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ABSTRACT. In 1961, Bargmann introduced the classical Fock space . (C%)
and in 1984, Cholewinski introduced the generalized Fock space .7 (C%),
were « = (a1,...,04). These two spaces are the aim of many works, and
have many applications in mathematics, in physics, and in quantum me-
chanics. In this work, we introduce and study the Fock space .7, .(C%)
associated to the Weinstein operator Ay with ag > —1/2. This space satis-
fies the inclusions Z}(C%) C Z,, .(C%) C F(C?). We prove that the space
Fo«(Ch) is a reproducing kernel Hilbert space (RKHS). Next, we examine
the extremal functions associated to the difference operator 2 and to the
primitive operator &2, respectively. Furthermore, we establish approximate
inversion formulas for the operators 2 and £, on Z,, .(C%).
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1. Introduction. In [1], Bargmann has studied the Fock space .7 (C%),
is a Hilbert space consisting of entire functions on C%, square integrable with
respect to the measure

1
dm(z) = —defl'Z'dedy, z =+ 1y,
i
d d
where |z|> = Z |z;]? and dzdy = Hdmidyi. This space is equipped with the
i=1 i=1
inner product

bz = [ S ),

and has the reproducing kernel ¢ (w, z) = e**. Next, the space .Z(C%) is the
aim of many works [2, 6].

In [7], Cholewinski has constructed a generalized Fock space % (C) con-
sisting of even entire functions on C, square integrable with respect to the measure

1
d e — 2a+2Koz 2 d

where K,, a > —1/2, is the modified Bessel function of the second kind and
index «, also called the Macdonald function [8].

In [17], Sifi and Soltani has constructed a generalized Fock space .%,(C)
consisting of entire functions f on C, such that

[ 1@Pams ) + 20+ 1) [ @Rl 2dmg () < oo
C C

where f.(z2) = %(f(z) + f(—2)) and fo(z) = %(f(z) — f(=2)). Next, the space
Z4(C) is the aim of many works [21, 24].

In this work, building on the ideas of Bargmann and Soltani, we define
the Fock space fm*((cd) associated to the Weinstein kernel, to be the space of
entire functions on C%, even with respect to the last variable, square integrable
with respect to the measure,

1 —|2? 21, 12042 2
T e O T K]z dz

The space Z, *((Cd) is equipped with the inner product
15, c0 = [ FE@aEHmaz), ==+

The generalized Fock space ﬂaj*(C ), has also a reproducing kernel
Ho(w, z) = ¥y (w,2),

dmg(z) == . 2= (z1,...,29) € CL
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where W, (-, -) is the Weinstein kernel defined in Section 2. Then if f € %, .(C%),
we have

f(z) = (f, Hal,2)) 7, cay, z€CL
Let T : Fo.(CY) — Z,.(CY be a bounded linear operator. For any
h € Fo(C%) and any A > 0, the Tikhonov regularization problem ([14], Theorem
2.5, Section 2),

. 2 2
rea™ e (NI, oo +1TF =Rl ca}

has a unique extremal function denoted Fy (k) and is given by
FXp(h) = (M +T*T)"'T*h,

where I is the unit operator and T* is the adjoint of T

Building on the ideas of Saitoh [14, 15, 16] and Soltani [18, 19, 20, 22, 23],
we study the extremal functions associated with the difference operator 2 and the
primitive operator & in the multi-variable case, respectively. Finally, we deduce
approximate inversion formulas for the difference operator Z and the primitive
P, respectively.

The results concerning the extremal functions FY ,(h) and Fy 5(h) are
special cases of [16]. These results are also an extension of similar results in the
classical Fock space . (C%) (see [22]).

The content of the paper is as follows. In Section 2, we introduce the
Weinstein type Fock space ﬂa7*(Cd). In Section 3, we examine the extremal
functions associated with the difference operator Z and the primitive operator
Z. In Sections 4 and 5, we establish approximate inversion formulas for the
difference operator  and the primitive operator &, respectively.

Throughout this paper, we shall use the standard multi-index notations.

d
e For any v = (v1,...,v4) € N¢, ! :HW!. Here N=1{0,1,2,...}.
i=1
d
e For all z = (21,...,24), w = (wy,...,wy) e C, w.z:Zwizi,
i=1
d 1/2 '
o= ()
=1

eForallv=(v,...,19) € N¥ z=(z1,...,24) € C4, z”:z;del-jj.
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e For any v € N¢, the partial ordering > on N¢, which is defined by
v>1 << y,>1,Vi=1,...,d, withl=(1,...,1).

2. Weinstein type Fock space. In this section, we define the Fock
space Fo.(C?) associated with the Weinstein kernel in d-dimensions. Next, we
prove that the previous space is a reproducing kernel Hilbert space (RKHS).

Let Ay be the Weinstein operator [3, 4, 11] defined in the upper half
space Rﬂlr =R x (0,00), by
L2 2041 0

+ T Ay +B,, d>2 a>-1/2,

Ay =
: 2
=1 8.75j Tq 8xd

where Ag_1 is the Laplacian operator on R¥™! and B, is the Bessel operator with

respect to the variable x4 defined on (0, 00) by
B O %10
8:53 rg Oxg

This operator has important applications in both pure and applied mathematics
especially in fluid mechanics [27] and give rise to a generalization of multi-variable
analytic structures like the Fourier transform, and the standard convolution [3,
4,5, 12]. For any £ € Ri, the system

0*u

Bau(x) = £§u(x), @
J

(x)z&?u(x), jzl?"'ad_L

ou ou
_ — __ =& i =1.... — 1.
8a:d (0) 0, 8:cj (O) 5]7 J ’ ’ d

admits a unique solution ¥, (z,§), given by

Vo (x,8) = e To(&aza),
where Z,, is the modified spherical Bessel function [26] given by

> 1 £\ 2k
(2.1) Ia(t)—F(a+1)kZ:()k!F(k_i_M<2> .

The Weinstein kernel ¥, can be extended analytically on C% x C¢, and it can be
expanded in a power series in the form

wY 2" ) 22y
' cv(a) v INa+1)

u(0) =1,

(2.2) Uy (w,2) =
veN

Nvg+a+1).
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In the statement, and later in this work we use the following notations.
® My, being the measure given by

1

I R P P 2a+2 2
(2.3) dmey(2) : 25T (o § 1)6 el z4] Ko (|za]7)dz
where
ﬂV[—a(Z) _'Ia(z)
B&M =TT N Za ’
(2) 3 sin(am) acC)\ larg(z)| < 7
Ky(z) = liin K.(z), ne€Z,
and
1 Z\ @
I(2) = —— (2) 7.2
()= 75 <2> o(2)

Here Z, is the modified spherical Bessel function given by (2.1).
o2 (C%), is the Hilbert space of measurable functions f on C%, such that

1/2
122 ey = U@i !f(2)|2dma(z)] < o0.

o £, (C%), is the space of entire functions on C?, which is even with respect to
the last variable.

We define the pre Hilbertian space % (C?) as .Z,..(CY) := #(C) N
L2(C%). The space ., «(C?) is equipped with the inner product

{f,9) 7oty = f( )9(2)dma(2),

and the norm || f|| z, ,(ca) == \/([f: f) 7, . (c), where mq being the measure given
by (2.3).
Theorem 2.1. If f,g € Fo.(CY) with f(z Z a,z’ and g(z) =
veNd
Z b,z", then
veNd

(f,9). =Y abe(a

veNd

where ¢, () are the constants given by (2.2).

Proof. Let o € (0,00), and let denote the set E, := {z € C%: || <
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o, j=1,...,d}. We compute

M(o) = / () Pdmalz).
Then,
(2.4) (. D) 7ty = lim M(o).

Using the dominated convergence theorem, we obtain

g a,,aﬂ/ 2VZHdme (2

v,ueNd

with v = (v1,...,v4) and g = (p1,.. ., pg). Or

d—1
1 a2
Es ; T Izjlga'

J=1

1 / 2vg—2p4 2a+2
25 4 Zg Mz, Ko (lzq|?)dzg] -
m2°1 (Oé 1) |zq|<o d | | (‘ ‘ )

Using polar coordinates z; = rjewf , we find

d
/ 2VZtdmeg(2) = H Ou;,1; () 0u; 15
- j=1

where 9, ,,; is the Kronecker symbol,
2

o
9Vj71/j (U) = / ue tdu, 1<j<d-1,
0

and
1 (on
eyd,l/d(g) = 20‘711_‘7(04—}— 1) /0 T4yd+2a+3Ka(T2)dr.
Thus
(2.5) = laf H Ou, 0, (0
veNd
But

lim 0,,,.(c) =v;!, 1<j<d-—1,

T—00
and from ([8], p. 50) we have
22ded!

mf(ud + o+ 1).

hm 9,,d,l,d( o) =
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Using (2.4) and (2.5), we obtain from the monotone convergence theorem that
(2.6) Hf”?.%,*((cd) = Z \al,]2c,,(oz)
veNd
By polarization, we obtain the result for the inner product of two functions. O
Remark 2.2. Bargmann [1] introduced the classical Fock space .7 (C%)

and Cholewinski [7] introduced the generalized Fock space .75 (Cch =2 75 (C)®
@ F5, (C)® F5(C), where B = (B1,...,Ba-1,a). The Weinstein type Fock

space JOC’*((Cd) introduced in this work satisfies the inclusions
(2.7) F5(CY C Fou(Ch C Z(CY).

Proof. Let 8 = (Bi,...,B84-1,a), and let f € F5(C%) with f(z) =
Z a,z”. From [1], we have
veNd

B = 3 lalol.
veNd
Using the inequality v! < ¢, (a), we obtain
(2.8) ”f”zy((cd) < Z |aV|2CV(O‘) = Hf”?o‘m*((cd)'
veNd
On the other hand, from [7], we have
s = 3 laul?,(8
veNd

where

20l (v + o+ 1) Tp 229000 + 6 +)

j=1

Using the inequality ¢, (a) < b,(/3), we obtain
(2.9) 1%, e < D lavl®bu(8) = = 11/11% 3o

veNd

Then, from (2.8) and (2.9) we deduce (2.7). O
Lemma 2.3. Let f € Z,.(C%), then

1£(2)] < [Walz, 2] | fl 5. .cay, 2 € CL
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Proof. Let f € %o.(CY) with f(z) = Z a,z”. From the Cauchy-

veNd
Schwarz inequality,
, 1/2 1/2
2" -
1 | LD S bt = a2 1, oo
vend ¥ veNd

which gives the result. O

Theorem 2.4. The space Fo .(C?) is a Hilbert space and the set

{ e (@) }yeNd

forms a Hilbertian basis for the space ﬂa,*(Cd).

Proof. Let {fy}nen be a Cauchy sequence in .Z, .(C%). Then {f,}nen
is a Cauchy sequence in the Hilbert space L2(C%), and {f,}nen converges in
L2(C% to a function f € L2(C%). On the other hand, from Lemma 2.3, we have

| frip(2) = fu(2)] < [\I/a(zaz)]lﬂ [ frtp — anya,*(Cd)» n,p € N.

This inequality shows that the sequence {f,}nen is pointwise convergent to f.
Since the function z — [V, (2, E)]l/2 is continuous on C%, then {f,, }nen converges
to f uniformly on all compact sets of C%. Consequently, by Weierstrass uniform
convergence theorem [10], we deduce that f € 4 (C%), then f € L2(CY)NA#(CY)
and hence f € .Z,.(C%). O

From Lemma 2.3, the map f — f(z), z € C%, is a continuous linear
functional on the Hilbert space .7, .(C%). Thus from the Riesz theorem [13], the
space 3’7047*(((:‘1) has a reproducing kernel.

Theorem 2.5. The function Ha, given for w,z € C¢ by
Ho(w, z) = Vo (w,z),

is a reproducing kernel for the Fock space fia’*(Cd), that is o (., z) € %,*(Cd),
and for all f € Fo(C?), we have (f, (s 2) 2 ety = f(2).

Proof. It is easy to see that .#4(-,2) € #(C%). And from (2.2) and
(2.6), we deduce that

16, cay = D

veNd

(2)"

(@)

’ N @7 ~
(o) = Z @) Uo(z,%) < oo.

veNd V(
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This #4(.,2) € Fax(C?). On the other hand, if f € .Z,.(C%) with f(w) =
Z a,w”, it follows from Theorem 2.1 that
veNd

<f7 ( 3'70(* C%) Z au 1/ —f(z)a

veNd V
which completes the proof. O

3. Extremal functions. In this section, building on the ideas of Saitoh
[14, 15, 16] we solve the Tikhonov regularization problem associated to the Wein-
stein type Fock space ﬁm*((cd), for the difference and primitive operators. The
results that are written here are special cases of [16].

Let T : Fo.(CY) — Z,.(CY be a bounded linear operator. For any
h € Fo.(C%) and any A > 0, the Tikhonov regularization problem [14, Theorem
2.5, Section 2]

it I, o + IS =0, oo}

has a unique extremal function denoted FY -(h) and is given by
(3.1) Fyp(h) = (A +T*T)"'T*h,
where I is the unit operator and T* is the adjoint of T

Example 3.1 (The difference operator) Let 2 be the difference operator

defined for f € .Z,.(C%) with f(z Z ayz
veNd

(3.2) Df(z):= Z ay4+12".
veNd

In particular cases, for f € .#(C) (the classical Fock space), the difference oper-
ator [9, 22| is given

1
Pf(z) = J(f(2) = f(0), =#0,
1'(0), 2=0.

And, for f € .Z}(C) (the Cholewinski-type Fock space), the difference operator
[25] is given

52
Df(z) =
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In this example, we determine the extremal function FY 4, (h) associated
with the difference operator 2 on the space %, *((Cd)

Theorem 3.2. Let f € %, *((Cd with f(z Z ayz”, we have
veNd

. 1
(@) 121l 2,.cH < WHJ[H%,*(@);

i) 7fe = Y ey

veNd p>1 CV(OZ)

(iti) 7°9f(2)= Y. CVCl(a)aVz”,

veENd, v>1

(iv) For any h € Fu.(C?) and for any A > 0, the Tikhonov regularization
problem

ot A, e + 190 = R, o)

has a unique minimizer given by FX 4(h)(2) = (h,¢2) z, ,(ca), where
(z)qul

e:(w) = ) e e

veNd
Proof. Let f € .Z,.(C%) with f(z Zal,
veNd
(i) We have
H—@fn,%a,*(cd) = Z |a,,+1|2cy(oz) = Z ]a,,|2c,,,1(oz).
vENd veNd, p>1

Using the fact that ¢, () = 4(v1ve - vg) (Vg + @)cp—1(a), we deduce that
1 1

% <— 2 =—|fI% .
1205, < gra7y 2 lolPe@ = g M5 e
veNd
(i) If g € Fu(C?) with g(z Z b,z", then
veNd
(2f,9) 9) Fo, i (CL) Z ay1bycy (@) = Z avby—1c,-1(a) = (f, @*9>,%,*((cd)a

vEN? veND, p>1
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where

P*q9(z) = Z C'Fl(a)by_lz”.

veNd, v>1 cl,(a)

(737) From (3.2) and (i7), we deduce that
* _ CVfl(a) v
D*Df(z) = Z . ayz”.

veNd py>1

(tv) We put h(z Z h, 2" and Fy 4(h Z d,z". From (3.1),

veNd veNd
we have (A + Z*P)F} 4(h)(2) = Z"h(z), by (iii) we deduce that

d, =0, if3y; =0,

Cy—1 (a)hy—l

d, = , >1
Aey (@) + cp_1(a) v
Thus,
* v+1 __
(3-3) FA j Z )\CV_,’_ + CV( )Z - <h7 sz>ga,*((cd)7
where

+1

Z )\Cu—l—l —i—C;,( ) w”.

The theorem is proved. O

Example 3.3 (The primitive operator) Let & be the primitive operator
defined for f € Z,.(C%) with f(z Z ayz
veNd

(3.4) Pf(z):= Z Czy__lllz”: Z (Vaii_i)*zy’

veNd, p>1 H] 1

veNd p>1
d—1
with v* = H(Vj +1).
j=1
In particular cases, for f € .#(C), the primitive operator [22] is given by
Pf(z):= f(w)dw

[0,2]
where [0,z] = {tz, t€[0,1]}. And, for f € Z}(C), the primitive operator is
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given
Pf(z):= 2/ wf(w)dw
[0,2]
In this example, we determine the extremal function Fy 4 (h) associated
with the primitive operator &2 on the space %, *(Cd)

Theorem 3.4. Let f € Fo .(C?) with f(z Z ayz”, we have
veNd

@) 12l 7..cay < 2Va+2[|fll 2, .4

(ii) Z°f(z) =3 ,C/Z IEZ; ay+17”,
veNd v

(iti) P*Pf(2) = (C”“(O‘)a 2,

2, el ™

(iv) For any h € Fu.(C?) and for any A > 0, the Tikhonov regularization
problem

inf SIS, o + 12 = Bl5, o )

fEZa «(CT)

has a unique minimizer given by FY 5(h)(z) = (h,¢:) 7, (c4), where

v—1)*(z) 1!
3 (v—1)"(z) v

PAW) = * w-.
( ) veNd p>1 A((V B 1) )QCV—I(OC) + cl,(a)
Proof. Let fe % a*(Cd) with f(z Z 0 -
veNd
(i) We have
125 = Y A=Y .
e (=1 P* COE
veNd p>1 vEN

Using the fact that ¢, (a) = 4(v1v2 ... v4) (Vg + @)cv—1(a), we deduce that
12115, oy S 4a+2) Y lafes(a) = da+2)If15,  ca:
veNd
(i) If g € Fu(C?) with g(z Z b,z", then
veNd

ay_1 —
<<@f,g>§a,*(<cd) = Z 71*131/61/(0[)

veNd p>1 (V B 1)
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ay —— *
- Z o* bysrcvra(a) = (f, 279) 7, .(ca),

veNd
where

P*g(z) = Z Cy+l(a)by+1z”.

veNd vrey(e)

(73i) From (3.4) and (i), we deduce that
PPf(z) = Z Ma 2

2, el

(1v) We put h(z) = Z hy2" and Fy 5(h)(z) = Z d,z", from (3.1) we
veNd veNd
have (Al + Z* P)F5 5(h)(2) = P"h(z), by (iii) we deduce that

d — V*CVJrl(a)hqul
Y= N (@) + cpeala)
Thus,
] (v —1)*c()hy 1

(35 FuWE= Y = -

veNd 151 M =1)*)%cp—1(a) + c(@)

= (h, 2) 2, . (C)>

where

- (l/ . 1)*(§)V—1
pa(w) = Z AM(v —1))2¢c,—1(a) + (@)

veNd p>1

w”.

The theorem is proved. O

4. The difference operator. In this section, we examine the extremal
function FY 4(h)(z), and we establish approximate inversion formulas for the
difference operator 2. The results that are written here are an extension of
similar results in the classical Fock space .7 (C%) (see [22]).

Lemma 4.1. If A > 0 and f,h € F.(C?), then
1
7 F*/hz <7h(f‘ \Ijazyz 1/27
(@) [Fx o) (2)] < 2ﬁll | #,...ct)[Val(z,Z)]

(i) |5 o(h)(z [Wa(z,2)]"/2,

1
< —— ||k
)| < 1 )\(a+1)|| | #4...C)
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(4i7) |F)\ 2(21)(2)] < 4)\(1)||f||g[a7*((cd)[\l}a(2,Z)]1/2,

. * 2
(i) I1F0 (W, e < 2505, . coy

Proof. Let A >0 and h € Fo.(C?) with h(z) = Y h,z".

veNd
(7) From (3.3), we have

[FX2 (M) (2)] < |7l 7, .colle=l 2, co-

And using the fact that (z 4+ y)? > 4zy, we obtain
2

2 (z)v ! 1 1 -
e = VBN z,%).
ool = 2 S @+ e@ o ENZ e
(77) From (3.2) and (3.3), we have
cy(a)hy,
4.1 DF; ,(h)(2) = Y — (h, ) 5
( ) )\,9( )( ) =, )\Cu+1(04) -f-C,/(O[) < >=/a,*((Cd)
where
(2)" v
w) = w,
) ng Acyr1(a) + ¢y ()
and
—\v 2 =\v |2
2 (2) 1 ()"
= < —
16:1%. .cop = 2 Acyi1(a@) + e (a) @) < 4 cvr1(a)’

veNd ve
and by using the fact that ¢, (o) = 4(v1va - - - vg) (Vg + @)cp—1(a), we deduce that
PR Ap— [
N Fax(C) = 16N (o0 + 1) &, cla)  16Ma+1)

Nd

Uy(z,2).

(i77) If f € Fo(C?) with f(z Z a,z”, we have

veENd

1) Bo@nE= Y oM rans

veNd, v>1 C,/(Oé) + C,,_l(Oé)

and

[FX2(21)(2)| < | fll 7. co I 2, . ca),
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where

SHOEEDY A E e

veNd y>1 C,,(a)()\c,,(a) + CVfl(a))

and by using the fact that c,(a) = 4(v1ve---vg)(vg + @)cv—1(a), we conclude
that

12 ”2 (Cd) = Z cv—1(a)(2)” 2
2l Zo . (Cd) —

veN, p>1 )\CV(OZ) + Cz/—l(O[) CV(OZ)

1 CV_l(a) =\V |2
< =
— 4\ Z (c,,(a))2‘(z) |
veNd p>1
1
S z .
= 16M(a+1) Va(2,%)

(1v) From (3.3), we have

C1(a)|hy_q| 17
(2 = , o1 (@)1
H )\,j(h)HJa,*((Cd) Z ¢ (a) |:)\cy(a) +cy_1(oz)

veNd p>1

Using the fact that (z + y)2 > 4xy, we obtain

HFA,.J( )H/a ((Cd = ﬁ Z cl/—l(a)‘hl/—1’2 = aHhH;\a,*(Cd)

veNd p>1

This completes the proof of the lemma. O
Theorem 4.2. If A > 0 and f,h € F,.(C?), then

(@) Jim | 2F5 () = hl%, o =0,

(i6) Jim ||F35(2f) = fol 5, . ct) = 0,

where fo(z) = Z a2z’ if f(z Z ayz”

veNd p>1 veNd

Proof. Let A >0 and h € Fo.(C?) with h(z) = Y h,z".

veNd
(7) From (4.1), we have

)\CV+1 h V.
TE () Z ACyi1 +c,,( )z ’
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therefore,

1ZF; 5(h) = hll%, coy = Y cula)
veNd

Y

[ Acvya(a)|h| ]
Acyi1(a) + ¢ ()

again, by the dominated convergence theorem and the fact that

(a [ Acy1(@) by
v >\Cu+1 (Oé) + CV(

2
5] =a@mne,

we deduce (7).
(i) If f € Fou(C?) with f(2) = Z a,z”, then from (4.2) we have
veNd

Fia @D - foe) = 3 ool

VN Y1 Aey (@) + cp—1(a)

So, one has

I o(20) ~ fol%, o= S el [ACV

veENd, v>1

Aey(a)|ay| 2
(@) + cp—1(e)

Now, we use the dominated convergence theorem and the fact that

Acy(a)ay|
ov(@) [)\c,,(oz) +cpo1

? 2
| et

we deduce (i7). O

Since Z, (C?) is a RKHS, the evaluation function is always bounded on
ﬂa,*(((:d). Then, from Theorem 4.2, we deduce the following pointwise approxi-

mate inversion formulas for the operator 2.

Corollary 4.3. If A > 0 and f,h € ﬁa,*((Cd), then
;) lim ZF5 ,(h = h(z),
(i) lim 2F; 5(0)(2) = h(2)

(i) lim F54(21)(z) = fol2)

5. The primitive operator. In this section, we examine the extremal
function FY 4(h)(2), and we establish approximate inversion formulas for the
primitive operator &?. The results that are written here are an extension of

similar results in the classical Fock space .7 (C%) (see [22]).

Lemma 5.1. If A > 0 and f,h € Z,.(C%), then
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() [FX.2(h)(2)] < f” |7, cty [¥alz, 22,

« + 1 _
1Bl 7, . ca) [Walz,2)]"2,

(#0) |ZFX 5(h)(2)] <

1
(i) 1F (2D <3| Sl 00y [Walz, 22,

. " 1
() |1Fx 0 (W%, ca < ﬁllhlléa,*(cd)-

Proof. LetA>0andh€Ja*(Cd with h(z Zhyz

veNd
(i) From (3.5), we have

|EX,2(R)(2)| < |7l 2, ca)lle=ll 2. co)-
Since

-1y
AM(v —1))2¢,_1(a) + ()

2
”SDZHya,*((cd) = Z

veENd, v>1

and using the fact that (z 4 y)? > 4xy, we obtain

1 [ .
] < B Ty
=15, .co 4\ > co1(a) 4 o(22).
veNd py>1
(77) From (3.4) and (3.5), we have

. B cv(a)hy SV
(5.1) P} »(h)(2) = VEN;VZI A(v —1)")%c-1(q) + cu(a)

- <h7 ¢z>9‘a’*(cd)7

where
B ()" w’
el = yeN;uzl AM(v = 1)")%c,-1(a) +ev(a)
Then,
6:1%, e = > o ()
2N o, (C) )\((V — 1)*)201/—1(a) + CV(a) : ’

veNd p>1

219
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and by using the fact that ¢, (a) = 4(v1ve - vg)(vg + @)cy—1(a), we deduce that

)
1 (2)")?
I6:1%,.cn < 5 NZ (1)), 1(a)
704—1—1 Z ’CV 7O‘+1\I/a(z,§).
(i1d) If f € Fou(C?) with f(2) = ) a,2", we have
veNd
) B cv(a)ay—1 v—1
(5.2) FX 5(2f)(2) = V@\%zl M — 1)")2c_1(a) + (@)
= ([, Q) 7, .(ca),
and
F3.2(2 N@)] < M|l 5. c) 197, c0)
where
_ Cu+1(a)(§)y v
Q(w) = ng (Av*)2cy(a) + Cu+1(a))CV(O‘)w '
Then,
CV+1(O‘)(E)V ? 1

HQZH?@W(@) = Z

2 M) +an(@)] )’

and by using the fact that c,(a) = 4(v1ve---vg)(vg + @)cv—1(a), we conclude
that

2 a1(a)|(@)Y)* _ a+1 =
1€2:11, a*Cd)—4)\ %\;d V)22 (a) < ) Va(z,2).

(1v) From (3.5), we have

: _ (v = D))l ]2
“FA,W(h)"%}a7*(Cd) = Z cv-1(a) [)\((1/ —1)*)2c,1(a) +e(a)]

veNd p>1

Using the fact that (z + y)? > 4xy, we obtain

" 1
IE ) e < 25 Do @Il < b, o
veENd p>1

This completes the proof of the lemma. O
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Theorem 5.2. If A > 0 and f, h € F.(C), then

() lim | Z2F (0 = hol%, cn =0,
N % 2 -
(i1) Alggg 1EX,2(Zf) — f”ya,*((cd) = 0.

Proof. Let A >0 and h € Z,.(C?) with h(z) Zh 2¥

veNd
(7) From (5.1), we have

M =1))2¢,_1(
PEANE W= S S e o e

veNd, p>1

Therefore,

. B (v — 1)), 1(a)|h| 17
|2 F »(h) = holl %, cay = >, ) L\((V 1)")%c, ( )+ e(a)]

veNd, v>1
again, by the dominated convergence theorem and the fact that

el )\((V_l)*)QCyfl(a)|hl,| 2 o )
u( )[)\((1/—1)*)201/1(a)+cy(a)} < cy(a)lhy|?,

we deduce (7).

(i) If f € Fo(CY) with f(z Z a,z”, then from (5.2) we have
veNd
F/\ J(‘@f Z (a) CLVZV.
reNd )\ + CV+1( )

So, one has

)\*2V . 2
Mw@fjmwmzzgm[ (v Pevl@an] 1°

*)2
22 Y N2 (0) + erala)
Using the dominated convergence theorem and the fat that

APyl ]* )
A [ 4 o] < Dl

we deduce (i7). O

Corollary 5.3. If A\ >0 and f,h € ya,*((Cd), then

(i) lim P p(h)(z) = ho(2)
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(i) lim Fp(2)() = £(2),

Acknowledgements. The authors are deeply grateful to the referees for

their constructive comments and valuable suggestions.

1]

2]

[10]

REFERENCES

V. BARGMANN. On a Hilbert space of analytic functions and an associated
integral transform. Part I. Comm. Pure Appl. Math. 14 (1961) 187-214.

V. BARGMANN. On a Hilbert space of analytic functions and an associated
integral transform. Part II. A family of related function spaces application
to distribution theory. Comm. Pure Appl. Math. 20 (1967) 1-101.

N. BEN SALEM, A. R. NASR. Heisenberg-type inequalities for the Weinstein
operator. Integral Transforms Spec. Funct. 26, 9 (2015), 700-718.

N. BEN SALEM, A. R. NAsR. Littlewood-Paley g-function associated with
the Weinstein operator. Integral Transforms Spec. Funct. 27, 11 (2016) 846—
865.

N. BEN SALEM. Hardy-Littlewood-Sobolev type inequalities associated with
the Weinstein operator. Integral Transforms Spec. Funct. 31, 1 (2020), 18-
35.

C. A. BERGER, L. A. CoBURN. Toeplitz operators on the Segal-Bargmann
space. Trans. Amer. Math. Soc. 301, 2 (1987), 813-829.

F. M. CHOLEWINSKI. Generalized Fock spaces and associated operators.
SIAM J. Math. Anal. 15, 1 (1984), 177-202.

A. ERDELY. (ed.) Higher Transcendental Functions, Vol. 2. New York,
McGraw-Hill, 1953.

O. A. IvanovA, S. N. MELIKHOV. On invariant subspaces of the Pommiez
operator in the spaces of entire functions of exponential type. J. Math. Sci.
241, 6 (2019) 760769, https://doi.org/10.1007/510958-019-04461-0.

J. MILNOR. Dynamics in one complex variable, 3rd Edt. Series: An-
nals of Mathematics Studies. Princeton University Press, 2011, ISBN
9780691124889.



[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

23]

[24]

Extremal functions and approximate inversion formulas ... 223

W. NEFzI1. Weinstein multipliers of Laplace transform type. Integral Trans-
forms Spec. Funct. 29, 6, (2018) 470-488.

W. NEFZI1. Fractional integrals for the Weinstein operator. Integral Trans-
forms Spec. Funct. 31, 11 (2020), 906-920.

V. I. PAULSEN, M. RAGHUPATHI. An introduction to the theory of repro-
ducing kernel Hilbert spaces. Cambridge, Cambridge University Press, 2016.

S. SAITOH. Best approximation, Tikhonov regularization and repoducing
kernels. Kodai Math. J. 28, 2 (2005) 359-367.

S. SAITOH. Theory of reproducing kernels: applications to approximate so-
lutions of bounded linear operator equations on Hilbert spaces. In: Selected
papers on analysis and differential equations, 107-134. Amer. Math. Soc.
Transl. Ser. 2, Vol. 230, 2010.

S. SAITOH, Y. SAWANO. Theory of reproducing kernels and applications.
Dev. Math., vol. 44. Singapore, Springer, 2016.

M. SiF1, F. SoLTANI. Generalized Fock spaces and Weyl relations for the
Dunkl kernel on the real line. J. Math. Anal. Appl. 270, 1 (2002) 92-106.

F. SorTaNI. Extremal functions on Sobolev-Dunkl spaces. Integral Trans-
forms Spec. Funct. 24, 7 (2013), 582-595.

F. Sorrant. Extremal functions on Sturm-Liouville hypergroups. Complex
Anal. Oper. Theory 8, 1 (2014), 311-325.

F. Sorrant. Operators and Tikhonov regularization on the Fock space. In-
tegral Transforms Spec. Funct. 25, 4 (2014), 283-294.

F. Sorrant. Inversion formulas for the Dunkl-type Segal-Bargmann trans-
form. Integral Transforms Spec. Funct. 26, 5 (2015), 325-339.

F. SoLTANI. Some examples of extremal functions on the Fock space F(C).
Proc. Inst. Math. Mech. Nat. Acad. Sci. Azerbaijan 42, 2 (2016), 265-272,
https://proc.imm.az/volumes/42-2/42-02-10.pdf.

F. Sorrant. Tikhonov regularization for Dunkl multiplier operators. KODAI
MATH. J. 39, 2 (2016), 399-409.

F. Sovrani. Uncertainty principles for the Dunkl-type Segal-Bargmann
transform. Complex Anal. Oper. Theory 11, 3 (2017), 475-490.



224 F. Soltani, H. Saadi

[25] F. SortanI. Fock-type spaces associated to higher-order Bessel operator.
Integral Transforms Spec. Funct. 29, 7 (2018), 514-526.

[26] G. N. WATSON. A treatise on theory of Bessel functions. Cambridge MA,
Cambridge University Press, 1966.

[27] A. WEINSTEIN. Singular partial differential equation and their application.
In: Fluid Dynamics and Applied Mathematics (Proc. Sympos., Univ. of
Maryland, 1961), pp. 29-49. New York-London, Gordon and Breach Science
Publishers, 1962.

Fethi Soltani

Faculté des Sciences de Tunis

Laboratoire d’Analyse Mathématique et Applications
LR11ES11, Université de Tunis El Manar

Tunis 2092, Tunisia

and

Ecole Nationale d’Ingénieurs de Carthage

Université de Carthage

Tunis 2035, Tunisia

e-mail: fethi.soltani@fst.utm.tn

Hanen Saadi

Faculté des Sciences de Tunis

Laboratoire d’Analyse Mathématique et Applications
LR11ES11, Université de Tunis El Manar

Tunis 2092, Tunisia

e-mail: hanen.saadi@etudiant-fst.utm.tn

Received March 23, 2023
Accepted October 28, 2024



	Page 1

