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Abstract. Using the general framework due to Donagi–Markman [4] and
Markushevich [7] we shall derive an expression for the differential of Abel–
Jacobi mappings on Fano threefolds. This formula involves information nor-
mal to the Lagrangian submanifolds constructed in [4] and [7]. It may be
applied to give new proofs of a number of classical results about these vari-
eties.

1. Introduction. Statement of Theorem A. In this note we will
be interested in the differential of Abel–Jacobi maps

(1.1) AJX : Z → J(X)

where X is a smooth Fano threefold, Z the parameter space of a family of degree
d curves Cz ⊂ X, z ∈ Z, and

J(X) = H1(Ω2
X)∗/H3(X,Z) ∼= H2(Ω1

X)/H3(X,Z)
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is the intermediate Jacobian of X. The objective is to analyze the differential
dAJX of (1.1) in terms of the intersections Cz · Y where Y ∈ | − KX | is a
smooth anti-canonical divisor. For simplicity of exposition we will assume these
intersections to be transverse. They then induce a morphism

f : Z → Y (d)

where the dth symmetric product is a hyperKähler manifold with symplectic form
ψ ∈ H0(Ω2

Y (d)). It is known ([5]), and will be verified below, that f(Z) ⊂ Y is a
maximal dimension Lagrangian submanifold. We will define maps

α :TzZ → TY (d)
∣∣
Cz∩Y , α = f∗,

β :H1(Ω2
X)→ TY (d)

∣∣
Cz∩Y / Imα;

(1.2)

thus, β maps to the normal space Nf(Z)/Y (d),f(z).

Theorem A. (i) f(Z) is a maximal dimensional Lagrangian submanifold
of Y (d).

(ii) For ξ ∈ TzZ and η ∈ H1(Ω2
X)

ψ(α(ξ), β(η)) = 〈dAJX(ξ), η〉

where 〈 , 〉 is the pairing H2(Ω1
X)⊗H1(Ω2

X)→ C.

We note that the above holds for any smooth Y ∈ | −KX | for which the
intersections Cz ·Y are transverse. We also will see that β and ψ are each defined
up to a constant and these are linked, so that the formula in Theorem A makes
sense. The result will enable us to analyze dAJX in terms of the symplectic
geometry associated to the pair (X,Y ).

As an application of this result we will give a simple proof of the tangent
bundle theorem (TBT) for the Fano surface Z of lines on a smooth cubic threefold.
The proof of this central result will have as one consequence that the induced
map Alb(Z)→ J(X) is an isomorphism.

Theorem B will deal with the case where we deform X subject to the
constraint that X contain a Y ∈ |−KX | that is fixed in moduli as we deform X.
As will be recalled below the deformation theory for this is unobstructed with
Kuranishi space an open set B ⊂ H1(Ω2

X). The first order variation of X appears
in the definition of β in (1.2).

Given the family of curves Cz ⊂ X, z ∈ Z, there is a corresponding de-
formation theory for the family. We assume that this theory is also unobstructed
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and, as will be explained below, this leads to the diagram

Z

πZ
��

X

��
BZ ⊂ B

, C ⊂ Z×BZ
X(1.3)

where BZ is an open set in ker{H1(Ω2
X) → H1(NC/X)}. We will assume that Z

and BZ are smooth and that Z → BZ is a smooth fibration. Corresponding to
points (b, z) ∈ Z where b ∈ BZ and z ∈ Zb = π−1

Z (b) there is a curve Cb,z ⊂ Xb

and this defines C ⊂ Z×BZ
X in (1.3).

The mapping of the curves Cb,z to intermediate Jacobians is accomplished
by using normal functions and Deligne cohomology [4]. For the latter there is
for each Xb a Deligne cohomology group H2(D(Xb)) to which the codimension-2
algebraic cycles on Xb are mapped. There is an exact sequence

(1.4) 0→ J(Xb)→ H2(D(Xb))→ Hg2(Xb)→ 0

where the last map sends an algebraic cycle to its fundamental class, and where
the kernel of that map is the Abel-Jacobi map. We denote by Dλ(Xb) the
subgroup of H2(D(Xb)) that maps to the class [Cb,z] ∈ H4(Xb,Z) of Cb,z or
to its translate under monodromy. This is defined over BZ ⊂ B. Letting
Dλ = ∪

b∈BZ

Dλ(Xb) we define

(1.5) F : Z→ Y (d) ×Dλ

by

F (b, z) = (Cb,z ∩ Y, [Cb,z]D).

By generalizing the constructions in [4] to the relative case of (X,Y )’s, it
may be proved that there is a holomorphic symplectic structure with symplectic
form τ on Dλ such that Dλ → B is a Lagrangian fibration (cf. [7]). We denote
by

σ = ψ + τ

the holomorphic symplectic form on Y (d) ×Dλ.

Theorem B. F (Z) is a maximal dimension Lagrangian submanifold in
Y (d) ×Dλ.
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What will be shown below for part of the proof of Theorem B is

(1.6) dimF (Z) =
1

2
dim(Y (d) ×Dλ) = d+ h2,1(X)

The remainder of the argument may be done by an adaptation of the arguments
in [4]. Both (i) in Theorem A and Theorem B are special cases of a general result
whose proof serves to illuminate the structures involved. This will be carried out
elsewhere.

For simplicity of exposition we will assume that H0(TX) = 0. Most of
the Fano varieties that have non-trivial intermediate Jacobians will satisfy this
condition.

There is an extensive literature dealing with the topics in this note. Be-
ginning with [4] and continuing through the present time, Lagrangian fibrations
have been a central subject in algebraic geometry and in its connection to physics.
Similarly, the study of Fanos, Fano pairs and the associated Abel–Jacobi map-
pings has been a topic of major and ongoing interest. This is especially the case
when singularities are allowed. In this note we provide in the smooth case one
connection among the above areas.

2. Deformations of anti-canonical pairs and proof of (i) in
Theorem A. In the proof of Theorem A we will use the deformations of the
above structure (cf. [1]). The Kuranishi space of deformations of X keeping Y
fixed is realized as an open set B ⊂ H2,1(X). We have the mapping

(2.1) f : Z // Y (d)

∈ ∈

(b, z) // Cb,z · Y

which is the first factor in the mapping (1.5) defined above.
We now turn to the proof of (i) in Theorem A. There are several basic

exact sheaf sequences and much of the argument here and later consists in using
duality for the groups in their cohomology sequences and in some cases non-
trivially proving that maps that arise are the natural ones suggested by the
notations. The one exception to this is that we crucially use the non-degeneracy
in both variables of the symplectically induced bilinear form ψ : Tf(z)f(Z) ⊗
Nf(Z)/Y (d),f(z) → C.

In what follows we fix a generator Ψ ∈ H0(−KX) ∼= H0(Ω3
X(Y )), which

then gives

(2.2) TX(−Y ) ∼= Ω2
X .
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The first two exact sheaf sequences are

(2.3)

{
0→ TX(− log Y )→ TX → NY/X → 0

0→ TX(−Y )→ TX(− log Y )→ TY → 0.

Using that−KX is ample and that Y is K3 surface, the Akizuki–Nakano vanishing
theorem and our assumption h0(TX) = 0 give for the cohomology sequences of
(2.3) the diagram
(2.4)

0

��
H0(NY/X)

��
0 // H1(Ω2

X) // H1(TX(− log Y ))

dπX
��

dπY // H1(TY ) // H2(Ω2
X) // 0

H1(TX)

��
0.

The mappings dπX , dπY are interpreted as mappings on tangent spaces in the
diagram

(2.5) Def(X,Y )
πY

%%

πX

zz
Def(X) Def(Y,R)

where R = Im{Pic(X) → Pic(Y )} and Def(Y,R) is the deformation space of Y
preserving R.
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Letting C denote a typical Cz, the second sheaf sequences are



0 // NC/X ⊗KX
// NC/X

// NC∩Y
∣∣
Y

// 0

=

TY (d)
∣∣
C∩Y

0 // NC/X
// NC/X

// NX/X

∣∣
C

// 0

∼ =

H2,1(X)⊗ OC .

(2.6)

In the first sequence we are assuming that C meets Y transversely; this gives
the vertical equality. In the second sequence are using the horizontal sequence in
(2.4) to identify NX/X.

P r o o f o f (i) i n T h e o r e m A1. The cohomology sequences of the first
sequence in (2.6) and duality give

T (fibre Zf of Z
f−→ Y (d)) ∼= H1(NC/X)∗.

It follows that

dim f(Z) = h0(NC/X)− h1(NC/X)

= χ(NC/X)

= deg(−KX

∣∣
C

) = d.

The last step uses Riemann-Roch for NC/X → C, which turns out to have a
special form due to dimX = 3 (cf. [7]).

To show that f(Z) is Lagrangian we use ∧2TzZ = ∧2H0(NC/X). Locally
we choose coordinates u, v, w on X so that around p ∈ C ∩ Y we have for ξ, η ∈
H0(NC/X) 

Y = {w = 0},
Ψ = g(u, v, w)du ∧ dv ∧ dw/w,
ψ = g(u, v, 0)du ∧ dv
C = {0, 0, w)}
ξ = ∂/∂u, η = ∂/∂v.

Then along C
ξ ∧ ηcΨ ∈ H0(Ω1

C(logC ∩ Y ))

1The argument is essentially that given in [5].
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is well defined, and for ψf = f∗ψ we have from the above local expression

〈ψf , ξ ∧ η〉 =
∑

p∈C∩Y
Resp(ξ ∧ ηcΨ) = 0. 2

Remark. We remark that behind this argument is the general fact that
in the exact cohomology sequence for the mixed Hodge structure on H∗(A\B)
for a smooth pair A ⊂ B the composition Gy ◦Res = 0 where Gy and Res are the
Gysin and residue mappings. This will be brought out in a second proof given
below of (i) in Theorem A.

3. Proof of (ii) in Theorem A. There are two basic ideas behind
the argument. For the first we have for f : Z→ Y (d) given by (2.1)

f∗ψ
∣∣
Z

= 0.

Along Z, but not restricted to the tangent spaces to Z, we have

(3.1) Ω2
Z

∣∣
Z
→ Ω2

Z → 0

and f∗ψ
∣∣
Z

is in the kernel of this map. Then

(3.2) ker
{

Ω1
Z → Ω1

Z

}
⊗ Ω1

Z
∼= N∗Z/Z ⊗ Ω1

Z

maps onto the kernel in (3.1). Here N∗Z/Z is the conormal bundle to Z in Z.
Since the normal bundle to Z in Z is a sub-bundle of the trivial bundle with fibre
H1(Ω2

X) this brings H2,1(X) into the picture.
The second idea is that Ψ ∈ H0(Ω3

X(log Y )) lifts to a section Ψ0 ∈
H0(Ω3

X/BZ
(log(Y × BZ))). Here we are shrinking BZ to a neighborhood of the

origin b0. If we could lift Ψ0 to a section in H0(Ω3
X(log(Y ×BZ))), then the proof

of (i) in Theorem A could be adapted to show that ψ vanishes on (3.2), which
is impossible since f(Z) is maximal Lagrangian in Y (d). The obstruction to this
lifting is the differential

Tb0BZ → Hom(H0(Ω3
X(log Y )), H1(Ω2

X))

of the period map in which once again H1(Ω2
X) appears. Here we are fixing

Res Ψ0 = ψ ∈ H0(Ω2
Y ); this implies that the differential of the period mapping

maps to H1(Ω2
X) ⊂ H1(Ω2

X(log Y )). Connecting these two ideas is the central
part of the proof.



80 R. Aguilar, M. Green, P. Griffiths

The sheaf Ω2
Z

∣∣
Z

has a filtration with three graded pieces. The argument

below will deal with the most important middle one; the remaining one ∧2N∗Z/Z
may be treated directly and will also be analyzed in the more general result to
appear separately.

We first note that Ψ0 ∈ H0(Ω3
X/BZ

(log(Y ×BZ))) may be lifted to a C∞

form
Ψ̃ ∈ C∞(Ω3

X(log(Y ×BZ))).

If h = 0 is a local holomorphic equation of the divisor Y ×BZ in π−1
X (BZ), then

both hΨ̃ and h dΨ̃ are C∞. We may take residues of forms in the C∞ log complex
and the commutator [∂,Res] = 0.

Next, using the present notation we will revisit the proof of (i) in Theorem
A. Setting C = Cz and in the horizontal maps restricting along C while in the
vertical maps restricting to X ⊂ X and Z ⊂ Z we have

Ψ̃ ∈ C∞(Ω3
X(log(Y ×BZ)))

��

// Ω2
Z ⊗ C∞(log(Ω1

C(C ∩ Y )))

��
Ψ ∈ H0(Ω3

X(log Y )) // Ω2
Z ⊗H0(Ω1

C(log(C ∩ Y ))).

Taking residues gives

Ω2
Z ⊗ C∞(Ω1

C(log(C ∩ Y )))

��

Res // Ω2
Z ⊗H0(C ∩ Y )(−1)

Gy //

��

Ω2
Z ⊗H1(Ω1

C)

��
Ω2
Z ⊗H0(Ω1

C(log(C ∩ Y )))
Res // Ω2

Z ⊗H0(C ∩ Y )(−1)
Gy // Ω2

Z ⊗H1(Ω1
C)

where Gy is the Gysin map and where the composition of the bottom arrows is
zero. This is another proof of (i) in Theorem A.

Next we turn to the differential of the period mapping. From the diagram

0→ Ω1
BZ
⊗ Ω2

X(log Y )→
Ω3
X(log(Y ×BZ))

∣∣
X

Im{Ω2
BZ
⊗ Ω1

X(log(Y ×BZ))}
→ Ω3

X(log Y )→ 0

the connecting map in the exact cohomology sequence induces

Ψ

��

∈ H0(Ω3
X(log Y ))

��
∇Ψ ∈ Ω1

BZ
⊗H1(Ω2

X(log Y )).
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To compute this we lift Ψ to Ψ̃ as above and take ∂Ψ̃. Because in the deformation
X → BZ the divisor Y × BZ is fixed it follows that in the above we end up in
H1(Ω2

X). Thus
∂Ψ̃ = i∗(∇Ψ),

where
i : Ω1

BZ
⊗ Ω2

X(log Y )→ Ω3
X(log(Y ×BZ))

∣∣
X
.

Summarizing, the differential of the period mapping is

Ψ ∈ H0(Ω3
X(log Y ))

?
∇Ψ ∈ Ω1

BZ
⊗H1(Ω2

X).

?

Ω1
BZ
⊗H1(Ω2

X(log Y ))
i∗−→ A0,1(Ω3

X(log(Y ×BZ))
∣∣
X

)

∪

(3.3)

We next do for ∂Ψ̃ the analogue of the above calculation where we revis-
ited the proof of (i) using Ψ. For this we use the diagram
(3.4)

where ρ is the restriction mapping

Ω3
X(log(Y ×BZ))→ Ω2

Z ⊗ Ω1
C(log(C ∩ Y )),

and τ is induced by considering a class in H1(Ω2
X)
∣∣
C

as a (1, 1) form in A1(Ω1
C)

whose values are a conormal vector field to C in X.
We will show below that this diagram commutes. Going by the upper

path in it we obtain

(3.5) ψ(α(ξ), β(η))
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where ξ ∈ H0(NC/X), η ∈ Tb0BZ ⊂ H1(Ω2
X). Going by the lower path we have

(3.6) 〈∇ηΨ,AJX(ξ)〉

which is the desired result.

The commutativity of (3.4) uses the commutative diagram

Ω1
BZ
⊗ Ω2

X(log Y )
∣∣
C

id
Ω1
BZ

⊗τ
//

i∗
��

Ω1
BZ
⊗ Ω1

Z ⊗ Ω1
C(log(C ∩ Y ))

��
Ω3
X(log(Y ×BZ))

∣∣
C

ρ // Ω2
Z ⊗ Ω1

C(log(C ∩ Y ))

which gives

∂ρ(Ψ̃
∣∣
C

) = ρ(∂Ψ
∣∣
C

) =
(

idΩ1
BZ

⊗τ
)

(∇Ψ). 2

4. Lagrangian interpretation of Abel–Jacobi mappings. Ex-
amples. Together with duality the exact cohomology sequences of (2.2) and
(2.3) give

0→ H0(NC/X)→ H0(NC/X)→ H2,1(X)

δ−→ H1(NC/X)→ H1(NC/X)→ H2,1(X)⊗H1(OC)→ 0,
(4.1)

(4.2)

We will see below that dAJX 6= 0 on the first term H1(NC/X)∗ whereas obviously

α maps this space to 0 in TY (d)
∣∣
C∩Y . We also recall that α = f∗ in (4.2). The

symplectic form ψ gives

(4.3) H1(Ω2
X)

β−→ TY (d)
∣∣
C∩Y

/
Imα.

Part (ii) in Theorem A gives for ξ ∈ TzZ ∼= H0(NC/X) and η ∈ Tb0B ∼= H1(Ω2
X)

(4.4) 〈dAJX(ξ), η〉 = 〈α(ξ), β(η)〉 .
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Finally the diagram

kerα = H0(NC/X ⊗KX)

dAJX ))

∼= H1(NC/X)∗

δ∗

��
H1,2(X)

(4.5)

commutes.
These sequences imply the interpretation

(1) kerα //

$$

H1,2(X)

��
Ω1
BZ

;

(2) the failure of C to freely deform with X keeping Y fixed, as measured by the
codimension of BZ in B, is exactly compensated for by

dAJX
∣∣
kerα

: H1(NC/X)∗ → H1,2(X);

in fact
dAJX

∣∣
H0(NC/X⊗KX)

= δ∗

where δ∗ is given by (4.5).

For a later application we will use the identification

(4.6) ker(dAJ∗X) = kerβ ⊆ TB ⊆ H2,1(X).

P r o o f. From (4.1) and (4.2) we have

0

��
TBZ

��

β // ker{H0(NC/X)∗ → H1(NC/X)}

��
H2,1(X)

δ

))

H0(NC/X)∗

��
H1(NC/X).
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Using the duality given by ψ we have

0→
H0(NC/X)

H0(NC/X(−Y ))
→ TY (d)

∣∣
C∩Y →

(
H0(NC/X)

H0(NC/X(−Y ))

)∗
→ 0,

ker

(
TBZ

β−→
TY (d)

∣∣
C∩Y

Imα

)
∼= ker(dAJ∗X) ∩ TBZ

and

H0(NC/X(−Y ))
dAJX

=
δ∗

//
(
H2,1(X)
TBZ

)∗
→ 0

which gives (4.6). 2

Example 1. Let X ⊂ PV ∗ ∼= P4 be a cubic threefold with Fano surface
Z ⊂ G(2, V ∗) = G(1,P4) where G(2, V ∗) is the Grassmannian of lines in PV ∗.
Denote by C = Cz the line corresponding to z ∈ Z.

By (4.2), the kernel of α : H0(NC/X)→ TY (d)
∣∣
C∩Y is given byH1(NC/X)∗.

But for the cubic 3-fold case NC/X
∼= OC ⊕ OC or OC(−1) ⊕ OC(1); therefore

H1(NC/X) = 0 and α is injective.
To study the map

β : H1(Ω2
X)→ TY

(d)
C∩Y / Imα ∼= Nf(Z)/Y (d),f(z),

we are going to use global information of Z. Following [5, §4.2], we have a map

H1(X,Ω2
X)→ H0(Z,Ω1

Z),

which is obtained by taking the differential of a map

Def(X,Y )→ Def(f, Y (2))

from the space of deformations of X keeping Y fixed to the space of semi-
universal deformations of f . Using the symplectic form ψ, we have an isomor-
phism Nf(Z)/Y (d);f(z)

∼= Ω1
Z,z.

From this, and the fact that the map β is induced by deforming X keeping
Y fixed, we have a factorization

H2,1(X) //

β ''

H0(Z,Ω1
Z)

����
Nf(Z)/Y (d);f(z)
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where the vertical arrow is surjective. Hence in this case β is surjective. With
what was said above this implies that for the Fano surface dAJX is an isomor-
phism.

It is a well-known standard fact that H1(Ω2
X) ∼= V , the map being given

for P ∈ V by
P → ωP = ResX ΩP

where ΩP =
PΩ

F 2
with Ω =

∑
(−1)ixidx0 ∧ · · · ∧ d̂xi ∧ · · · ∧ dx4 ∈ H0(Ω4

P4(5))

being the standard form on P4. If z ∈ Z corresponds to the line Lz ⊂ X where
Lz ∈ G(2, V ∗), then for ν ∈ H0(NLz/X) ∼= TzZ it is direct to check that

P ∈ L⊥z ⊂ V =⇒ 〈dAJX(ν), P 〉 =

∫
Lz

νcωP = 0.

Since we have seen above that the induced map

dAJ∗X : V → T ∗Lz
Z

is surjective, it follows that TzZ ∼= V ∗/Lz; i.e.,

TZ =
{

restriction to Z ⊂ G(2, V ∗) of
the universal sub-bundle

}
which is the tangent bundle theorem for the Fano surface ([2]). In fact the above
argument says that from ker{H0(Ω1

Z)→ T ∗z Z} we may recover Lz and therefore
the mapping

J(X)→ Alb(Z)

is an isomorphism.

Remark. Geometric arguments that α is injective and β is surjective
may be given as follows:

• For α each line Lz meets Y in two points Lz ∩Y , and as Lz varies one of these
points will also vary (through a general point of X there are six lines);

• For a description of β, η ∈ H1(Ω2
X) ∼= V gives a first order deformation X ′ of

X keeping Y fixed. The line Lz deforms (non-uniquely) to a line L′, and since
Y remains fixed

L′ ∩ Y ∈ Tf(z)Y
(2)/α(Tz(Z)) = Nf(Z)/Y (2),f(z)

is well defined. We want to show that the L′ ∩ Y ’s fill out the normal space.
Among the deformations of X keeping fixed a Y given by F = 0, Q = 0 are the
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sections of H0(NX/PV ∗) ∼= H0(OX(3)) given by P ·Q where P ∈ H0(OX(1)) =
V . Since P is free to vary this proves the surjectivity of the above map to the
normal space.

Example 2. Let X2g−2 ⊂ Pg+1 be an anticanonically embedded Fano
threefold of genus g = 5, −KX non-divisible and Picard number one. It is known
that a general conic C on X has normal bundle isomorphic to OP1 ⊕ OP1 ; see
[6, Prop. 4.2.5]. Then as before, we obtain that for a general conic C, the map
α is injective. If we let g = 6, [3] proves that for X10, the variety of conics Z
contained in X has a cotangent bundle that is generically globally generated.

Using the argument of Example 1, we obtain that for a general conic C
in X10, β is surjective, so that once again we may conclude that dAJX is an
isomorphism.

5. Discussion of the Proof of Theorem B.
P r o o f o f (1.6). Referring to (4.1) we have

dimZ = h0(NC/X) + dim(ker δ).

From the commutative diagram

∼ =

0 // H0(NC/X ⊗KX) // H0(NC/X)

dAJX

��
H1(NC/X)∗

δ∗ // H1,2(X)

we have the identification (4.6)

dAJX
∣∣
kerα

= δ∗.

Thus the mapping

H1(NC/X)∗ → TY (d) × TDλ

has kernel equal to ker δ∗. It follows that

dim(F∗TZ) = dimTZ− dim ker δ∗

= d+ h1(NC/X) + dim ker δ − dim ker δ∗.

Using

ker δ∗ = (Im δ)⊥
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gives

dim(Im δ)⊥ = h1(NC/X)− dim Im δ

dim(F∗TZ) = d+ dim ker δ + dim Im δ = d+ h2,1(X)

=

(
1

2

)
dim(Y (d) ×Dλ).

This argument shows that dAJX(ker(H0(NC/X) → TY (d)) exactly com-
pensates for the obstructions to freely deforming C as X deforms keeping Y
fixed.

In summary, the symplectic geometry of F : Z → Y (d) ×Dλ exactly cap-
tures the infinitesimal Abel-Jacobi maps of the family of curves obtained by de-
forming the Cz ⊂ X where X deforms keeping Y fixed.

As mentioned, the complete proof of a more general version of Theorem
B will be given elsewhere.
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