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Abstract. The zero divisor graph of a commutative ring R, denoted by
Γ[R], is a graph whose vertices are non-zero zero divisors of R and two
vertices are adjacent if their product is zero. The relation on R given by r ∽ s

if and only if annR(r) = annR(s) is an equivalence relation. The compressed
zero divisor graph ΓE(R) is the (undirected) graph whose vertices are the
equivalence classes induced by ∽ other than [0] and [1], such that distinct
vertices [r] and [s] are adjacent in ΓE(R) if and only if rs = 0. We show
that the coefficients of the compressed zero divisor graph ΓE [Zpn ] form a
Pascal like triangle and thus derive the characteristic polynomial in terms
of binomial coefficients. We also calculate the Wiener index of ΓE [Zpn ].
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1. Introduction. The concept of the zero divisor graph of a ring R

was first introduced by I. Beck [4] in 1988 and later on Anderson and Livingston
[2], Akbari and Mohammadian [1] continued the study of the zero divisor graph
by considering only the non-zero zero divisors. After that, a zero divisor graph
determined by equivalence classes of zero divisors was introduced by Mulay [6]
and by S. Spiroff and C. Wickham [7], and was named as compressed zero divisor
graph by David F. Anderson and John D. LaGrange [3]. In this article, we discuss
about the characteristic polynomial of the compressed zero divisor graph ΓE[Zpn ]
and observe that the coefficients form a nice triangle which looks like a Pascal
triangle. This observation leads us to derive the characteristic polynomial in
terms of binomial coefficients. Section 2 is about the preliminaries and notations
related to zero divisor graph of a commutative ring R and compressed zero divisor
graph. In Section 3, we derive the characteristic polynomial of the compressed
zero divisor graph ΓE[Zpn ], and in Section 4, we calculate the Wiener index of
the compressed zero divisor ΓE [Zpn ].

2. Preliminaries and notations.

Definition 2.1 (Zero divisor graph [2]). Let R be a commutative ring
with unity and Z[R] be the set of its zero divisors. Then the zero divisor graph of
R denoted by Γ[R], is the graph (undirected) with vertex set Z∗[R] = Z[R]−{0},
the non-zero zero divisors of R, such that two vertices v,w ∈ Z∗[R] are adjacent
if vw = 0.

Definition 2.2 (Compressed zero divisor graph [3]). Let R be a com-
mutative ring with unity. The relation on R given by r ∽ s if and only if
annR(r) = annR(s) is an equivalence relation. The compressed zero divisor graph
ΓE(R) is the (undirected) graph whose vertices are the equivalence classes induced
by ∽ other than [0] and [1], such that distinct vertices [r] and [s] are adjacent in
ΓE(R) if and only if rs = 0. We denote the vertices [r] and [s] simply by r and s.

Definition 2.3 (Adjacency matrix of ΓE [R]). The adjacency matrix of
the compressed zero divisor graph ΓE [R] is the matrix [vij ] with rows and columns
labeled by the vertices and is given by

vij =

{

1, vi is adjacent to vj;

0, otherwise.

The adjacency matrix of Γ[R] is denoted by M(ΓE [R]). Clearly for an undirected
graph, the adjacency matrix is symmetric.
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Definition 2.4 (Wiener index of ΓE[R]). Let ΓE[R] be a compressed
zero divisor graph with vertex set V . We denote the length of the shortest path
between every pair of vertices x, y ∈ V with d(x, y). Then the Wiener index of
ΓE [R] is the sum of the distances between all pairs of vertices of ΓE[R], i.e.,

W (ΓE[R]) =
∑

x,y∈V

d(x, y).

3. Characteristic polynomial of ΓE[Zpn]. In this section we find
the relation among the coefficients of the characteristic polynomial of ΓE[Zpn ]
and derive the corresponding characteristic polynomial.

Example 3.1. The characteristic polynomial of ΓE [Zp6 ] is

(−1)(λ5 − 3λ4 − 3λ3 + 4λ2 + λ− 1).

P r o o f. The vertex set of ΓE[Zp6 ] is given by

V (ΓE[Zp6 ]) = {a = m[p], b = m[p2], c = m[p3], d = m[p4], e = m[p5]},

where m[pi] denotes the equivalence class of multiples of pi. Then the adjacency
matrix is

M(ΓE [Zp6 ]) =













0 0 0 0 1
0 0 0 1 1
0 0 1 1 1
0 1 1 1 1
1 1 1 1 1













.

Hence the characteristic polynomial is

|M − λI| =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

−λ 0 0 0 1
0 −λ 0 1 1
0 0 1− λ 1 1
0 1 1 1− λ 1
1 1 1 1 1− λ

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

.

Expanding the determinant we get the characteristic polynomial as

(−1)(λ5 − 3λ4 − 3λ3 + 4λ2 + λ− 1).

Instead of the direct evaluation of the determinant we can start with the well
known matrix equality

∣

∣

∣

∣

A B

C D

∣

∣

∣

∣

∣

∣

∣

∣

I2 −A−1B

0 I3

∣

∣

∣

∣

=

∣

∣

∣

∣

A 0

C D − CA−1B

∣

∣

∣

∣

,
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where

A =

[

−λ 0
0 −λ

]

, B = Ct =

[

0 0 1
0 1 1

]

and D =





1− λ 1 1
1 1− λ 1
1 1 1− λ





and I2 and I3 are, respectively, the 2× 2 and 3× 3 identity matrices. Then

|M − λI| =

∣

∣

∣

∣

A B

C D

∣

∣

∣

∣

= |A||D − CA−1B|.

We shall use such kind of presentation in the proof of Theorem 3.3. ✷

Example 3.2. The characteristic polynomial of ΓE [Zp7 ] is

λ6 − 3λ5 − 6λ4 + 4λ3 + 5λ2 − λ+ 1.

P r o o f. The vertex set of ΓE[Zp6 ] is given by

V (ΓE [Zp7 ]) = {a = m[p], b = m[p2], c = m[p3], d = m[p4], e = m[p5], f = m[p6]}

where m[pi] denotes the equivalence class of multiples of pi. Then the adjacency
matrix is

M(ΓE[Zp7 ]) =

















0 0 0 0 0 1
0 0 0 0 1 1
0 0 0 1 1 1
0 0 1 1 1 1
0 1 1 1 1 1
1 1 1 1 1 1

















.

Hence the characteristic polynomial is

|M − λI| =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

−λ 0 0 0 0 1
0 −λ 0 0 1 1
0 0 −λ 1 1 1
0 0 1 1− λ 1 1
0 1 1 1 1− λ 1
1 1 1 1 1 1− λ

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

.

Expanding the determinant we get the characteristic polynomial as

λ6 − 3λ5 − 6λ4 + 4λ3 + 5λ2 − λ+ 1.
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As in the previous example, instead of the direct evaluation of the determinant
we can use the presentation

|M − λI| =

∣

∣

∣

∣

A B

C D

∣

∣

∣

∣

= |A||D − CA−1B|,

where

A =





−λ 0 0
0 −λ 0
0 0 −λ



 , B = Ct =





0 0 1
0 1 1
1 1 1



 and

D =





1− λ 1 1
1 1− λ 1
1 1 1− λ



 . ✷

In a similar way we have calculated the characteristic polynomial of
ΓE [Zpn ] for different values of n and observed that the coefficients of the charac-
teristic polynomial form a Pascal like triangle which is shown below.

1
1 1

1 1 1
1 2 1 1

1 2 3 1 1
1 3 3 4 1 1

1 3 6 4 5 1 1
1 4 6 10 5 6 1 1

1 4 10 10 15 6 7 1 1

This motivated us to derive the characteristic polynomial for Γ[Zpn ] in terms of
binomial coefficients.

Theorem 3.3. Let m = pn with p prime. Then the characteristic poly-
nomial of the compressed zero divisor graph Γ[Zm] is

(−1)n−1(λn−1 − b1λ
n−2 − b2λ

n−3 + b3λ
n−4 + · · · − (−1)⌊

k+1

2
⌋bkλ

n−(k+1) + · · ·

+ (−1)b1bn−1λ
n−n),

where bi =

(

pi

i

)

and pi =

⌊

n− 1 + i

2

⌋

(the floor function), for i = 1, 2, 3, . . . ,

n− 1.
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P r o o f. Let m = pn. Then the set of non-zero zero divisors of Zm is

Z∗[Zm] = {[p], [p2], [p3], . . . , [pn−1]}

with cardinality n− 1 and the adjacency matrix is given by

M = M(Γ[Zpn ]) =



















0 0 0 0 · · · 0 1
0 0 0 0 · · · 1 1
...

...
...

... · · ·
...

...
0 0 1 1 · · · 1 1
0 1 1 1 · · · 1 1
1 1 1 1 · · · 1 1



















,

|M − λI| =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

−λ 0 0 0 · · · 0 1
0 −λ 0 0 · · · 1 1
...

...
...

... · · ·
...

...
0 0 1 1 · · · 1 1
0 1 1 1 · · · 1− λ 1
1 1 1 1 · · · 1 1− λ

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

.

Then |M − λI| = |A||D − CA−1B|, where the matrices A,B,C,D are
defined in a similar way as in above two examples. Clearly zero is not an eigen-
value of M , so we have λ 6= 0. Since A is a scalar matrix of order

⌊

n−1
2 ⌋, we get

|A| = (−λ)

⌊

n−1
2 ⌋ and

|CA−1B| =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 · · · 0

0
−1

λ

−1

λ
· · ·

−1

λ

0
−1

λ

−2

λ
· · ·

−2

λ
...

...
...

. . .
...

0
−1

λ

−2

λ
· · ·

−⌊n−1
2 ⌋

λ

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

.

So, in general when n is odd |D − CA−1B| is given by

|D − CA−1B| =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

a3 − λ a3 a3 · · · a3
a3 a5 − λ a5 · · · a5
a3 a5 a7 − λ · · · a7
...

...
. . .

...
a3 a5 a7 · · · an − λ

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

.
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And when n is even, |D − CA−1B| is given by

|D − CA−1B| =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

a2 − λ a2 a2 · · · a2
a2 a4 − λ a4 · · · a4
a2 a4 a6 − λ · · · a6
...

...
. . .

...
a2 a4 a6 · · · an − λ

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

,

where an = 1 +
⌊n−1

2 ⌋

λ
in both the cases for n = 2, 3, 4 . . . on solving the above

determinant and calculating |A||D − CA−1B|. The characteristic polynolial of
the compressed zero divisor graph Γ[Zm] is

(−1)n−1(λn−1 − b1λ
n−2 − b2λ

n−3 + b3λ
n−4 + · · · − (−1)[

k+1

2
]bkλ

n−(k+1) + · · ·

+ (−1)b1bn−1λ
n−n),

where bi =

(

pi

i

)

and pi =

⌊

n− 1 + i

2

⌋

, for i = 1, 2, 3, . . . , n− 1. ✷

4. Wiener index of the compressed zero divisor graph
ΓE[Zn]. In this section, we derive the standard form of the Wiener index of
the compressed zero divisor graph ΓE[Zm] for m = pn. To start with, we con-
sider two cases n being even and odd.

Example 4.1. Let m = p6 with p prime. Then the Wiener index of the
compressed zero divisor graph ΓE[Zm] is W (ΓE [Zm]) = 14.

P r o o f. Let m = p6. Then the set of non-zero zero divisors of Zm is

Z∗[Zm] = {[p], [p2], [p3], [p4], [p5]}

with cardinality n− 1. Let a = [p], b = [p2], c = [p3], d = [p4], e = [p5]. Since the
element a is not adjacent with b, c and d, we have d(a, b) = d(a, c) = d(a, d) = 2
and d(a, e) = 1. The vertex b is adjacent with d, e and not adjacent with c. Hence
d(b, c) = 2, d(b, d) = d(b, e) = 1. Also, c is adjacent with d and e. Therefore
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d(c, d) = d(c, e) = 1. Similarly, d is adjacent with e and d(d, e) = 1. Hence

W(Γ[Zp4 ]) =
∑

d(x, y)

= (d(a, b) + d(a, c) + d(a, d) + d(a, e))

+ (d(b, c) + d(b, d) + d(b, e))

+ (d(c, d) + d(c, e)) + d(d, e)

= (2 + 2 + 2 + 1) + (2 + 1 + 1) + (1 + 1) + 1 = 14. ✷

Example 4.2. Let m = p7 with p prime. Then the Wiener index of the
compressed zero divisor graph ΓE[Zm] is W (ΓE [Zm]) = 21.

P r o o f. Let m = p7. Then the set of non-zero zero divisors of Zm is

Z∗[Zm] = {[p], [p2], [p3], [p4], [p5], [p6]}

with cardinality n − 1. Let a = [p], b = [p2], c = [p3], d = [p4], e = [p5],
f = [p6]. The element a is not adjacent with b, c, d, e and is adjacent only with
f . Therefore d(a, b) = d(a, c) = d(a, d) = d(a, e) = 2 and d(a, f) = 1. Similarly
b is also not adjacent with c, d but is adjacent with e, f and d(b, c) = d(b, d) = 2
and d(b, e) = d(b, f) = 1. The vertex c is adjacent with d, e and f . Hence
d(c, d) = d(c, e) = d(c, f) = 1. Since d adjacent with e, f we obtain that d(d, e) =
d(d, f) = 1. Finally, e is adjacent with all other elements except a and d(e, f) = 1.
Therefore

W (ΓE[Zp7 ]) =
∑

d(x, y)

= (d(a, b) + d(a, c) + d(a, d) + d(a, e) + d(a, f))

+ (d(b, c) + d(b, d) + d(b, e) + d(b, f))

+ (d(c, d) + d(c, e) + d(c, f))

+ (d(d, e) + d(d, f)) + d(e, f)

= (2 + 2 + 2 + 2 + 1) + (2 + 2 + 1 + 1)

+ (1 + 1 + 1) + (1 + 1) + 1 = 21. ✷

With the above examples, we now head towards the general case



Characteristic polynomial and Wiener index 69

Theorem 4.3. Let m = pn with p prime. Then the Wiener index of the
compressed zero divisor graph ΓE [Zm] is

W (ΓE[Zm]) =















(n− 2)(3n − 4)

4
, if n is odd;

(n− 1)(3n − 7)

4
, if n is even.

P r o o f. Let m = pn. Then the set of non-zero zero divisors of Zm is

Z∗[Zm] = {[p], [p2], [p3], . . . , [pn−1]}

with cardinality n− 1. Let a1 = [p], a2 = [p2], a3 = [p3], . . . , an−1 = [pn−1]. Since
the element a1 is not adjacent with a2, a3, . . . , an−2 and is adjacent only with
an−1, we obtain

d(a1, a2) = d(a1, a3) = · · · = d(a1, an−2) = 2 and d(a1, an−1) = 1.

With a similar argument, we get

d(a2, a3) = d(a2, a4) = · · · = d(a2, an−3) = 2 and d(a2, an−2) = d(a2, an−1) = 1.

In the same way

d(ai, ai+1) = d(ai, ai+2) = · · · = d(ai, an−i−1) = 2

and
d(ai, an−i) = d(ai, an−i+1) = · · · = d(ai, an−1) = 1.

Finally d(an−1, an) = 1. The combinations of the elements with distance 2 from
a1 are

d(a1, a2) = d(a1, a3) = · · · = d(a1, an−2) = 2.

Hence these are (n−3) combinations as a1 and an−1 are to be neglected. Similarly

d(a2, a3) = d(a2, a4) = · · · = d(a2, an−3) = 2

and these are (n− 5) combinations as a1, a2 , an−2 and an−1 are to be neglected.
Continuing in this way we reach the case d(a⌊n

2
⌋−1, a⌊n

2
⌋) = 2 and this is only one

combination as the suffixes are consecutive terms, where states ⌊
n

2
⌋ for the floor

function. Now the combinations of the elements with distance is 1 are
d(a1, an−1) = 1; this is only one term,
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d(a2, an−2) = d(a2, an−1) = 1; these are two terms,
d(a3, an−3) = d(a3, an−2) = d(a3, an−1) = 1; these are three terms,

and so on until

d(a⌊n

2
⌋−1, a⌊n

2
⌋+1) = d(a⌊n

2
⌋−1, a⌊n

2
⌋+2) = · · · = d(a⌊n

2
⌋−1, an−1) = 1;

these are (⌊
n

2
⌋ − 1) in all. Similarly

d(a⌊n

2
⌋, a⌊n

2
⌋+1) = d(a⌊n

2
⌋, a⌊n

2
⌋+2) = · · · = d(a⌊n

2
⌋, an−1) = 1;

these are also (⌊
n

2
⌋ − 1) in all, and so on. Finally d(an−2, an−1) = 1; this is only

one term.
Case 1: m = pn, where n is even.

W (ΓE[Zm]) =
∑

x,y∈V

d(x, y)

=
∑

dist=2

d(ai, aj) +
∑

dist=1

d(ai, aj)

= 2× [(n − 3) + (n− 5) + · · ·+ (n− (n− 1))]

+ 2×
[

1 + 2 + · · ·+
(⌊n

2

⌋

− 1
)]

= 2×
[

(n− 1)− 2 + (n− 1)− 4 + · · · + (n − 1)−
(

2
⌊n

2

⌋

− 1
)]

+ 2×
[

1 + 2 + · · ·+
(⌊n

2

⌋

− 1
)]

= 2×
[

(n− 1)
(⌊n

2

⌋

− 1
)]

−
[

2 + 4 + · · ·+ 2
(⌊n

2

⌋

− 1
)]

+ 2×
[

1 + 2 + · · ·+
(⌊n

2

⌋

− 1
)]

= 2×
[

(n− 1)
(⌊n

2

⌋

− 1
)]

− 2
[

1 + 2 + · · ·+
(⌊n

2

⌋

− 1
)]

+ 2×
[

1 + 2 + · · ·+
(⌊n

2

⌋

− 1
)]

= 2
[

(n− 1)
(⌊n

2

⌋

− 1
)]

− 4
[

1 + 2 + · · ·+
(⌊n

2

⌋

− 1
)]

+ 2×
[

1 + 2 + · · ·+
(⌊n

2

⌋

− 1
)]

= 2
[

(n− 1)
(⌊n

2

⌋

− 1
)]

− 2
[

1 + 2 + · · ·+
(⌊n

2

⌋

− 1
)]

= 2×
[

(n− 1)
(⌊n

2

⌋

− 1
)]

−
[⌊n

2

⌋([⌊n

2

⌋

− 1
])]

.
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W (ΓE [Zm]) = 2×

[

(n− 1)

(

n− 2

2

)]

−

[

n

2

(

n− 2

2

)]

= (n2 − 3n + 2)−

(

n2 − 2n

4

)

=

(

n− 2

4

)

[4n− 4− n]

=
(n− 2)(3n − 4)

4
.

Case 2: m = pn, where n is odd.
Now, since n is odd, in addition to above combinations, we get one more combi-
nation extra with distance 1 as

d(a⌊n

2
⌋, an−⌊n

2
⌋) = d(a⌊n

2
⌋, an−⌊n

2
⌋−1) = · · · = d(a⌊n

2
⌋, an−1) = 1.

These are ⌊
n

2
⌋ in all. Hence we get

W (ΓE[Zm]) = 2×
[

(n− 1)
([n

2

]

− 1
)]

−
[[n

2

] ([n

2

]

− 1
)]

+
⌊n

2

⌋

= 2×

[

(n− 1)

(

n− 1

2
− 1

)]

−

[

n− 1

2

(

n− 1

2
− 1

)]

+
n− 1

2

= 2×

[

(n− 1)

(

n− 1− 2

2

)]

−

[

(n− 1)(n − 1− 2)

2

]

+
n− 1

2

= (n− 3)

[

(n− 1)−

(

n− 1

4

)]

+
n− 1

2

=

(

n− 3

4

)

[4n − 4− n+ 1] +
n− 1

2

=
3(n − 1)(n − 3)

4
+

n− 1

2

=
(n− 1)(3n − 7)

4
. ✷

Remark 4.4. The above result has also been proved very recently by
S. Pirzada, M. Aijaz and M. Imran Bhat [8], independently. The paper [8] was
posted at the home page of the journal on Jan. 1, 2020 and we posted our paper
in arXiv.org on Jan. 5, 2020.
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