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ABSTRACT. In this note, we provide a recipe for the construction of matrices
satisfying Fermat’s matrix equation over M, (Z).

1. Introduction. Pierre de Fermat in 1637, mentioned that for any
integer k greater than 2, there exists no positive integers x,y, z satisfying the
equation

(1) ab 4 yF =2k,

Since then, Fermat’s last theorem had become a conjecture. Andrew Wiles first
[15] confirmed that the conjecture is indeed true. Currently, Fermat’s last theo-
rem has been extended over some number fields [6]. In contrast to the classical
Fermat’s last theorem in integers, one can define the Fermat’s matrix equation
as X¥ 4+ Y* = Z*¥ where X,Y,Z € M,(Z) and k(> 2) € N. Many researchers
have studied the Fermat’s matrix equation. For example, the Fermat’s matrix
equation has been well investigated in rational matrices [9], some classes of 2 x 2
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matrices [4], general linear group G La(Z) of integral 2 x 2 matrices with det = +1
[14] and special linear group SL2(Z) of integral 2 x 2 matrices with det = 1 [10].
In [5], the author discussed the Fermat’s matrix equation for £ = 4 in the set
of 2 x 2 integer matrices. In [3], Brenner and Jacobson considered the Fermat’s
matrix equation for arbitrary k in the set of 2 x 2 integer matrices. Till now, a
significant amount of work related to solvability of Fermat’s equation in matrices
has been done by the researchers up to 2 x 2 matrices. In [2], the author studied
the Fermat’s matrix equation for k = 2n (for even indices) in the set of arbitrary
n X n integer matrices. Author proved that there exists nonsingular matrices
A,B,C € M,(Z) such that A*" 4 B?™ = C?", In the same article, author re-
marks that he suspects that no solution exist when £ = 3 and n = 2. In [7], the
author showed that solutions do exist in this case too and more generally solu-
tions exist if k is any positive odd integer and either n > k or n is even. Till now,
a significant amount of work related to solvability of Fermat’s matrix equation
has been done by the researchers, see in [4, 8, 9, 10, 11, 13] and the references
therein. But a complete characterization of matrices satisfying Fermat’s matrix
equation is still open and indeed a challenging one. Therefore, instead of seeking
a complete characterization of such matrices, we put an another question: Can
one provide a recipe on the construction of matrices satisfying Fermat’s matrix
equation over My (Z)? We answer this in Theorem 3 of our article.

Before we proceed further, first we explain few notations.

Let s,t be two given noncommuting variables. Then any finite formal
product of nonnegative powers of s and ¢ given by

w(s,t) = MMM L gMEER L my ng, .., Mg, g > 0

is called a word in s and ¢t. The length of the word w(s,t) is the nonnegative
integer m1 + ni + mao + ng + - - - + my + Nk, that is, the sum of all the exponents
in the word. Let p(s,t) be a polynomial in two noncommuting variables, that is,
any linear combination of words in two noncommuting variables. For example,
if s,t are two given noncommuting variables as discussed above, then p(s,t) =
$3 4+ %t + t2s + t3 + sts + st? + ts® + tst is a polynomial in the noncommuting
variables s and ¢t where s2, s%t,t%s, ..., tst are the respective words (of length 3)
of the polynomial.

Note that for any square matrices U and V, the following identity holds.

(2) U+ =Ur+V*+pU, V),

where p(U, V') is a matrix polynomial in the noncommuting variables U and V
and k(> 2) € N. For example if k = 3, one can see that p(U,V) = UVU +VU? +
VU + UV +UV?+ VUV,
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2. Main result. The following lemma is crucial for further develop-
ment. By Z", we mean the cartesian product Z x Z x --- X Z of n copies of
7.

Lemma 1. Let x,y,u,v € Z" be any four column vectors. Then there
exists a nonzero matrix A € M, (Q) such that Az = u and ATy = v if and only
if rank(A) = rank(A | v), where

<61mT eo| - enxT>
A= ,
yiln  yoln -+ ynln
v = [u,v]" and e;’s are standard basis of R".

Proof. Letz = [z1,22,....2n] s ¥ = [Y1, Y2, yn] > u = [ug,ug, ...,
un]T and v = [vg,ve,... ,vn]T be any four column vectors in Z". First assume
that there exists a nonzero matrix A = [a;;] € My(Q) such that Ax = u and

ATy = v. Thus we have the following two system of equations.

n n
E a1;T; = U1 E ai1Y; = V1
i=1 i=1
n n
g A2;T; = U2 g a;2Y; = V2
i=1 i=1

and

n n
g Anili = Un g AinlYi = Un.
i=1 =1

Note that, the above two system is equivalent to the matrix equation

(3) Aa() =V,
where
A (ele egx! - ena:T> 7
yiln  yoln -+ ynln
ap = [a11,a12...G1n, 421,022 . . . A2y - -+, A1, A2, - - - ,ann]T and v = [u U]T.

Hence we have rank(A) = rank(A | v) in equation (3).

Conversely assume that rank(A) = rank(A | v) where A and v are
defined as above and A is a 2n x n? matrix. So there always exists a nonzero
vector say, bo = [blla b12, e bln; b21, bQQ, ceey bgn, . 7bn17 y bng, ey bnn]T (S Qn2

such that
(4) Abg = v.
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bir b2 -+ bin
) bar baa - bop

Now using bg, we construct A = . L . |- Note that A € M,(Q)
bnl bn2 o bnn

and is nonzero. Then from equation (4), it follows that Az = u and A"y = v. O
The following corollary is an immediate consequence of Lemma 1.
Corollary 2. Let x,y € Z" be two column vectors. Then there always

exists a nonzero matric A € My,(Z) such that Az = 0 and y' A = 0. Here
rank(A) € {1,2,...,n—1}.

We now present our main result of this article which provides a recipe for
constructing three matrices satisfying Fermat’s matrix equation over M, (Z) for
any index k > 2.

Theorem 3. For any two column wvectors in Z", there exist matrices
U,V € My(Z) such that (U +V)* = U* + V¥ for all k(> 2) € N. In particular,
(U, V,U + V) forms a solution to the Fermat’s matriz equation Xk vk = zFk

Proof. Let z,y € Z" be two given column vectors. By Corollary 2,
there exists a nonzero matrix U € M, (Z) such that Uz = 0 and y' U = 0. Let
V =ay'. Note that V e M, (Z). Using V in Equation 2, we get
(5) U+ V) U = VE =p(U,ay").

Observe that p(U, V) is a linear combination of words of the form
w(U,V)=Uumymymynz...gmeyne,
Now for V = zy ", consider the following
wUay") = U™ (xy YU (xy ") - U™ (xy )™
Since Uz = 0 and y' U = 0, it follows that w(U,zy") = 0. This implies that
p(U, V) = p(U, 2y') = 0. Then from Equation 5, we have
(U4 V) =UF +VF
Thus one can choose X = U,Y =V and Z = U + V so that X* +Y* = Z¥. The

proof is complete. O

Remark 1. Choosing the two column vectors suitably in Theorem 3 and
using Corollary 2, one can construct X and Z in such a way that rank(X) =n—1
and rank(Z) = n. So starting with a rank one matrix, our recipe provides a way
to construct one non singular matrix of rank n and one singular matrix with rank
n— 1.
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Below we illustrate Theorem 3 with an example for 3 x 3 matrices with
k=3.

Example 4. Choose any two column vector in Z3, say z = (1,1, —1)" and
y = (1,2,—1)". By Corollary 2, there exists a nonzero matrix U € M3(Z) such

7T -3 4
that Uz = 0 and y ' U = 0. For example, one can choose U = [ —3 2 —1
11 2
1 2 -1 8§ -1 3
Then V = :CyT = 1 2 -1 and U+V = -2 4 -2 |. Note
-1 -2 1 0o -1 3

that rank(U) = 2,rank(V) = 1 and rank(U 4+ V') = 3.
Now choosing X = U,Y =V and Z = U+ V, we see that X3 +Y? = 73

3. Some application. In this section, we discuss various application of
Theorem 3. We give a parametric solution of certain well-known matrix Diophan-
tine equation whose corresponding scalar Diophantine equation has only trivial
solution in some sense. We consider the following well-known scalar Diophantine
equations in our article.

1. [1] As a direct consequence of Theorem 3, for k = 2, we get a parametric
solution of the well known matrix Pythagorean equation X2 + Y? = Z2,
Note that the solutions obtained via our parametric form are different from
one obtained by Arnold and Eydelzon. Thus for & = 2, Theorem 3 provides
us a new class of matrix Pythagorean triple.

2. [12, Chapter 4, Theorem 1] The scalar equation z* +3* = 2% has no integer
solutions with zy # 0 ( and so no rational solutions with xy # 0).

We now consider the corresponding matrix Diophantine equation X4+Y* =
Z? where X,Y,Z € My,(Z). Consider k = 4 in Theorem 3. We have
(U+ V) =U*+V* Now choose X =U,Y =V and Z = (U + V). We
see that X* +Y* = Z2. Thus the corresponding matrix analogue of the
scalar equation z* + y* = 22 has infinitely many solution.

3. [12, Chapter 4, Theorem 2] The scalar equation z* — y* = 22, (z,9) = 1
has no integer solutions except 22 = y?> =1 and 2% = 1,y = 0.

Now choose k = 4 in Theorem 3. We have (U + V)* = U* + V. Finally,
taking X = U+V,Y = U and Z = V2, we see that X*—Y* = Z2. Thus the
corresponding matrix Diophantine equation has infinitely many solution.
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[12, Chapter 4, Corollary 6] The only integer solutions of et 6x2y?+yt = 22

where (z,y) = 1 are given by 2> = 1,y =0 and z = 0,y = 1.

Choose k = 4 in Theorem (3). We have (U+V)* = U*+V*. Now choosing
X =UY =V and Z = (U + V)? and using Remark 1, it follows that
the corresponding matrix Diophantine equation X* 4+ 6X2Y? +Y* = 22
has infinitely many solutions. This same parametrization also works for the
matrix Diophantine equation X* —6X2Y?2+Y* = Z2 whose corresponding
scalar equation z* — 622y% 4+ y* = 22 where (z,y) = 1 has only integer
solution z = 0 or y = 0.

[12, Chapter 10, Example 1] The scalar equation >+ y3 + 23— xyz =0
has only solution x +y =0,z = 0.

Choose k = 3 in Theorem 3. Then we have (U 4+ V)3 = U + V3. Now
choosing X = U, Y = V and Z = —(U + V) and using Remark 1, we
see that X3 + Y2 + Z% — XY Z = 0 which proves that the corresponding
matrix Diophantine equation has infinitely many solution. Using this same
parametrization, we can show that although the scalar equation z° + y3 +
23 = 0 has no integer solution except those given by zyz = 0, it’s matrix
analogue has infinitely many solution.

[12, Chapter 4, Equation 7'] The only integer solutions of sty oyt = 22

where (z,y) = 1 are given by 2> = 1,y =0 and z = 0,y = 1.

Choose k = 4 in Theorem 3. We have (U + V)* = U* + V4. Now using
Remark 1 and choosing X = U,Y = V and Z = (U + V)? in the corre-
sponding matrix Diophantine equation X Y16X2Y24+Y* = Z2, we see that
it has infinitely many solutions. This same parametrization also works for
the matrix Diophantine equation X* — X2Y?2+Y* = Z? whose correspond-
ing scalar equation z* — 22y% + y* = 2% where (z,y) = 1 has only integer
solutions namely z2 =1,y =0 and 2 = 0,y> = 1 and 2> = ¢y* = 1.

The following three results are not directly related to Theorem 3 but we
discuss them in our present context.

[12, Chapter 4, Corollary 3] The scalar equation y?> = z* 4+ 1 has only the
rational solutions z = 0,y = £1.

We show that the corresponding matrix Diophantine equation Y2 = X4+ 1
has infinitely many solution. We have X X3 = X4 = Y21 = (Y4I)(Y —-1).
So we would like X to be such that X = Y +17 and X® =Y — I, which gives
(Y+I)P3=Y -1 = Y343Y2+2Y +2I = 0. Therefore we may choose
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any matrix Y with minimal polynomial y® 4+ 3y? + 2y +2 and X =Y + I.

For n = 2, let Yp = (g é), Xy = I,. We see that Y7 = X3 + I and
0 0 -2 1 0 -2

form=3let Ys=[1 0 —2) and X3 = [1 1 —2| and see that
01 -3 01 -2

Y{ = X3+ 1I3. For n > 3, we construct two block diagonal matrix X and Y
where the main diagonal blocks of X are consists of Xs and X3 while main
diagonal blocks of Y are consists of Y5 and Y3. Now since any matrix similar
to Y have same minimal polynomial, it follows that the matrix equation
Y? = X* + I has infinitely many solutions. In particular, one can see
that the matrix analogue of Tijdeman’s theorem possesses infinitely many
solutions. Using this similar technique, one can also show that the matrix
analogue of Catalan’s conjecture possesses infinitely many solutions too.

8. [12, Chapter 4, Theorem 3] There cannot be four squares in arithmetical
progression.

The above statement is false in matrix theory. That is, there exist matrices
X,Y,Z,W € M,(Z) such that X? 4+ Z? = 2Y? and Y? + W? = 227

2 -1 3 8 -3 2
For example, let X = <3 _2>, Y = ( 1 _3 ), Z = <_4 3> and

W = (:i 2) We see that the matrices satisfy X2 + Z? = 2Y? and

Y2 4+ W? = 22% and we call that X2, Y2, Z2? and W? are in arithmetical
progression.
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