r > R, we get (1− ǫ) |bn| r

n ≤ |P (z)| ≤ (1 + ǫ) |bn| r
n.

Lemma 2 ([8, p. 51]). Let f be a transcendental entire function. Then

there exists a set E ⊂ (1,∞) with finite logarithmic measure such that for |z| =
r /∈ [0, 1] ∪ E and |f (z)| = M (r, f) we get

f (k) (z)

f (z)
= (1 + o (1))

(

ν (r, f)

z

)k

.

Lemma 3 ([8, p. 51]). Let g : (0,+∞) → R and h : (0,+∞) → R be

monotone increasing functions such that g (r) ≤ h (r) outside an exceptional set

E of finite logarithmic measure. Then for any α > 1, there exists R > 0 such

that g (r) ≤ h (rα) holds for r > R.

Lemma 4 ([10]). Let f be a transcendental entire function and E ⊂
(1,+∞) be of finite logarithmic measure. Then there exists {zm = rmeiθm} such

that |f (zm)| = M (rm, f) , θm /∈ [0, 2π) , lim
m→∞

θm = θ0 ∈ [0, 2π) , rm /∈ E, rm →
∞,

(i) if 0 < σ (f) < ∞, then for given ε > 0 and sufficiently large rm,
rσ(f)−ǫ
m < ν (rm, f) < rσ(f)+ǫ

m ;
(ii) If σ (f) = ∞, then for any given K > 0 and sufficiently large rm,

ν (rm, f) > rKm .

Lemma 5 ([1]). Let u (z) be a non-constant sub-harmonic function in

the open complex plane C of lower order λ, 0 ≤ λ < 1. If λ < α < 1, then

log dens {r : A (r) > (cosαπ)B (r)} ≥ 1−
λ

α
,

where A (r) = inf
|z|=r

u (z) and B (r) = sup
|z|=r

u (z).

Remark 1. Since for an entire function Q, log |Q (z)| is a sub-harmonic
function in C [6, p. 394], we can apply Lemma 5 to the function u (z) = log |Q (z)|.

3. Proof of Theorem 5.

P r o o f. Since L1 [f ] − a and f − a share 0 CM, there exists an entire
function Q such that

(1)
L1 [f ]− a

f − a
= eQ.
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If Q is a constant, then we are done. So we suppose that Q is non-constant
and consider the following cases:

Case 1. Let σ (f) < ∞. Then from (1) we see that Q is a polynomial.
Further σ (f) ≥ 1, because if σ (f) < 1, then (1) implies that Q is a constant.
Therefore, f is transcendental. Since a (z) is an entire function with σ (a) <
σ (f), we get

(2)

∣

∣

∣

∣

a (z)

f (z)

∣

∣

∣

∣

<
M (r, a)

M (r, f)
→ 0

as r → ∞.

From (1) we get

(3) eQ =

L1[f ]
f

− a
f

1− a
f

.

Now by Lemma 2, there exists a set E ⊂ (1,+∞) with finite logarithmic
measure such that for all large |z| = r /∈ [0, 1] ∪ E and |f(z)| = M(r, f), we get

(4)
f (j)(z)

f(z)
=

{

ν(r, f)

z

}j

(1 + o(1)) , j = 1, 2, . . . , k.

as r → ∞,

By the hypothesis of Theorem 5, for any given ǫ > 0 there exists a value
r1 > 0 such that

(5) |aj (z)| ≤ rα+ǫ, j = 1, 2, . . . , k; r ≥ r1, as r = |z| → ∞.

Now from (2), (3), (4) and (5) for all large |z| = r /∈ [0, 1] ∪ E with |f(z)| =
M(r, f)we get
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|Q (z)| =
∣

∣

∣
log eQ(z)

∣

∣

∣

≤

∣

∣

∣

∣

log

(
∣

∣

∣

∣

ν(r, f)

z

∣

∣

∣

∣

µ)∣
∣

∣

∣

+ (α+ ǫ) log r + o(1)

where µ = 1 or k according as ν(r, f) < r or ν(r, f) > r. This implies

|Q (z)| < µ log ν(r, f) + (µ+ α+ ǫ) log r + o(1)

< 2 (µ+ α+ ǫ) (σ (f) + 1) log r + o (1) .(6)

Also, by Lemma 1 for all large |z| = r we obtain

(7)
1

2
|d| rdegQ ≤ |Q (z)| ,

where d is the leading coefficient of Q.

Now from (6) and (7) we get degQ = 0, which is a contradiction.

Case 2. Let σ (f) = ∞. We note from (1) that λ (Q) ≤ λ2 (f) <
1

2
. We

now consider the following subcases :

Subcase 2.1. Let Q be a polynomial. Then f is transcendental. By
Lemma 4, there exists {zm = rmeiθm} with |f (zk)| = M (rm, f), θm /∈ [0, 2π),
lim

m→∞
θm = θ0 ∈ [0, 2π) , rm /∈ [0, 1]∪E, such that for sufficiently large K > 0 and

sufficiently large rm, we have

(8) ν (rm, f) > rKm .

Now from (2), (3), (4) and (8) for sufficiently large |zm| = rm /∈ [0, 1] ∪E
with |f (zm)| = M (rm, f) we get

eQ(zm) = ak

(

ν (rm, f)

zm

)k

(1 + o (1)) .

Using (5) we obtain

|Q (zm)| =
∣

∣

∣
log eQ(zm)

∣

∣

∣

≤

∣

∣

∣

∣

∣

log

(

∣

∣

∣

∣

ν(rm, f)

zm

∣

∣

∣

∣

k
)
∣

∣

∣

∣

∣

+ (α+ ǫ) log rm + o(1)

< k log ν(rm, f) + (k + α+ ǫ) log rm + o(1).(9)
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So from (7) and (9) for sufficiently large |zm| = rm /∈ [0, 1] ∪ E we get

1

2
|d| rdegQm < k log ν(rm, f) + (k + α+ ǫ) log rm + o(1).

Hence by Lemma 3 for given β, 1 < β <
3

2
, for all large values of rm we get

1

2
|d| rdegQm < k log ν(rβm, f) + β (k + α+ ǫ) log rm + o(1)

and so

rdegQm

(

1

2
|d| −

β (k + α+ ǫ) log r

rdegQm

)

≤ k log ν(rβm, f) + o (1) .

This implies degQ ≤ βλ2 (f) <
β

2
< 1, which is a contradiction.

Subcase 2.2. Let Q be a transcendental entire function. We see by Re-
mark 1 that u (z) = log |Q (z)| is a sub harmonic function and also λ (u) = λ (Q) <
1

2
. Suppose that H = {r : A (r) > (cosαπ)B (r)} , where A (r) = inf

|z|=r
log |Q (z)| ,

B (r) = sup
|z|=r

log |Q (z)| and λ (Q) < α <
1

2
.

Then by Lemma 5, H has infinite logarithmic measure. Also, by Lemma
2 for |z| = r ∈ H\ {[0, 1] ∪ E} with |f (z)| = M (r, f) we get (4).

Now by using the same reasoning as before for sufficiently large |zm| =
rm ∈ H\ {[0, 1] ∪ E} with |f(zm)| = M(rm, f) we get

|Q (z)| < k log ν(rm, f) + (k + α+ ǫ) log rm + o(1)

< 2 (k + α+ ǫ) rσ2(f)+1
m .(10)

So by (10) and by Lemma 5 there exists a constant t, 0 ≤ t ≤ 1, such that
(M(rm, Q))t ≤ 2 (k + α+ ǫ) rσ2(f)+1

m for all large values of |zm| = rm ∈ H\{[0, 1]∪
E} and |f (zm)| = M(rm, f). This is impossible because Q is transcendental and

so lim
rm→∞

(M(rm, Q))t

r
σ2(f)+1
m

= ∞. This proves the Theorem. ✷

4. Conclusions. In the preceding discussion, several thought-provoking
questions emerged naturally:

• What outcomes can we anticipate in Theorem 5 for cases where the hyper-
lower order of f exceeds 1/2 or the hyper-order of f is infinite?
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• Can we modify the growth constraints on f and the entire coefficients
aj(z)(j = 0, 1, 2, . . . , k) in Theorem 5 while still preserving the desired shar-
ing property?

• If we choose non-linear differential polynomials and expand our considera-
tions to include higher-order growth conditions, such as the iterated p-order
growth of f in Theorem 5, will the established conclusion remain valid?

These unresolved questions demand closer examination and continued
research.
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