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ABSTRACT. In this paper we study extensions of commuting tuples of sym-
metric and isometric operators to commuting tuples of self-adjoint and uni-
tary operators. Some conditions which ensure the existence of such exten-
sions are presented. A multidimensional analog of the Godi¢—Lucenko The-
orem is proved. An application to a multidimensional power-trigonometric
moment problem is given.

1. Introduction. Extension problems for commuting tuples of sym-
metric and isometric operators have a long history, see, e.g., [2, Chapter VIII],
[4], [12], [9], [14], [10], [11], [13], [3], [15], [1], [16], [20] and references therein. A
set
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where all A; are symmetric operators and all By, are linear isometric operators,
having a joint invariant dense domain D in a Hilbert space H and pairwise com-
muting, is said to be a commuting tuple of symmetric and isometric operators
(with a joint invariant dense domain) in H. The case p = 0 (or 7 = 0) means
that operators A; (respectively Bj) are absent.

Commuting tuples of operators appear in a natural way when dealing
with various moment problems, see, e.g. [2], [5]. In this context there appears a
natural question:

Question 1. Do there exist self-adjoint operators Ej 2 Aj and unitary
operators By, 2 By in a Hilbert space H 2 H, all pairwise commuting?

In [18], for the case p = 2, 7 = 0, we present some conditions which ensure
the existence of such commuting (self-adjoint) extensions in the same space H.
Namely, the following theorem was obtained:

Theorem 1 ([18, Theorem 1]). Let A be a symmetric operator and B be
an essentially self-adjoint operator with a common domain D = D(A) = D(B)
i a Hilbert space H, D = H, and

ADCD, BDCD;

AB = BA.

Suppose also that for some zyg € C\R, the operator B restricted to the domain

(A — 20En)D is essentially self-adjoint in a Hilbert space (A — zoEx)D(A).
If there exists a conjugation J in H such that JD C D, and

AJ=JA, BJ=JB,
then there exists a self-adjoint operator AD A, which commutes with B.

Recall that a conjugation J in a Hilbert space H is an antilinear operator,
defined on the whole space H, such that: J? = Ey, (Jf,Jg)u = (g, f)u, for all
f,g € H. The proof of Theorem 1 essentially used the remarkable Godi¢-Lucenko
Theorem (see [8], [6]).

Let us briefly describe the content of the present paper. In this paper we
aim to generalize our extension result to the case of commuting tuples of symmet-
ric and isometric operators. For this purpose we shall obtain a multidimensional
extension of the Godi¢-Lucenko Theorem (Theorem 3). The idea of its proof
is similar to the proof of the Godi¢-Lucenko Theorem in the paper of Garcia
and Putinar [6]. It is crucial for our application that one of conjugations can be
chosen to be the same for all unitary operators in a tuple. Another crucial point
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is that the construction of an extension in the proof of Theorem 1 used only one
of two conjugations provided by the Godi¢-Lucenko Theorem. In a consequence,
we can generalize our result to several commuting symmetric operators. Under
some suitable conditions we add some isometric operators to the commuting tuple
as well (Theorem 4). In the case of bounded As, ..., A, the situation simplifies
considerably (Corollary 1). We shall illustrate our results on a multidimensional
moment problem (Theorem 5). The latter problem generalizes Devinatz’s (or
power-trigonometric) moment problem (see [17]).

Notations. We denote by R, C, N, Z, Z the sets of real numbers, com-
plex numbers, positive integers, integers and non-negative integers, respectively.
By Zj,; we mean all integers j satisfying the following inequality: k£ < j < [;
(k,l € Z). The Cartesian product of n copies of a number set S is denoted by
S™ neN (eg. Z" 77, etc.).

Everywhere in this paper, all Hilbert spaces are assumed to be separable,
and isometric operators are supposed to be linear. By (+,-)g and ||| iz we denote
the scalar product and the norm in a Hilbert space H, respectively. The indices
may be omitted in obvious cases. For a set M in H, by M we mean the closure
of M in the norm || - ||g. For {z}res, zx € H, by Lin{zy }rcs we mean the set
of linear combinations of vectors {z}res and span{zy}res = Lin{zy }recs. Here
S is an arbitrary set of indices.

The identity operator in H is denoted by Fpy. For an arbitrary linear
operator A in H, the operators A*,A,A~! mean its adjoint operator, its closure
and its inverse (if they exist). By D(A) and R(A) we mean the domain and the
range of the operator A.

Denote D, ; = R"x [—m, m) = {(2z1, 22, ..., Tr, 01,02, ..., 01), z; €ER, pp €
[-m,7), 1<j<r, 1<k<I}, rleZ;. Forelements u € D,; we briefly write:
u=(z,¢), z=(z1,22,...,2), ¢ = (p1,92,...,%1). We mean that D,y = R";
Dy, = [, m)l. By B(D,,;) we mean the set of all Borel subsets of D, .

By C,,xn we denote the set of all (n x n) matrices with complex elements,

C,, :=Cixn,n € N. By CEXn we denote the set of all nonnegative Hermitian ma-

trices from C,,xpn, n € N. Let M (8) = (m; ; (5))5\[]_:10 be a (C]Z\,X]V—Valued measure on
B(D,p), and 7 = 7y (8) = 310 muk(8); ML = (mp )2 = (dmag/dran)y

N € N. We denote by L?(M) a set of all (classes of the equivalence of) vector-
valued functions f : D,; — Cn, f = (fo, f1,--., fn—1), such that

112200, = /D F ()W () f*(u)dryy < .

As it is well known, the set L?(M) is a Hilbert space with the following scalar
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product:
(Fo)an = [ ¥ @dni,  fge P01,
Set
Wi f(x, ) = €% f(z, ), feLl*M); 1<n<l
and

X f(x,0) = m f(2, ),

fl@,0) € LX(M) : wf(x,0) € L*(M); 1<m <.

Operators W), are unitary, while operators X,, are self-adjoint.

2. A multidimensional version of the Godi¢c—Lucenko Theo-
rem and extensions of tuples of operators. We shall use a model for a
set of commuting self-adjoint and unitary operators with the spectrum of a finite
multiplicity provided by [19]. In order to state the corresponding result, we need
to recall some relevant definitions from [19]. Consider a set

(2) A:(Sl,SQ,...,Sr,Ul,UQ,...,Ul), r,leZ, : r+1#0,

where S; are self-adjoint operators, Uy, are unitary operators in a separable Hilbert
space H,1 < j <r,1 <k <1 In the case r = 0 operators S; are absent, while
the case 1 = 0 means that Uy disappear. The set A is said to be a SU-set
of order (r,1). The set A is called commuting, if operators S;,Uj, pairwise
commute. In the latter case there exists the spectral measure E(d), 6 € B(Dy)),
of A such that:

5=
D

A commuting SU-set A of order (r,1) has the spectrum of order d, if

z;dE, 1<j<r; Uk:/ e¥rdE, 1<k<1
D

r,l r,l

1) there exist vectors hg, hq,...,hq—1 in H such that

(3)  hie D(S{"™Sy?---S™), mi,ma,....mpy €Zy, 0<i<d-—1;
span{U{"Uy? - - - U/ S{" 55" - - - S{' hy,

(4)  mi,ma,...,my € Zy; ni,no,...,ny €Z; 0<i<d—1} = Hj;
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2) (the minimality) For an arbitrary d € Zy : d < d, and an arbitrary
ho,hi,...,hy | in H, at least one of the conditions (3),(4), with d instead

of d, and 7LZ instead of h;, is not valid.

In the case r = 0, condition (3) is redundant. Condition (4) in the cases
r =0, 1= 0, does not have U}, or S;, respectively. Set
€ = (00,5014, ON—1,i), 0<i<N-1

Theorem 2 ([19, Theorem 1]). Let A be a commuting SU-set of order
(r,1) in a separable Hilbert space H, having the spectrum of multiplicity d. Let
g, T1,---,TN_1, IN > d, be elements of H such that

(5) x; € D(S7" S5 ---SP™), my,ma,....my €Zy, 0<i< N—1;

span{U{"Uy? - - - U/ ST 55" - - - SPrayy,

(6) mi,ma,...,my € Zy; ny,ng,...,np € Z; 0<i<N-—-1}=H.
Set
(7) M) = (BE(@)zi,z)n)fi—g, 6 € B(Dry),

where E is the spectral measure of A.

Then there exists a unitary transformation V, which maps L*(M) onto
H such that:

(8) VIiS;v=X;  1<j<r

(9) VULV = Wy, 1<k<Ll
Moreover, it holds:
(10) Vés = xs, 0<s<N-1

In the case r = 0 relation (5),(8) should be removed, and in (6) operators
S; disappear. In the case 1 = 0 relation (9) should be deleted and in (6) operators
Uy disappear. We are now ready to state and prove the following theorem.

Theorem 3. Let Uy,...,U, be pairwise commuting unitary operators in
a separable Hilbert space H (n € N). Then there exist conjugations Jy, ..., J,, C
mn H, such that

(11) Up=J,C, k=1,....,n.
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Moreover, there exist conjugations Li,...,L,, K in H, such that
(12) Uk:KLk, ]{}:1,...,’[7,.

Proof. On the first step we shall represent the Hilbert space H as a
direct sum of some Hilbert spaces H;. Each H; will reduce the operators Uy,
and (Ui, ...,U,) will be a a commuting SU-set of order (0,n) in Hj;, having the
spectrum of multiplicity 1. This can be done in a classical manner, like it was
done for a single self-adjoint operator, see [7, Chapter 1, pp. 166-168]. Namely,
choose an arbitrary orthonormal basis § = {f;}72, in H. Consider the following
subspace:

Hy = spam{Uf€1 -"Ufnfo, ki,...,k, € Z}.
On step m (m € N) we choose the first element u (if such exists, otherwise

we stop the process) of the basis § which does not lie in G, := @ﬁngl. We set

u i=u— Pé{mu, and

H,, = spam{U{Cl ---U,]f"u', ki,....k, € Z}.
We shall obtain the required decomposition:
(13) H = ®_yH, r < +o0.

Fix an arbitrary I: 0 <1 <r. Applying Theorem 2 for (Uj,...,U,) in the Hilbert
space Hj, we conclude that there exists a unitary transformation V;, which maps
L%(M;) (with some scalar measure M; on B(Dy,,)) onto H; such that:

(14) Vi WUpaVi = Wiy, 1<k <n,
where
Wi f(p) = €5 f(p),  feL*(M); 1<k<n,

and by Uy, we denoted the operator Uy restricted to H;. Let us represent the
operator Wp.; as a product of two conjugations:

(15) Wia = JkaCr, 1<k<n,
where
(16) T f(e) =erflo),  Cif(p) = flp),  feL*(M).

Define the following conjugations in Hj:

jk;l = ‘/ljk;l‘/l717 1 < k < n, 61 = ‘/lcl‘/lil’
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By (14),(16) we conclude that
(17) Uy = JiCi, 1<k <n.

For an arbitrary h = Y"j_ohy, by € Hy, > ¢ ||l < oo, we define the following
conjugations:

Jeh =Y " Jeghi, 1<k<n; Ch=>)_ Ch.
=0 =0

Then
Uy, = Ji,C, 1 <k<n,

and representation (11) is verified. Representation (12) can be obtained by ap-
plying (11) for (Uy,...,U}). O

A linear isometric operator V' in a Hilbert space H is said to be essentially
unitary, if V is a unitary operator in H.

Theorem 4. Let T = (Ay,...,A,,B1,...,B;) (peN, 7 € Zy,p+7>2)
be a commuting tuple of symmetric and isometric operators (with a joint invariant
dense domain D) in a separable Hilbert space H. Suppose that the following
conditions hold:

(a) The operators As, ..., A, are essentially selfadjoint. The operators By, ..., B,
are essentially unitary. The closures of all of the above operators pairwise
commute;

() BBD=D, k=1,...,7;

(c) For some zy € C\R, the operator A; (2 < j < p) restricted to the domain
(A1 —20Eg)D is essentially self-adjoint in a Hilbert space (A1 —z0Ep)D(A1);

(d) There exists a conjugation J in H such that JD C D, and
A;J = JA;, i=1,...,p;

(18) ByJ = JB. ', k=1,...,7.

Then there exists a self-cﬂjoint operator ;1\1 D Ay in H, which commutes with A_J
(j=2,...,p) and with By, (k=1,...,7).
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Remark 1. In the case p = 1 (or 7 = 0) the meaningless statements
about operators A;, j > 2, in (a), (c) (respectively about operators By in (a),
(b), (18)) should be ignored in the conditions of the last theorem. In the same
way, the commutativity with non-existing operators should be ignored in the
conclusion.

Proof. We shall use the constructions in a proof of Theorem 1 (see [18])
with necessary modifications and additions. Consider the Cayley transformation
of the operator A;p:

Vi = (A1 = 20En) (A1 — 20Bn) "' = En + (20 — %) (A1 — 20En) ™,

and denote

(19) HIZ(A_I_ZOEH)D(A_I)v Hy; = H© Hy,
Hy = (Ay —%Ey)D(Ay), Hy=HE Hs.
If p > 2, then conditions of Theorem 1 are satisfied with A = A;, B = A;,
H = H,J = J, for each j € Zy,. Let us recall the construction in [18] of a
selfadjoint operator A; O Ay, which commutes with A; in H (for a fixed j € Lo,

at this moment). Consider the Cayley transformation of the operator A;:
Uj:= (A +iEy)(A; —iBy) ™' = Eg +2i(A; —iEy) "

Denote by U;o the restriction of U; to the subspace Hs, which is a unitary
operator in Hy. By the Godi¢-Lucenko Theorem it can be decomposed as a
product of two conjugations:

(20) Uj,2 - Kij.

Then ;11 is the inverse Cayley transformation of V4 @ JK;. If K; could be chosen
independent of j, then ;11 would commute with all A;. In the case 7 = 0, we can
apply Theorem 3 with U; 2 (2 < j < p) which ensures that such a choice is indeed
possible. Thus, for the case p > 2,7 = 0 the proof is complete. In other cases we
shall choose operators K later, in order to take into account the operators Bj,.

Suppose now that 7 > 1, and p € N. For an arbitrary element g =
(A1 — z20Fm)f, f € D, we may write:

BypVig = Bi(A1 — Z0Ew)f = (A1 — Z%En)Bif;

ViBrg = Vi(A1 — 20EH)Brf = (A1 — Z0Eu) By f, ke€Z;.
By the continuity we get
(21) ByVig=ViBrg, g€ Hi, k€Z,.
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By condition (b) and the commutativity of A; and By we obtain that
B 1A = A1B Y, k€7,

For an arbitrary element g = (A1 — 20Fg)f, f € D, we may write:

Bty = Bi (A1 — 20Ep)f = (A1 — 20En) By f € H.
Therefore

(Br)'Hy C Hi.
In the same manner, we can see that
ByHy C Hy, (By) 'HsC Hs, ByHsC Hs.

Therefore

ByH, = H\, ByHs= Hj.

27

Thus, the operators By (k € Zj.) are unitary when restricted to each of the
Hilbert spaces H;, i = 1,2,3,4. Denote by By o the operator By, restricted to

Hs, k€ Zl,T-

In the case p = 1, we may apply Theorem 4 to the operators By o, k =

1,...,7, and obtain that
(22) Bro=KRy, k=1,...,7,

with some conjugations K , R in Hy. In the case p > 2, we apply Theorem 4 to

the operators Uj o, j € Zs3 p; B2, k € Z1,7, and obtain that
(23) Uj,g = kG]’, j c ZQMO, Bk,g = [?Sk, ke Zl,T:

with some conjugations G, K , Sk in Hy. We shall use the conjugation

K = IE’ %fp:l,
K, ifp>2

in order to construct the desired extension of A;. As in the proof of Theorem 1

(see formula (4) in [18]) we can check that
(24) A Jr=JAx, xeD(A]),
and therefore
JHy = Hy.
Set
(25) Upy = JK.
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The operator Us 4 is linear and isometric, it maps Hs onto Hy. We choose El to
be the inverse Cayley’s transform of Vi @ Uz 4. Fix an arbitrary k € Z; . Let us
check that A; commutes with the operator By. Taking into account relation (21)
we see, that it is enough to verify to the following condition:

(26) B_kUgACL‘ = U274B_;€ac, x € Hs.

By the continuity and condition (d) of the theorem we conclude that
(27) ByJ = J(By) ™', ke

Then

UsuBr2Us jy = J(Brz) ' Jy =

— JB, 'Jy=DBry, ye€H,,

and relation (26) follows. If p = 1 this completes the proof. If p > 2, the
considerations after (20) show that A; commutes with A; (j € Z ,) as well. O

Corollary 1. Let T = (A1,...,Ap,B1,...,B;) (pe N, T € Zy, p+7 > 2)
be a commuting tuple of symmetric and isometric operators (with a joint invariant
dense domain D) in a separable Hilbert space H. Suppose that conditions (b) and
(d) of Theorem 4 hold, as well as the following condition holds:

(a') The operators As, ..., A, are bounded. The operators By,...,B. are essen-
tially unitary.

Then there exists a self-adjoint operator ;1\1 D Ay in H, which commutes
with A; (j =2,...,p) and with B, (k=1,...,7).

Proof. It is clear that by the continuity condition (a’) implies con-
dition (a) of Theorem 4. Moreover, in our case condition (c¢) of Theorem 4 is
trivially satisfied. Thus, it remains to apply Theorem 4. O

We shall now illustrate our extension result by a concrete example.

The multidimensional power-trigonometric moment problem.
Fix arbitrary r,l € N. For elements (z,¢) € D,; and m = (my,...,m,) € Z',
n=(ny,...,n;) € Z' (r,1 € N) we shall use the following multi-index notation:

e = " g et MLt

We consider a moment problem which consists of finding a non-negative
measure p on B(D, ;) such that

(28) / et T Sm,n; meZ,, neZl,
Dr,l
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where S := {Sm,n}mezg _nezt s a prescribed set of complex numbers (moments).
The moment problem (28) is said to be the multidimensional Devinatz
moment problem or the multidimensional power-trigonometric moment problem.
For the case r =1 =1 see [17] and references therein.
Suppose that the moment problem (28) has a solution p. Consider the
following polynomial:

(29) p(x, 90) = Z amml,meingo’ Omn € C, (3:, 90) € Dr,ly
meZ’, neZ!

where all but finite number of au, ns are zeros (such sequences of oy ns we shall
call finite). Then

0 §/|p\2d,u = Z am7nm/xm+kei(n_l)“’du =

mkeZ’, n,1eZ!

= E Om nOk 1Sm+k,n—1-
mkeZ’ , nleZ!

Therefore the following condition is necessary for the solvability of the moment
problem (28):

(30) E Om 0k 15Sm+kn-1 = 0,
mkeZ’, n,1eZ!

for all finite sequences omn € C.

Suppose now that the moment problem (28) is given and condition (30)
holds. Denote by £ a set of all polynomials of the form (29). Notice that £
is a linear vector space with usual operations of addition and multiplication by
a complex scalar (one needs to add the corresponding coefficients by x™e™¥ or
multiply amns by a scalar). Let p be given by (29) and

(31) Q(xv QO) = Z ﬁk,lxkeilwu /Bk,l € (Cu (1:7 SO) € DT,l7
kezZ’ , 1eZ!

where [y is a finite sequence. Consider the following functional:

(32) B(pa Q) = Z am,n/BT,lstrk,nfl-
m,keZ’, n,leZ!

The functional B(p,q) is sesquilinear. By (30) we see that B(p,p) > 0. Taking
the imaginary parts of B(p + ¢,p + ¢q) and B(p + iq,p + iq), we conclude that
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B(p,q) = B(q,p). We say that two polynomials p,q € £ belong to the same
equivalence class, if B(p — ¢,p — ¢) = 0. Making the completion in a set of the
equivalence classes {[p],p € £} we obtain a Hilbert space H. It is clear that H
is separable (since one can consider polynomials with coefficients having rational
real and imaginary parts). Notice that

([pl, )z = B(p,q9),  p.q€ L.

Denote
(33) Ymn = [2™e™?],  meZ,, necZl
The following condition holds:
(34) (Ym,n, Yk 1) H = Sm+k,n—1, mkeZ,, nleZ.
Denote D = Lin{ym,n}mezg, nezt- Observe that D = H. Set
€.t = (01,5,02,5,---,0¢5), 1<j5<t; teN.

Define the following operators:

(35) ij = Z Cm,nYm-+é;,,.,n; JE Zl,r?
meZ7, neZ!
(36) Bkaj = Z am,nym,n—i—eﬁk;lu ke Zl,l;
meZ7, neZ!
where
(37) T = Z OmnYmmn € D,
meZ’, neZ!

and amn is a finite sequence of complex numbers. Let us check that these
operators are well-defined. Suppose that for an element z € D with the repre-
sentation (37) there exists another representation:

(38) T = Z /Bm,nym,ny
meZ7, neZ!

where m n is a finite sequence of complex numbers. We need to show that

(39) E OmnYm+é;,,n = E /Bm,nym—l—e*j;r,ny JE Zl,r;
meZ7, neZ! meZ’, neZ!
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and
(40) Z am,nym,n-l—ék;l = Z /Bm,nym,n—l—é’k;ly ke Zl,l'
meZ’, neZ! meZ’, neZ!

Observe that for arbitrary k € Z', |1 € 7! we may write:

E Om nYm-+éj;,-,n> Yk,1 = § OmnSm+¢);,+k,n-1 =
meZ, neZz! I mezZ’, neZl

= Y amnWmnVkia, )8 = (@ Ykrz,, ) H-
meZ7, neZ!
The same result we shall obtain if we take Bm ns instead of amns, and rela-
tion (39) follows. On the other hand, we may write:
2
Z (am,n - /Bm,n)ym,n-I—eﬁk;l

meZ’, neZ!

= Z (am,n - ﬁm,n)(ak,l - /Bk,l)(ym,nJré'k;”yk,lJré’k;l) =
mkeZ’, n,lcZ!

= Z (@mn — Bmn) (k1 — Bi1) Ymon, Yk1) =

m,keZ" , n,leZ!

=(x—z,o0—x)=0.

Thus, relation (40) holds as well. It is easily checked that all A; are symmetric,
all By are linear isometric, and all the above operators pairwise commute on the
joint invariant dense domain D. We shall need the following operator:

(41) Jor= Y GmnYm-n
meZ7, neZ!

where x is given by relation (37). It is easily checked that Jy is well-defined and
(JOJ:y JOy) = (yax)7 T,y € D.

By the continuity we extend Jy to a conjugation J on H.
If r > 2 we additionally suppose that the following condition holds:
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(B): For some jo € Z1,, there exist positive constants C; (j € Zi,\{jo}) such
that

E Om,n,15m+k+2¢;,,,n—1 <
m keZ" , n,leZ!
b +7 b

(42) < Cj § Om nUk 15m+k,n—1,
mkeZ’, nlez!

for all finite sequences of complex numbers o n and all j € Z1 ,\{jo}-
Condition (B) ensures that operators A; (j € Z1,\{jo}) are bounded. By
Corollary 1 we conclude that there exists a self-adjoint extension Ejo 2 Aj, in
H, which commutes with the closures of the rest of A;s and Bys.
By the induction one can check that

Y(ma,...ome),(n1,my) = A71n1 e 'A:%B?l T BlnlyOWOH

(43) m = (my,...,m;) €Z,, n=(n1,...,n) € Z,
where 0; means the null vector of size ¢. Then

o o mi My ni ny .
Sm,;n = (y(m1,...,mr)7(n1,...,nl)’yOr,Oz)H = (Al "'Ar Bl "'Bl yOT‘,Ol’yOT‘,Ol)H =

:/ r™e™dn, m = (my,...,m,) € Z ., n=(ny,...,m) € Z,
Dr,l

where 11(6) = (E(4)Yo0,.,0,5Y0,.,0,)H, 6 € B(D,;), and E(0) is the spectral measure
for the commuting SU-set of A; (j € Z1,\{jo}), 4j, and By (k € Z1,). Thus, 1
is a solution of the moment problem (28).

Theorem 5. Let the moment problem (28) be given with some moments
{Sm,n}mezg, nezi- If m =1, then condition (30) is necessary and sufficient for
the solvability of the moment problem (28).

If r > 2, then condition (30) is still necessary, while condition (30) to-
gether with condition (B) are sufficient for the solvability of the moment prob-
lem (28).

Proof. All statements of the theorem were already proved in the
preceding considerations. O

Finally, we remark that conditions of Theorem 4 can be applied to the
multidimensional power-trigonometric moment problem as well. In fact, there are
various criteria for the commutativity of the closures of self-adjoint operators, as
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well as various conditions which ensure the essential self-adjointness (e.g. in terms
of quasi-analytic vectors which lead to the Carleman type criteria). In details,
this will be studied elsewhere.
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