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Abstract. A k-hop dominating set (k-HDS) D of a graph G = (V,E) is a
subset of V such that every vertex x ∈ V is within k-steps from at least one
vertex y ∈ D, i.e., d(x, y) ≤ k, where k is a fixed positive integer. A k-hop
dominating set D is said to be minimal if there does not exist any H ⊂ D

such that H is a k-HDS of G. If a dominating set D is minimal as well as
it is k-HDS then it is said to be minimum k-hop dominating set. In this
paper, we present an optimal algorithm to compute a minimum k-HDS of
permutation graphs with n vertices which runs in O(n) time.

1. Introduction. Let G = (V , E) be a simple and undirected graph

with n vertices and m edges and let V = {1, 2, . . ., n}. G is said to be a

permutation graph iff there exists a permutation π = {π(1), π(2), . . ., π(n)} on V

such that for all i, j ∈ V , (i, j) ∈ E iff (i−j)(π−1(i)−π−1(j)) < 0, where for each

i ∈ V , π−1(i) denotes the position of the number i in π [26]. We assume that the

graph is connected. Permutation graphs is a sub-class of intersection graphs [26].
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Pnueli et al. [52] showed that this graph is a sub-class of comparability graph.

A permutation graph can also be created by its corresponding matching diagram

which contains two horizontal parallel lines, named as top line and bottom line.

We put the numbers 1, 2, . . ., n on the top line, in their order, from left to right,

and for each i = 1, 2, . . ., n put the number π(i) on the bottom line just below

the number i on the top line. Finally, for each i, we draw a straight line joining

two i’s on the top line and on the bottom line [26]. We use the same number i to

label the resulting line segment. We note that the line i intersects the line j in the

diagram iff i and j appear in the reversed order of magnitude in π. That is, lines

i and j intersect iff vertices i and j of the corresponding permutation graph are

adjacent. Figure 2 shows a permutation graph and Figure 1 is the corresponding

matching diagram. We referred these figures throughout our paper.

Fig. 1. Matching diagram of the permutation graph G of Figure 2

Fig. 2. A permutation graph G

We can set up the matching diagram for a given permutation graph in

O(n2) time only when the graph is in the form of an adjacency list or an adjacency

matrix [26, 47]. For this reason, we presume that a permutation representation is

given for the input graph. Also, we create two arrays: one is π(j), j = 1, 2, 3, . . .,

n in which we store the permutation numbers and other array is π−1(j), j = 1,

2, 3, . . ., n in which we store the inverse permutation of π. We can compute the

array π−1(j) from array π in O(n) time.
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1.1. Definitions. For a graph G = (V,E), a vertex is said to dominate

itself and all of its neighbours. A set D ⊆ V is called a dominating set of G

if every vertex in V is dominated by at least one vertex in D. Domination

and its variations like edge domination [44, 50, 61], weighted domination [13],

independent domination [12], connected domination [22], total/open domination

[20, 27, 31, 32, 10], locating domination [45], paired-domination [54, 51, 40, 38,

37, 33, 17, 16, 18, 19], k-tuple domination [53, 56, 41, 42] and k-hop domination

[57, 39, 24] have been briefly discussed in the literature, see [11, 29, 30, 35].

A k-hop dominating set (k-HDS) D of a graph G = (V,E) is a subset

of V such that every vertex x ∈ V is within k-steps from at least one vertex

y ∈ D, i.e., d(x, y) ≤ k,where k is a fixed positive integer. Slater mentions a

k-HDS as a k-basis [57] and formulates the k-basis problem in a more general

setting called R-dominating set. Ayyaswamy et al. [2] studied about Bounds

on the hop domination number of a tree. Also, concept of hop domination was

further discussed by Natarajan et al. [48]. A k-hop dominating set D is said to

be minimal if there does not exist any H ⊂ D such that H is a k-HDS of G. If a

dominating set D is minimal as well as it is k-HDS then it is said to be minimum

k-HDS. For the special case k = 1, 1-hop dominating set is called dominating set.

1.2. Applications. Domination plays an important role in graphs the-

ory. It has lot of applications in the real life like radio stations, Modeling of

biological networks, facility location problems, land surveying, computer com-

munication networks, problems of locating radar stations, school bus routing,

coding theory and kernels of games etc. [1, 6, 7, 8, 9, 34].

Though there are several applications of k-hop domination, an explana-

tion in terms of communication networks will be discussed here. If V represents

a set of cities and an edge set E represents communication links, then, as in

[43], every body wants to compute a minimum number of cities as sites for trans-

mitting stations so that every city either contains a transmitter or can receive

massages from at least one of the transmitting stations through the links. If only

direct transmissions are acceptable, then one wishes to obtain a minimum 1-hop

dominating set. If communication over paths of k links (but not of k + 1 links)

is adequate in quality and rapidity, the problem becomes that of determining a

k-HDS with fewest possible vertices.

1.3. Survey of the related works. In graph theory, many researchers

broadly studied domination problems to solve many real life problems. Few years

ago, a book [30] was written on the topic of domination to records more than 1,200

research papers on domination in graphs. After the publication of this book, lot



46 S. C. Barman, M. Pal, S. Mondal

of papers on the topic of domination have been published. Historically, the first

domination-type problem came from chetopss. In 1862, the chess master C.F.

de Jaenisch wrote a paper [23] on the applications of mathematical analysis to

chess. Chang [11] has deeply resarched about domination in graphs. Furthermore

various types of dominations are discussed in [21, 27, 28]. An optimal algorithm

for finding the minimum cardinality dominating set on permutation graphs was

presented in [14]. Another type of dominating set has been widely studied in

[20, 27, 31, 32] is a total dominating set. Sumner and Blitch [58] studied the

domination number of graphs and showed that if any edge is added to a graph

then its domination number is changed. Also, Haynes, Mynhardt and van der

Merwe [29, 60, 31, 32] studied the total domination edge critical graphs.

Among the variations of domination, the k-hop domination has been

briefly discussed in the literature, see [11, 27, 29, 30, 33, 35, 44, 61, 54, 2, 48].

Demaine et al. [24] considered the class of planar (and some others) graph G and

gave an algorithm to compute an optimal k-hop dominating set in O(n4)-time,

where n is the number of vertices of G. Basuchowdhuri et al. [5] applied k-

HDS to compute influential nodes in social network and proved that the decision

version of the k-HDS problem is NP-complete. After that, Henning et al. [36]

showed that the k-HDS problem is NP-complete for planar bipartite graphs and

planar chordal graphs. Also, Farhadi et al. [25] proved that the k-HDS problem

is NP-complete for planar bipartite graphs and planar chordal graphs. Natara-

jan et al. [48] discussed about the equality of hop domination number and other

domination parameters like connected domination number and total domination

number on different graph classes. Furthermore, Ayyaswamy et al. [2] discussed

about Bounds on the hop domination number of a tree. Also, Rana et al. [55]

have designed an efficient algorithm to solve the distance k-domination problem

on permutation graphs. Kundu et al. [39] have designed an O(n) time algorithm

for finding an optimal k-hop dominating set of a tree. This is an extensive work of

the previous result for an optimal 1-hop dominating set for a tree [20]. Recently,

Barman et al. [4] have designed an O(n) time algorithm to find minimum k-hop

dominating set of interval graphs.

1.4. Main result. In this paper, we present an optimal algorithm to

find a minimum k-HDS of the undirected and connected permutation graph in

O(n) time, where n is the number of vertices of the permutation graph. This

problem is similar to finding a dominating set, but differs in terms of number of

hops needed to reach all the nodes. We have generalized the problem as k-hop

dominating set problem on permutation graphs.
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1.5. Organization of the paper. In the next section, we discuss about

the construction of BFS tree T ∗(1) with root as 1 of permutation graphs. Some

notations related to our problem are also presented in this section. In Section 3,

we prove some important results related to the k-hop dominating set of permu-

tation graphs. An algorithm is presented to find a minimum k-hop dominating

set of permutation graphs in Section 4. The time complexity is also calculated in

this section.

In the next section, we discuss about the construction of BFS tree T ∗(1)

with root as 1 of permutation graphs.

2. BFS tree and main path on it. It is well known that the BFS is

an important graph traversal technique. Also, it constructs a BFS tree. In BFS,

started with vertex v as root, we first visit all the neighbors of the root v. Then

for each of those neighbors of v, we visit their unvisited neighbor nodes. We keep

going until all vertices reachable from the root v have been visited.

The BFS tree can be constructed on general graphs in O(n + m) time,

where n and m represent respectively the number of vertices and number of edges

[59]. Chen et al. [15] gave a BFS algorithm on tree. Furthermore, Olariu [49]

Fig. 3. BFS tree T ∗(1) of permutation graph G of Figure 2
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constructed a BFS tree with root as n (the highest numbered vertex), which

is known as interval tree. Mondal et al. [46] have designed an algorithm to

construct a BFS tree T ∗(i) with root as i on trapezoid graph in O(n) time, where

n is the number of vertices. Also, Barman et al. [3] have designed an O(n) time

Algorithm PBFS to construct a BFS tree T ∗(x) with root as x on permutation

graph G = (V,E), where n is the number of vertices. The BFS tree T ∗(1) rooted

at 1 of the permutation graph of Figure 2 is shown in Figure 3.

We define the level of a vertex v as a distance of v from the root 1 of

the tree T ∗(1) and denoted by level(v), v ∈ V and take the level of root 1 as 0.

The level of each vertex on BFS tree T ∗(1), 1 ∈ V can be assigned by the BFS

algorithm of Chen and Das [15].

2.1. Computation of main path on BFS tree T ∗(1). In BFS tree

T ∗(1) with root as 1, let z be any vertex at level h, where h is the height of

tree T ∗(1). Also we assume that the shortest path between 1 and z which is

z → parent(z) → parent(parent(z)) → · · · → 1 as the main path between 1 and

z.

Before going to the algorithm, we present some notations which are needed

through out the paper.

2.2. Some notations. Here we present some notations which are needed

to designed the algorithm.
u∗
i

: u∗
i
is the vertex on the main path of the BFS tree T ∗(1) at level i.

N(u) : N(u) is the open neighbourhood set of the vertex u,
i.e., N(u) = {x : (x, u) ∈ E}.

N [u] : N [u] is the closed neighbourhood set of the vertex u,
i.e., N [u] = N(u) ∪ {u}.

Ni : Ni is the set of members at level i on the BFS tree T ∗(1).
Xi : Xi = Ni − {u∗

i
}.

h : the height of the BFS tree T ∗(1).
d(u, v) : the shortest distance between two vertices u and v.

Before going to our proposed algorithm we prove the following important

results relating to minimum k-HDS D of permutation graphs.

3. Some results relating to minimum k-HDS of permutation

graphs. In this section we present some important results relating to minimum

k-HDS D of permutation graphs.

Lemma 3.1. If there exists at least one vertex of X1 which is not con-

nected with u∗1 and u∗2, then d(u∗
k−1, x) ≤ k for all x ∈ ∪k−1

i=0Ni.
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P r o o f. Let xi be any member of Xi for i = 1, 2, . . . , h and v be a

member of X1 such that (v, u∗1) 6∈ E and (v, u∗2) 6∈ E. Since parent(v) = u∗0,

so, d(u∗
k−1, v) = k (as v → u∗0 → u∗1 → u∗2 → . . . → u∗

k−1). Also, d(u∗
k−1, u

∗

0) =

k − 1 ≤ k (as u∗0 → u∗1 → u∗2 → . . . → u∗
k−1) and d(u∗

k−1, x1) ≤ k (as x1 → u∗0 →

u∗1 → u∗2 → . . . → u∗
k−1 or x1 → u∗1 → u∗2 → . . . → u∗

k−1 or x1 → u∗2 → u∗3 →

. . . → u∗
k−1) for all x1(6= v) ∈ X1. Now, d(u

∗

k−1, xi) ≤ k + 1− i (as xi → u∗
i−1 →

u∗
i
→ u∗

i+1 → . . . → u∗
k−1 or xi → u∗

i
→ u∗

i+1 → . . . → u∗
k−1 or xi → u∗

i+1 →

u∗
i+2 → . . . → u∗

k−1), for i = 2, 3, . . . , (k − 2). Furthermore, d(u∗
k−1, xk−1) ≤ 2

(as xk−1 → u∗
k−2 → u∗

k−1 or xk−1 → u∗
k−1). Therefore, d(u∗

k−1, x) ≤ k for all

x ∈ ∪k−1
i=0Ni. ✷

Lemma 3.2. If X1 = φ or each member of X1 is adjacent with u∗1 or u∗2,

then d(u∗
k
, x) ≤ k for all x ∈ ∪2k

i=0Ni.

P r o o f. Let xi be any member of Xi for i = 0, 1, 2, . . . , h. So, d(u∗
k
, u∗0) =

k (as u∗0 → u∗1 → u∗2 → . . . → u∗
k
). Now, if X1 = φ, then d(u∗

k
, xi) ≤ k + 2 − i

(as xi → u∗
i−1 → u∗

i
→ u∗

i+1 → . . . → u∗
k
or xi → u∗

i
→ u∗

i+1 → u∗
i+2 → . . . → u∗

k

or xi → u∗
i+1 → u∗

i+2 → . . . → u∗
k
), for i = 2, 3, . . . , (k − 1). Furthermore,

d(u∗
k
, xk) ≤ 2 (as xk → u∗

k−1 → u∗
k
or xk → u∗

k
). Therefore, d(u∗

k
, x) ≤ k for all

x ∈ ∪k
i=0Ni.

Again, if each member of X1 is adjacent with u∗1 or u
∗

2, then d(u∗
k
, x1) ≤ k

(as x1 → u∗1 → u∗2 → u∗3 → . . . → u∗
k
or x1 → u∗2 → u∗3 → . . . → u∗

k
. Also,

d(u∗
k
, xi) ≤ k+2−i (as xi → u∗

i−1 → u∗
i
→ u∗

i+1 → . . . → u∗
k
or xi → u∗

i
→ u∗

i+1 →

u∗
i+2 → . . . → u∗

k
or xi → u∗

i+1 → u∗
i+2 → . . . → u∗

k
), for i = 2, 3, . . . , (k − 1).

Furthermore, d(u∗
k
, xk) ≤ 2 (as xk → u∗

k−1 → u∗
k
or xk → u∗

k
). Therefore,

d(u∗
k
, x) ≤ k for all x ∈ ∪k

i=0Ni.

Again, from the Algorithm PBFS, we know that parent(xi) = u∗
i−1, for

all i = 1, 2, . . . , h. So, d(u∗
k
, xk+i) = i (as u∗

k
→ u∗

k+1 → u∗
k+2 → . . . → u∗

k+i−1 →

xk+i), for i = 1, 2, 3, . . . , k. Also, d(u∗
k
, u∗2k) = k (as u∗

k
→ u∗

k+l
→ u∗

k+2 → . . . →

u∗2k).Hence, d(u
∗

k
, x) ≤ k for all x ∈ ∪2k

i=k+1Ni. Therefore, d(u∗
k
, x) ≤ k for all

x ∈ ∪2k
i=0Ni. ✷

Lemma 3.3. If at any stage, u∗
l
is selected as a member of D, then

d(x, u∗
l
) ≤ k for all x ∈ ∪k

i=1Nl+i.

P r o o f. Let at any stage, u∗
l
be the last selected member of D. Also, we

assume that xi is any member of Ni for i = 1, 2, . . . , h. Again, from Algorithm

PBFS, we know that parent(xi) = u∗
i−1 for i = 1, 2, 3, . . . , h. So, d(u∗

l
, xl+i) = i

(as u∗
l
→ u∗

l+1 → u∗
l+2 → . . . → u∗

l+i−1 → xl+i), for i = 1, 2, 3, . . . , k. Hence,
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d(x, u∗
l
) ≤ k for all x ∈ ∪k

i=1Nl+i. ✷

Lemma 3.4. If at any stage, u∗
l
is selected as a member of D and if

Xl+k+1 = φ or (x, u∗
l+k+1) ∈ E or (x, u∗

l+k+2) ∈ E for all x ∈ Xl+k+1 and u∗
l+2k

exists, then u∗
l+2k is a possible member of D.

P r o o f. Let at any stage, u∗
l
be the last selected member of D. Also, let

xi be any member of Xi for i = 1, 2, . . . , h. So, by Lemma 3.3, we have d(x, u∗
l
) ≤

k for all x ∈ ∪k
i=1Nl+i. Furthermore, d(u∗

l+2k, u
∗

l+k+1) = k − 1 (as u∗
l+k+1 →

u∗
l+k+2 → u∗

l+k+3 → . . . → u∗
l+2k). Now, if Xl+k+1 = φ, then d(u∗

l+2k, xl+k+i) ≤

(k+2−i) (as u∗
l+2k → u∗

l+2k−1 → u∗
l+2k−2 → . . . → u∗

l+k+i−1 → xl+k+i or u
∗

l+2k →

u∗
l+2k−1 → u∗

l+2k−2 → . . . → u∗
l+k+i

→ xl+k+i or u∗
l+2k → u∗

l+2k−1 → u∗
l+2k−2 →

. . . → u∗
l+k+i+1 → xl+k+i) for i = 2, 3, 4, . . . , (k − 1). Again, d(u∗

l+2k, xl+2k) ≤ 2

(as u∗
l+2k → u∗

l+2k−1 → xl+2k or u∗
l+2k → xl+2k). So, if Xl+k+1 = φ, then u∗

l+2k is

a possible member of D.

Again, if (x, u∗
l+k+1) ∈ E or (x, u∗

l+k+2 ∈ E) for all x ∈ Xl+k+1, then

d(u∗
l+2k, x) ≤ k (as u∗

l+2k → u∗
l+2k−1 → u∗

l+2k−2 → . . . → u∗
l+k+1 → x or u∗

l+2k →

u∗
l+2k−1 → u∗

l+2k−2 → . . . → u∗
l+k+2 → x). Also, d(u∗

l+2k, xl+k+i) ≤ (k+2− i) (as

u∗
l+2k → u∗

l+2k−1 → u∗
l+2k−2 → . . . → u∗

l+k+i−1 → xl+k+i or u∗
l+2k → u∗

l+2k−1 →

u∗
l+2k−2 → . . . → u∗

l+k+i
→ xl+k+i or u∗

l+2k → u∗
l+2k−1 → u∗

l+2k−2 → . . . →

u∗
l+k+i+1 → xl+k+i) for i = 2, 3, 4, . . . , (k − 1). Again, d(u∗

l+2k, xl+2k) ≤ 2 (as

u∗
l+2k → u∗

l+2k−1 → xl+2k or u∗
l+2k → xl+2k). So, if (x, u∗

l+k+1) ∈ E for all

x ∈ Xl+k+1, then u∗
l+2k is a possible member of D. Therefore, if Xl+k+1 = φ

or (x, u∗
l+k+1) ∈ E or (x,U∗

l+k+2) ∈ E for all x ∈ Xl+k+1 and u∗
l+2k exists, then

u∗
l+2k is a possible member of D. ✷

Lemma 3.5. If at any stage, u∗
l
is selected as a member of D and if

(x, u∗
l+k+2) ∈ E for all x ∈ (Xl+k+1 ∪ Xl+k+2) or if (x, u∗

l+k+2) ∈ E for all

x ∈ Xl+k+1 and (y, u∗
l+k+3) ∈ E for all y ∈ Xl+k+2 or if Xl+k+1 ∪ Xl+k+2 = φ

and u∗
l+2k+1 exists, then u∗

l+2k+1 is a possible member of D.

P r o o f. Let at any stage, u∗
l
be the last selected member of D. Also,

let xi be any member of Xi for i = 1, 2, . . . , h. So, by Lemma 3.3, we have

d(x, u∗
l
) ≤ k for all x ∈ ∪k

i=1Nl+i. Furthermore, d(u∗
l+2k+1, u

∗

l+k+1) = k (as

u∗
l+k+1 → u∗

l+k+2 → u∗
l+k+3 → . . . → u∗

l+2k+1). Now, if Xl+k+1 ∪ Xl+k+2 =

φ, then d(u∗
l+2k+1, xl+k+i) ≤ (k + 3 − i) (as u∗

l+2k+1 → u∗
l+2k → u∗

l+2k−1 →

. . . → u∗
l+k+i−1 → xl+k+i or u∗

l+2k+1 → u∗
l+2k → u∗

l+2k−1 → . . . → u∗
l+k+i

→

xl+k+i or u∗
l+2k+1 → u∗

l+2k → u∗
l+2k−1 → . . . → u∗

l+k+i+1 → xl+k+i) for i =

3, 4, . . . , k. Also, d(u∗
l+2k+1, xl+2k+1) ≤ 2 (as u∗

l+2k+1 → u∗
l+2k → xl+2k+1 or
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u∗
l+2k+1 → xl+2k+1). So, if Xl+k+1 ∪ Xl+k+2 = φ, then u∗

l+2k+1 is a possi-

ble member of D. Again, if (x, u∗
l+k+2) ∈ E for all x ∈ (Xl+k+1 ∪ Xl+k+2),

then d(u∗
l+2k+1, x) = k (as u∗

l+2k+1 → u∗
l+2k → u∗

l+2k−1 → . . . → u∗
l+k+2 → x).

Also, d(u∗
l+2k+1, xl+k+i) ≤ (k + 3 − i) (as u∗

l+2k+1 → u∗
l+2k → u∗

l+2k−1 → . . . →

u∗
l+k+i−1 → xl+k+i or u∗

l+2k+1 → u∗
l+2k → u∗

l+2k−1 → . . . → u∗
l+k+i

→ xl+k+i or

u∗
l+2k+1 → u∗

l+2k → u∗
l+2k−1 → . . . → u∗

l+k+i+1 → xl+k+i) for i = 3, 4, . . . , k. Fur-

thermore, d(u∗
l+2k+1, xl+2k+1) ≤ 2 (as u∗

l+2k+1 → u∗
l+2k → xl+2k+1 or u∗

l+2k+1 →

xl+2k+1). So, if (x, u∗
l+k+2) ∈ E for all x ∈ (Xl+k+1 ∪ Xl+k+2), then u∗

l+2k+1 is

a possible member of D. Hence, u∗
l+2k+1 is a possible member of D. Again, if

(x, u∗
l+k+2) ∈ E for all x ∈ Xl+k+1 and (y, u∗

l+k+3) ∈ E for all y ∈ Xl+k+2, then

d(u∗
l+2k+1, x) = k (as u∗

l+2k+1 → u∗
l+2k → u∗

l+2k−1 → . . . → u∗
l+k+2 → x) and

d(u∗
l+2k+1, y) = k − 1 (as u∗

l+2k+1 → u∗
l+2k → u∗

l+2k−1 → . . . → u∗
l+k+3 → y).

Also, d(u∗
l+2k+1, xl+k+i) ≤ (k + 3 − i) (as u∗

l+2k+1 → u∗
l+2k → u∗

l+2k−1 → . . . →

u∗
l+k+i−1 → xl+k+i or u∗

l+2k+1 → u∗
l+2k → u∗

l+2k−1 → . . . → u∗
l+k+i

→ xl+k+i or

u∗
l+2k+1 → u∗

l+2k → u∗
l+2k−1 → . . . → u∗

l+k+i+1 → xl+k+i) for i = 3, 4, . . . , k. Fur-

thermore, d(u∗
l+2k+1, xl+2k+1) ≤ 2 (as u∗

l+2k+1 → u∗
l+2k → xl+2k+1 or u∗

l+2k+1 →

xl+2k+1). So, if (x, u∗
l+k+2) ∈ E for all x ∈ Xl+k+1 and (y, u∗

l+k+3) ∈ E for all

y ∈ Xl+k+2, then then u∗
l+2k+1 is a possible member of D. Hence, u∗

l+2k+1 is a

possible member of D. ✷

Lemma 3.6. If at any stage, u∗
l
is selected as a member of D and u∗

l+2k−1

exists, then u∗
l+2k−1 is a possible member of D.

P r o o f. Let at any stage, u∗
l
be the last selected member of D. Also,

let xi be any member of Xi for i = 1, 2, . . . , h. Now, by Lemma 3.3, we have

d(x, u∗
l
) ≤ k for all x ∈ ∪k

i=1Nl+i. Again, d(u∗
l+2k−1, u

∗

l+k+1) = k − 2 (as

u∗
l+k+1 → u∗

l+k+2 → u∗
l+k+3 → . . . → u∗

l+2k−1). Also, d(u∗
l+2k−1, xl+k+i) ≤

(k + 1 − i) (as u∗
l+2k−1 → u∗

l+2k−2 → u∗
l+2k−3 → . . . → u∗

l+k+i−1 → xl+k+i or

u∗
l+2k−1 → u∗

l+2k−2 → u∗
l+2k−3 → . . . → u∗

l+k+i
→ xl+k+i or u

∗

l+2k−1 → u∗
l+2k−2 →

u∗
l+2k−3 → . . . → u∗

l+k+i+1 → xl+k+i) for i = 1, 2, 3, 4, . . . , (k − 2). Furthermore,

d(u∗
l+2k−1, xl+2k−1) ≤ 2 (as u∗

l+2k−1 → u∗
l+2k−2 → xl+2k−1 or u

∗

l+2k−1 → xl+2k−1).

Therefore, if u∗
l+2k−1 exists, then u∗

l+2k−1 is a possible member of D. ✷

Lemma 3.7. If at any stage, u∗
l
is selected as a member of D and if

k < |h− l| ≤ 2k − 1, then u∗
l+i

is a possible member of D, where i = k, k +1, k +

2, . . . , 2k − 1.

P r o o f. Let at any stage, u∗
l
be the last selected member of D and

k < |h − l| ≤ 2k − 1. Now, d(x, u∗
l
) ≤ k for all x ∈ ∪k

i=1Nl+i (by Lemma
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3.3). Also, By Lemma 3.6, we know that if u∗
l+2k−1 exists, then u∗

l+2k−1 is a

possible member of D. Obviously, u∗
l+i

is a possible member of D, where i =

k, k + 1, k + 2, . . . , 2k − 1. ✷

4. Algorithm and its Complexity. From the above lemmas, it is

observed that if u∗
l
is selected as a member of D at any stage, then either u∗

l+2k+1

or u∗
l+2k or u∗

l+2k−1 will be selected as a new member of D at next stage. Also, it

is observed that the vertex u∗
l+2k−1 can be considered as a member of D at any

circumstance after selection of u∗
l
. But, our aim is to compute the set D such that

|D| is minimum. To find D with minimum cardinality we select u∗
l+2k+1 (as first

preference) or u∗
l+2k, if possible. All possible cases for selection of the members

of D are already presented in terms of lemmas. Now, a procedure FindNext is

formally presented in the following which computes the level L of next vertex u∗
L

of D, if the level l of the currently selected vertex u∗
l
is supplied.

Procedure FindNext(l, L)

//This procedure computes the level L such that u∗

L
is the next member of D where

as u∗

l
is the currently selected vertex of D. The sets Xi and the array u∗

i
, i =

0, 1, 2, . . . , h, are known globally. In this procedure h > l + k.//

Initially L = l;

if (x, u∗

l+k+2
) ∈ E for all x ∈ (Xl+k+1 ∪Xl+k+2) or if (x, u

∗

l+k+2
) ∈ E for all

x ∈ Xl+k+1 and (y, u∗

l+k+3
) ∈ E for all y ∈ Xl+k+2 or if Xl+k+1 ∪Xl+k+2 = φ

and u∗

l+2k+1
exists, then L = l + 2k + 1; (Lemma 3.5)

else if Xl+k+2 = φ or (x, u∗

l+k+1
) ∈ E or (x, u∗

l+k+2
) ∈ E for all x ∈ Xl+k+1 and

u∗

l+2k
exists, then L = l + 2k; (Lemma 3.4)

else if u∗

l+2k−1
exists, then L = l + 2k − 1; (Lemma 3.6)

else L = l + k + i, for any i = 0, 1, 2, . . . , k − 2; (Lemma 3.7)

endif;

return L;

end FindNext

Now, we are going to present the complete algorithm to compute a min-

imum k-HDS D of permutation graphs. Using repeatedly, the procedure Find-

Next, one can compute minimum k-HDS of permutation graphs. The complete

algorithm is presented below.
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Algorithm MKHDSP

Input: A permutation representation i, π(i) of a permutation graph G, for
i = 1, 2, 3, . . . , n.

Output: Minimum k-hop dominating set D of the permutation graph G.

Initially D = φ (empty set) and u∗

0 = 1, the root of the BFS tree T ∗(1).

Step 1: Construct the BFS tree T ∗(1).
Step 2: Compute the vertices on the main path of the BFS tree T ∗(1) and

let them be u∗

i
, i = 0, 1, 2, . . . , h.

Step 3: Compute the sets Ni, i = 0, 1, 2, . . . , h.

Step 4: If h ≤ k then D = D ∪ {u∗

l
}, where l is any one of {0, 1, 2, . . . , h}.

(Using Lemma 3.1)

else if X1 = φ or each member of X1 is adjacent with u∗

1 or u∗

2 then l = k

else l = k − 1;

endif;

D = D ∪ {u∗

l
}

Step 5: Repeat

Call FindNext(l, L); //Find level L for the next member of D//

l = L;

D = D ∪ {u∗

l
};

Until (|h− l| ≤ k);

end MKHDSP.

Using Algorithm MKHDSP, we get a minimum 2-hop dominating set

D = {6, 12} of the permutation graph G of Figure 2.

4.1. Illustrative Example. To illustrate the execution process of Al-

gorithm MKHDSP, we consider a permutation graph G of Figure 2 with its

permutation representation (i.e., matching diagram) of Figure 1 for finding a

minimum 2-HDS D of the graph G. Let us assume that k = 2 and D = φ.

In Step 1, we construct a BFS tree T ∗(1) of Figure 3, using the Algorithm

PBFS [3]. In the next Step, we find the members of the main path which are

u∗0 = 1, u∗1 = 6, u∗2 = 4, u∗3 = 9, u∗4 = 8, u∗5 = 13, and u∗6 = 12, where h = 6. In

Step 3, we compute the sets N0 = {1}, N1 = {3, 6, 5}, N2 = {2, 4}, N3 = {7, 9},

N4 = {8}, N5 = {10, 13} and N6 = {11, 12}. In Step 4, we see that h = 6 ≥ k = 2

and X1 = {3, 5} 6= φ. Also, (3, 6) 6∈ E, (5, 6) 6∈ E and (3, 4) 6∈ E, where u∗2 = 4.

So, l = k − 1 = 2 − 1 = 1 and D = {u∗
l
}, i.e., D = {6}. So, all the members

of ∪3
i=0Ni are within 2 steps from the vertex 6. In Step 5, we call the Proce-

dure Findnext (l, L), to find the next member of D at each iteration. At first

iteration of the Repeat loop, we set L = l + 2k + 1 = 6 as Xl+k+1 = X4 = φ
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and (10, 13) ∈ E. After that, we set l = L = 6. So, D = D ∪ {u∗
l
} = {2, 6}.

Now, h− l = 6− 6 = 0 < k, so, Repeat loop is stoped. Hence, minimum 2-hop

dominating set of the graph G is D = {6, 12}.

Lemma 4.1. The set D is a minimum k-hop dominating set.

P r o o f. In Algorithm MKHDSP, we select the first member u∗
l
of

D in such a way that either every vertex x ∈ V is within k-steps from u∗
l
or

maximum number of vertices (∪2k
i=0Ni) are within k-steps from u∗

l
. After the

selection of u∗
l
, we call the Procedure FindNext(l, L) to find out the next

member of D. In each calling, we have three choices (u∗
l+2k+1, u

∗

l+2k, u
∗

l+2k−1)

to select the next member of D. But, we always select u∗
l+2k+1 (if possible) as

the next member of D. If it is not possible, then we select u∗
l+2k (if possible) as

the next member of D. Otherwise, we select u∗
l+2k−1 as the next member of D.

Hence, D is a minimum k-hop dominating set. ✷

Theorem 4.2. The time complexity to find a minimum k-hop dominating

set D of a connected permutation graph is O(n), where n is the number of vertices

of the permutation graph.

P r o o f. In Step 1, the BFS tree T ∗(1) can be constructed in O(n)

time [3]. Since the main path contains only h+ 1 vertices, so the main path (in

Step 2) can be marked in O(n) time. Step 3, i.e., the sets Ni, i = 0, 1, 2, . . . , h

can be computed in O(n) time as Ni, i = 0, 1, 2, . . . , h are mutually exclusive.

Time complexity is needed to perform Step 4 is O(n). In Step 5, we call the

Procedure FindNext(l, L). Each iteration of Repeat loop takes maximum

O(| ∪2k+1
i=0 Nl+i|)-time for a given l. The Algorithm MKHDSP calls the proce-

dure FindNext for |D|−1 times and each time the value of l is increased by either

2k − 1 or 2k or 2k + 1. Also, if the vertices of the set ∪2k+1
i=0 Nl+i (or ∪

2k+1
i=0 NL+i)

are considered to find the jth (or (j + 1)th) member of D, then ∪2k+1
i=0 Nl+i and

∪2k+1
i=0 NL+i are disjoint. Therefore, Step 5 takes O(|∪h

i=l
Ni|) = O(n) time. Hence,

overall time complexity is O(n). ✷

5. Conclusion. Domination in graphs has received considerable atten-

tion in graph theory. Among the variations of dominations, k-hop domination has

been briefly discussed in the past and it has important applications in commu-

nication networks. In this paper, we proposed an O(n) time algorithm to find a

minimum k-hop dominating set of simple, undirected and connected permutation

graphs. We feel that it would be interesting to design an O(n) time algorithm to
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find a minimum k-hop dominating set of weighted permutation graphs, trapezoid

graphs and interval graphs.
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