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Abstract. In 1961, Bargmann introduced the classical Fock space F (Cd)
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α(Cd),
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fies the inclusions F ∗

α(Cd) ⊂ Fαd,∗(Cd) ⊂ F (Cd). We prove that the space
Fα,∗(Cd) is a reproducing kernel Hilbert space (RKHS). Next, we examine
the extremal functions associated to the difference operator D and to the
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inversion formulas for the operators D and P, on Fαd,∗(Cd).
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1. Introduction. In [1], Bargmann has studied the Fock space F (Cd),
is a Hilbert space consisting of entire functions on Cd, square integrable with
respect to the measure

dm(z) :=
1

πd
e−|z|

2
dxdy, z = x+ iy,

where |z|2 =
d∑
i=1

|zi|2 and dxdy =
d∏
i=1

dxidyi. This space is equipped with the

inner product

〈f, g〉F (Cd) :=

∫
Cd
f(z)g(z)dm(z),

and has the reproducing kernel K (w, z) = ew.z. Next, the space F (Cd) is the
aim of many works [2, 6].

In [7], Cholewinski has constructed a generalized Fock space F ∗α(C) con-
sisting of even entire functions on C, square integrable with respect to the measure

dme
α(z) :=

1

π2αΓ(α+ 1)
|z|2α+2Kα(|z|2)dz,

where Kα, α > −1/2, is the modified Bessel function of the second kind and
index α, also called the Macdonald function [8].

In [17], Sifi and Soltani has constructed a generalized Fock space Fα(C)
consisting of entire functions f on C, such that∫

C
|fe(z)|2dme

α(z) + 2(α+ 1)

∫
C
|fo(z)|2|z|−2dme

α+1(z) <∞,

where fe(z) =
1

2
(f(z) + f(−z)) and fo(z) =

1

2
(f(z) − f(−z)). Next, the space

Fα(C) is the aim of many works [21, 24].

In this work, building on the ideas of Bargmann and Soltani, we define
the Fock space Fα,∗(Cd) associated to the Weinstein kernel, to be the space of
entire functions on Cd, even with respect to the last variable, square integrable
with respect to the measure,

dmα(z) :=
1

πd2αΓ(α+ 1)
e−|z|

2
e|zd|

2 |zd|2α+2Kα(|zd|2)dz, z = (z1, . . . , zd) ∈ Cd.

The space Fα,∗(Cd) is equipped with the inner product

〈f, g〉Fα,∗(Cd) :=

∫
Cd
f(z)g(z)dmα(z), z = x+ iy.

The generalized Fock space Fα,∗(Cd), has also a reproducing kernel

Kα(w, z) = Ψα(w, z),
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where Ψα(·, ·) is the Weinstein kernel defined in Section 2. Then if f ∈ Fα,∗(Cd),
we have

f(z) = 〈f,Kα(·, z)〉Fα,∗(Cd), z ∈ Cd.

Let T : Fα,∗(Cd) −→ Fα,∗(Cd) be a bounded linear operator. For any
h ∈ Fα,∗(Cd) and any λ > 0, the Tikhonov regularization problem ([14], Theorem
2.5, Section 2),

inf
f∈Fα,∗(Cd)

{
λ‖f‖2Fα,∗(Cd) + ‖Tf − h‖2Fα,∗(Cd)

}
has a unique extremal function denoted F ∗λ,T (h) and is given by

F ∗λ,T (h) = (λI + T ∗T )−1T ∗h,

where I is the unit operator and T ∗ is the adjoint of T .
Building on the ideas of Saitoh [14, 15, 16] and Soltani [18, 19, 20, 22, 23],

we study the extremal functions associated with the difference operator D and the
primitive operator P in the multi-variable case, respectively. Finally, we deduce
approximate inversion formulas for the difference operator D and the primitive
P, respectively.

The results concerning the extremal functions F ∗λ,D(h) and F ∗λ,P(h) are
special cases of [16]. These results are also an extension of similar results in the
classical Fock space F (Cd) (see [22]).

The content of the paper is as follows. In Section 2, we introduce the
Weinstein type Fock space Fα,∗(Cd). In Section 3, we examine the extremal
functions associated with the difference operator D and the primitive operator
P. In Sections 4 and 5, we establish approximate inversion formulas for the
difference operator D and the primitive operator P, respectively.

Throughout this paper, we shall use the standard multi-index notations.

• For any ν = (ν1, . . . , νd) ∈ Nd, ν! =
d∏
i=1

νi!. Here N = {0, 1, 2, . . .}.

• For all z = (z1, . . . , zd), w = (w1, . . . , wd) ∈ Cd, w.z =
d∑
i=1

wizi,

|z| =

(
d∑
i=1

|zi|2
)1/2

.

• For all ν = (ν1, . . . , νd) ∈ Nd, z = (z1, . . . , zd) ∈ Cd, zν = zνdd

d∏
j=1

z
νj
j .
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• For any ν ∈ Nd, the partial ordering ≥ on Nd, which is defined by

ν ≥ 1 ⇐⇒ νi ≥ 1, ∀ i = 1, . . . , d, with 1 = (1, . . . , 1).

2. Weinstein type Fock space. In this section, we define the Fock
space Fα,∗(Cd) associated with the Weinstein kernel in d-dimensions. Next, we
prove that the previous space is a reproducing kernel Hilbert space (RKHS).

Let ∆W be the Weinstein operator [3, 4, 11] defined in the upper half
space Rd+ := Rd−1 × (0,∞), by

∆W :=
d∑
j=1

∂2

∂x2j
+

2α+ 1

xd

∂

∂xd
= ∆d−1 +Bα, d ≥ 2, α > −1/2,

where ∆d−1 is the Laplacian operator on Rd−1 and Bα is the Bessel operator with
respect to the variable xd defined on (0,∞) by

Bα :=
∂2

∂x2d
+

2α+ 1

xd

∂

∂xd
.

This operator has important applications in both pure and applied mathematics
especially in fluid mechanics [27] and give rise to a generalization of multi-variable
analytic structures like the Fourier transform, and the standard convolution [3,
4, 5, 12]. For any ξ ∈ Rd+, the system

Bαu(x) = ξ2du(x),
∂2u

∂x2j
(x) = ξ2ju(x), j = 1, . . . , d− 1,

u(0) = 1,
∂u

∂xd
(0) = 0,

∂u

∂xj
(0) = ξj , j = 1, . . . , d− 1.

admits a unique solution Ψα(x, ξ), given by

Ψα(x, ξ) = eξ
′.x′Iα(ξdxd),

where Iα is the modified spherical Bessel function [26] given by

(2.1) Iα(t) = Γ(α+ 1)

∞∑
k=0

1

k!Γ(k + α+ 1)

(
t

2

)2k

.

The Weinstein kernel Ψα can be extended analytically on Cd×Cd, and it can be
expanded in a power series in the form

(2.2) Ψα(w, z) =
∑
ν∈Nd

wνzν

cν(α)
, cν(α) =

22νdν!

Γ(α+ 1)
Γ(νd + α+ 1).
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In the statement, and later in this work we use the following notations.
• mα, being the measure given by

(2.3) dmα(z) :=
1

πd2αΓ(α+ 1)
e−|z|

2
e|zd|

2 |zd|2α+2Kα(|zd|2)dz,

where

Kα(z) :=
π

2

I−α(z)− Iα(z)

sin(απ)
, α ∈ C \ Z, | arg(z)| < π,

Kn(z) := lim
α→n

Kα(z), n ∈ Z,

and

Iα(z) :=
1

Γ(α+ 1)

(z
2

)α
Iα(z).

Here Iα is the modified spherical Bessel function given by (2.1).

• L2
α(Cd), is the Hilbert space of measurable functions f on Cd, such that

‖f‖L2
α(Cd) :=

[∫
Cd
|f(z)|2dmα(z)

]1/2
<∞.

• H∗(Cd), is the space of entire functions on Cd, which is even with respect to
the last variable.

We define the pre Hilbertian space Fα,∗(Cd) as Fα,∗(Cd) := H∗(Cd) ∩
L2
α(Cd). The space Fα,∗(Cd) is equipped with the inner product

〈f, g〉Fα,∗(Cd) :=

∫
Cd
f(z)g(z)dmα(z),

and the norm ‖f‖Fα,∗(Cd) :=
√
〈f, f〉Fα,∗(Cd), where mα being the measure given

by (2.3).

Theorem 2.1. If f, g ∈ Fα,∗(Cd) with f(z) =
∑
ν∈Nd

aνz
ν and g(z) =∑

ν∈Nd
bνz

ν , then

〈f, g〉Fα,∗(Cd) =
∑
ν∈Nd

aνbνcν(α),

where cν(α) are the constants given by (2.2).

P r o o f. Let σ ∈ (0,∞), and let denote the set Eσ := {z ∈ Cd : |zj | ≤
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σ, j = 1, . . . , d}. We compute

M(σ) =

∫
Eσ

|f(z)|2dmα(z).

Then,

(2.4) 〈f, f〉Fα,∗(Cd) = lim
σ→∞

M(σ).

Using the dominated convergence theorem, we obtain

M(σ) =
∑

ν,µ∈Nd
aνaµ

∫
Eσ

zνzµdmα(z),

with ν = (ν1, . . . , νd) and µ = (µ1, . . . , µd). Or∫
Eσ

zνzµdmα(z) =
d−1∏
j=1

[
1

π

∫
|zj |≤σ

z
νj
j zj

µje−|zj |
2
dzj

]

×

[
1

π2αΓ(α+ 1)

∫
|zd|≤σ

z2νdd zd
2µd |zd|2α+2Kα(|zd|2)dzd

]
.

Using polar coordinates zj = rje
iθj , we find∫

Eσ

zνzµdmα(z) =
d∏
j=1

θνj ,µj (σ)δνj ,µj ,

where δνj ,µj is the Kronecker symbol,

θνj ,νj (σ) =

∫ σ2

0
uνje−udu, 1 ≤ j ≤ d− 1,

and

θνd,νd(σ) =
1

2α−1Γ(α+ 1)

∫ σ

0
r4νd+2α+3Kα(r2)dr.

Thus

(2.5) M(σ) =
∑
ν∈Nd

|aν |2
d∏
j=1

θνj ,νj (σ).

But

lim
σ→∞

θνj ,νj (σ) = νj !, 1 ≤ j ≤ d− 1,

and from ([8], p. 50) we have

lim
σ→∞

θνd,νd(σ) =
22νdνd!

Γ(α+ 1)
Γ(νd + α+ 1).
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Using (2.4) and (2.5), we obtain from the monotone convergence theorem that

(2.6) ‖f‖2Fα,∗(Cd) =
∑
ν∈Nd

|aν |2cν(α).

By polarization, we obtain the result for the inner product of two functions. 2

Remark 2.2. Bargmann [1] introduced the classical Fock space F (Cd)
and Cholewinski [7] introduced the generalized Fock space F ∗β (Cd) = F ∗β1(C) ⊗
· · · ⊗F ∗βd−1

(C)⊗F ∗α(C), where β = (β1, . . . , βd−1, α). The Weinstein type Fock

space Fα,∗(Cd) introduced in this work satisfies the inclusions

(2.7) F ∗β (Cd) ⊂ Fα,∗(Cd) ⊂ F (Cd).

P r o o f. Let β = (β1, . . . , βd−1, α), and let f ∈ F ∗β (Cd) with f(z) =∑
ν∈Nd

aνz
ν . From [1], we have

‖f‖2F (Cd) =
∑
ν∈Nd

|aν |2ν!.

Using the inequality ν! ≤ cν(α), we obtain

(2.8) ‖f‖2F (Cd) ≤
∑
ν∈Nd

|aν |2cν(α) = ‖f‖2Fα,∗(Cd).

On the other hand, from [7], we have

‖f‖2F∗β (Cd) =
∑
ν∈Nd

|aν |2bν(β),

where

bν(β) =
22νdνd!Γ(νd + α+ 1)

Γ(α+ 1)

d−1∏
j=1

22νjνj !Γ(νj + βj + 1)

Γ(βj + 1)
.

Using the inequality cν(α) ≤ bν(β), we obtain

(2.9) ‖f‖2Fα,∗(Cd) ≤
∑
ν∈Nd

|aν |2bν(β) = ‖f‖2F∗β (Cd).

Then, from (2.8) and (2.9) we deduce (2.7). 2

Lemma 2.3. Let f ∈ Fα,∗(Cd), then

|f(z)| ≤ [Ψα(z, z)]1/2 ‖f‖Fα,∗(Cd), z ∈ Cd.
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P r o o f. Let f ∈ Fα,∗(Cd) with f(z) =
∑
ν∈Nd

aνz
ν . From the Cauchy-

Schwarz inequality,

|f(z)| ≤

∑
ν∈Nd

|zν |2

cν(α)

1/2 ∑
ν∈Nd

|aν |2cν(α)

1/2

= [Ψα(z, z)]1/2 ‖f‖Fα,∗(Cd),

which gives the result. 2

Theorem 2.4. The space Fα,∗(Cd) is a Hilbert space and the set{
zν√
cν(α)

}
ν∈Nd

forms a Hilbertian basis for the space Fα,∗(Cd).

P r o o f. Let {fn}n∈N be a Cauchy sequence in Fα,∗(Cd). Then {fn}n∈N
is a Cauchy sequence in the Hilbert space L2

α(Cd), and {fn}n∈N converges in
L2
α(Cd) to a function f ∈ L2

α(Cd). On the other hand, from Lemma 2.3, we have

|fn+p(z)− fn(z)| ≤ [Ψα(z, z)]1/2 ‖fn+p − fn‖Fα,∗(Cd), n, p ∈ N.

This inequality shows that the sequence {fn}n∈N is pointwise convergent to f .

Since the function z → [Ψα(z, z)]1/2 is continuous on Cd, then {fn}n∈N converges
to f uniformly on all compact sets of Cd. Consequently, by Weierstrass uniform
convergence theorem [10], we deduce that f ∈H∗(Cd), then f ∈ L2

α(Cd)∩H∗(Cd)
and hence f ∈ Fα,∗(Cd). 2

From Lemma 2.3, the map f → f(z), z ∈ Cd, is a continuous linear
functional on the Hilbert space Fα,∗(Cd). Thus from the Riesz theorem [13], the
space Fα,∗(Cd) has a reproducing kernel.

Theorem 2.5. The function Kα, given for w, z ∈ Cd by

Kα(w, z) = Ψα(w, z),

is a reproducing kernel for the Fock space Fα,∗(Cd), that is Kα(., z) ∈ Fα,∗(Cd),
and for all f ∈ Fα,∗(Cd), we have 〈f,Kα(., z)〉Fα,∗(Cd) = f(z).

P r o o f. It is easy to see that Kα(·, z) ∈ H∗(Cd). And from (2.2) and
(2.6), we deduce that

‖Kα(., z)‖2Fα,∗(Cd) =
∑
ν∈Nd

∣∣∣∣ (z)ν

cν(α)

∣∣∣∣2 cν(α) =
∑
ν∈Nd

|(z)ν |2

cν(α)
= Ψα(z, z) <∞.
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This Kα(., z) ∈ Fα,∗(Cd). On the other hand, if f ∈ Fα,∗(Cd) with f(w) =∑
ν∈Nd

aνw
ν , it follows from Theorem 2.1 that

〈f,Kα(., z)〉Fα,∗(Cd) =
∑
ν∈Nd

aν
zν

cν(α)
cν(α) = f(z),

which completes the proof. 2

3. Extremal functions. In this section, building on the ideas of Saitoh
[14, 15, 16] we solve the Tikhonov regularization problem associated to the Wein-
stein type Fock space Fα,∗(Cd), for the difference and primitive operators. The
results that are written here are special cases of [16].

Let T : Fα,∗(Cd) −→ Fα,∗(Cd) be a bounded linear operator. For any
h ∈ Fα,∗(Cd) and any λ > 0, the Tikhonov regularization problem [14, Theorem
2.5, Section 2]

inf
f∈Fα,∗(Cd)

{
λ‖f‖2Fα,∗(Cd) + ‖Tf − h‖2Fα,∗(Cd)

}
has a unique extremal function denoted F ∗λ,T (h) and is given by

(3.1) F ∗λ,T (h) = (λI + T ∗T )−1T ∗h,

where I is the unit operator and T ∗ is the adjoint of T .

Example 3.1 (The difference operator). Let D be the difference operator

defined for f ∈ Fα,∗(Cd) with f(z) =
∑
ν∈Nd

aνz
ν , by

(3.2) Df(z) :=
∑
ν∈Nd

aν+1z
ν .

In particular cases, for f ∈ F (C) (the classical Fock space), the difference oper-
ator [9, 22] is given

Df(z) :=


1

z
(f(z)− f(0)), z 6= 0,

f ′(0), z = 0.

And, for f ∈ F ∗α(C) (the Cholewinski-type Fock space), the difference operator
[25] is given

Df(z) :=


1

z2
(f(z)− f(0)), z 6= 0,

1

2
f ′′(0), z = 0.
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In this example, we determine the extremal function F ∗λ,D(h) associated

with the difference operator D on the space Fα,∗(Cd).

Theorem 3.2. Let f ∈ Fα,∗(Cd) with f(z) =
∑
ν∈Nd

aνz
ν , we have

(i) ‖Df‖Fα,∗(Cd) ≤
1

2
√
α+ 1

‖f‖Fα,∗(Cd),

(ii) D∗f(z) =
∑

ν∈Nd, ν≥1

cν−1(α)

cν(α)
aν−1z

ν ,

(iii) D∗Df(z) =
∑

ν∈Nd, ν≥1

cν−1(α)

cν(α)
aνz

ν ,

(iv) For any h ∈ Fα,∗(Cd) and for any λ > 0, the Tikhonov regularization
problem

inf
f∈Fα,∗(Cd)

{
λ‖f‖2Fα,∗(Cd) + ‖Df − h‖2Fα,∗(Cd)

}
,

has a unique minimizer given by F ∗λ,D(h)(z) = 〈h, ϕz〉Fα,∗(Cd), where

ϕz(w) =
∑
ν∈Nd

(z)ν+1

λcν+1(α) + cν(α)
wν .

P r o o f. Let f ∈ Fα,∗(Cd) with f(z) =
∑
ν∈Nd

aνz
ν .

(i) We have

‖Df‖2Fα,∗(Cd) =
∑
ν∈Nd

|aν+1|2cν(α) =
∑

ν∈Nd, ν≥1

|aν |2cν−1(α).

Using the fact that cν(α) = 4(ν1ν2 · · · νd)(νd + α)cν−1(α), we deduce that

‖Df‖2Fα,∗(Cd) ≤
1

4(α+ 1)

∑
ν∈Nd

|aν |2cν(α) =
1

4(α+ 1)
‖f‖2Fα,∗(Cd).

(ii) If g ∈ Fα,∗(Cd) with g(z) =
∑
ν∈Nd

bνz
ν , then

〈Df, g〉Fα,∗(Cd) =
∑
ν∈Nd

aν+1bνcν(α) =
∑

ν∈Nd, ν≥1

aνbν−1cν−1(α) = 〈f,D∗g〉Fα,∗(Cd),
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where

D∗g(z) =
∑

ν∈Nd, ν≥1

cν−1(α)

cν(α)
bν−1z

ν .

(iii) From (3.2) and (ii), we deduce that

D∗Df(z) =
∑

ν∈Nd, ν≥1

cν−1(α)

cν(α)
aνz

ν .

(iv) We put h(z) =
∑
ν∈Nd

hνz
ν and F ∗λ,D(h)(z) =

∑
ν∈Nd

dνz
ν . From (3.1),

we have (λI + D∗D)F ∗λ,D(h)(z) = D∗h(z), by (iii) we deduce that

dν = 0, if ∃ νi = 0,

dν =
cν−1(α)hν−1

λcν(α) + cν−1(α)
, ν ≥ 1.

Thus,

(3.3) F ∗λ,D(h)(z) =
∑
ν∈Nd

cν(α)hν
λcν+1(α) + cν(α)

zν+1 = 〈h, ϕz〉Fα,∗(Cd),

where

ϕz(w) =
∑
ν∈Nd

(z)ν+1

λcν+1(α) + cν(α)
wν .

The theorem is proved. 2

Example 3.3 (The primitive operator). Let P be the primitive operator

defined for f ∈ Fα,∗(Cd) with f(z) =
∑
ν∈Nd

aνz
ν , by

(3.4) Pf(z) :=
∑

ν∈Nd, ν≥1

aν−1∏d−1
j=1 νj

zν =
∑

ν∈Nd, ν≥1

aν−1
(ν − 1)∗

zν ,

with ν∗ =

d−1∏
j=1

(νj + 1).

In particular cases, for f ∈ F (C), the primitive operator [22] is given by

Pf(z) :=

∫
[0,z]

f(w)dw,

where [0, z] = {tz, t ∈ [0, 1]}. And, for f ∈ F ∗α(C), the primitive operator is
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given

Pf(z) := 2

∫
[0,z]

wf(w)dw.

In this example, we determine the extremal function F ∗λ,P(h) associated

with the primitive operator P on the space Fα,∗(Cd).

Theorem 3.4. Let f ∈ Fα,∗(Cd) with f(z) =
∑
ν∈Nd

aνz
ν , we have

(i) ‖Pf‖Fα,∗(Cd) ≤ 2
√
α+ 2‖f‖Fα,∗(Cd),

(ii) P∗f(z) =
∑
ν∈Nd

cν+1(α)

ν∗cν(α)
aν+1z

ν ,

(iii) P∗Pf(z) =
∑
ν∈Nd

cν+1(α)

(ν∗)2cν(α)
aνz

ν ,

(iv) For any h ∈ Fα,∗(Cd) and for any λ > 0, the Tikhonov regularization
problem

inf
f∈Fα,∗(Cd)

{
λ‖f‖2Fα,∗(Cd) + ‖Pf − h‖2Fα,∗(Cd)

}
,

has a unique minimizer given by F ∗λ,P(h)(z) = 〈h, ϕz〉Fα,∗(Cd), where

ϕz(w) =
∑

ν∈Nd, ν≥1

(ν − 1)∗(z)ν−1

λ((ν − 1)∗)2cν−1(α) + cν(α)
wν .

P r o o f. Let f ∈ Fα,∗(Cd) with f(z) =
∑
ν∈Nd

aνz
ν .

(i) We have

‖Pf‖2Fα,∗(Cd) =
∑

ν∈Nd, ν≥1

|aν−1|2

((ν − 1)∗)2
cν(α) =

∑
ν∈Nd

|aν |2

(ν∗)2
cν+1(α).

Using the fact that cν(α) = 4(ν1ν2 . . . νd)(νd + α)cν−1(α), we deduce that

‖Pf‖2Fα,∗(Cd) ≤ 4(α+ 2)
∑
ν∈Nd

|aν |2cν(α) = 4(α+ 2)‖f‖2Fα,∗(Cd).

(ii) If g ∈ Fα,∗(Cd) with g(z) =
∑
ν∈Nd

bνz
ν , then

〈Pf, g〉Fα,∗(Cd) =
∑

ν∈Nd, ν≥1

aν−1
(ν − 1)∗

bνcν(α)
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=
∑
ν∈Nd

aν
ν∗

bν+1cν+1(α) = 〈f,P∗g〉Fα,∗(Cd),

where

P∗g(z) =
∑
ν∈Nd

cν+1(α)

ν∗cν(α)
bν+1z

ν .

(iii) From (3.4) and (ii), we deduce that

P∗Pf(z) =
∑
ν∈Nd

cν+1(α)

(ν∗)2cν(α)
aνz

ν .

(iv) We put h(z) =
∑
ν∈Nd

hνz
ν and F ∗λ,P(h)(z) =

∑
ν∈Nd

dνz
ν , from (3.1) we

have (λI + P∗P)F ∗λ,P(h)(z) = P∗h(z), by (iii) we deduce that

dν =
ν∗cν+1(α)hν+1

λ(ν∗)2cν(α) + cν+1(α)
.

Thus,

F ∗λ,P(h)(z) =
∑

ν∈Nd, ν≥1

(ν − 1)∗cν(α)hν
λ((ν − 1)∗)2cν−1(α) + cν(α)

zν−1(3.5)

= 〈h, ϕz〉Fα,∗(Cd),

where

ϕz(w) =
∑

ν∈Nd, ν≥1

(ν − 1)∗(z)ν−1

λ((ν − 1)∗)2cν−1(α) + cν(α)
wν .

The theorem is proved. 2

4. The difference operator. In this section, we examine the extremal
function F ∗λ,D(h)(z), and we establish approximate inversion formulas for the
difference operator D . The results that are written here are an extension of
similar results in the classical Fock space F (Cd) (see [22]).

Lemma 4.1. If λ > 0 and f, h ∈ Fα,∗(Cd), then

(i) |F ∗λ,D(h)(z)| ≤ 1

2
√
λ
‖h‖Fα,∗(Cd)[Ψα(z, z)]1/2,

(ii) |DF ∗λ,D(h)(z)| ≤ 1

4
√
λ(α+ 1)

‖h‖Fα,∗(Cd)[Ψα(z, z)]1/2,
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(iii) |F ∗λ,D(Df)(z)| ≤ 1

4
√
λ(α+ 1)

‖f‖Fα,∗(Cd)[Ψα(z, z)]1/2,

(iv) ‖F ∗λ,D(h)‖2Fα,∗(Cd) ≤
1

4λ
‖h‖2Fα,∗(Cd).

P r o o f. Let λ > 0 and h ∈ Fα,∗(Cd) with h(z) =
∑
ν∈Nd

hνz
ν .

(i) From (3.3), we have

|F ∗λ,D(h)(z)| ≤ ‖h‖Fα,∗(Cd)‖ϕz‖Fα,∗(Cd).

And using the fact that (x+ y)2 ≥ 4xy, we obtain

‖ϕz‖2Fα,∗(Cd) =
∑
ν∈Nd

∣∣∣∣ (z)ν+1

λcν+1(α) + cν(α)

∣∣∣∣2 cν(α) ≤ 1

4λ

∑
ν∈Nd

|(z)ν |2

cν(α)
=

1

4λ
Ψα(z, z).

(ii) From (3.2) and (3.3), we have

(4.1) DF ∗λ,D(h)(z) =
∑
ν∈Nd

cν(α)hν
λcν+1(α) + cν(α)

zν = 〈h, φz〉Fα,∗(Cd),

where

φz(w) =
∑
ν∈Nd

(z)ν

λcν+1(α) + cν(α)
wν ,

and

‖φz‖2Fα,∗(Cd) =
∑
ν∈Nd

∣∣∣∣ (z)ν

λcν+1(α) + cν(α)

∣∣∣∣2 cν(α) ≤ 1

4λ

∑
ν∈Nd

|(z)ν |2

cν+1(α)
,

and by using the fact that cν(α) = 4(ν1ν2 · · · νd)(νd + α)cν−1(α), we deduce that

‖φz‖2Fα,∗(Cd) ≤
1

16λ(α+ 1)

∑
ν∈Nd

|(z)ν |2

cν(α)
=

1

16λ(α+ 1)
Ψα(z, z).

(iii) If f ∈ Fα,∗(Cd) with f(z) =
∑
ν∈Nd

aνz
ν , we have

(4.2) F ∗λ,D(Df)(z) =
∑

ν∈Nd, ν≥1

cν−1(α)aν
λcν(α) + cν−1(α)

zν = 〈f,Ωz〉Fα,∗(Cd),

and

|F ∗λ,D(Df)(z)| ≤ ‖f‖Fα,∗(Cd)‖Ωz‖Fα,∗(Cd),
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where

Ωz(w) =
∑

ν∈Nd, ν≥1

cν−1(α)(z)ν

cν(α)(λcν(α) + cν−1(α))
wν ,

and by using the fact that cν(α) = 4(ν1ν2 · · · νd)(νd + α)cν−1(α), we conclude
that

‖Ωz‖2Fα,∗(Cd) =
∑

ν∈Nd, ν≥1

∣∣∣∣ cν−1(α)(z)ν

λcν(α) + cν−1(α)

∣∣∣∣2 1

cν(α)

≤ 1

4λ

∑
ν∈Nd, ν≥1

cν−1(α)

(cν(α))2
|(z)ν |2

≤ 1

16λ(α+ 1)
Ψα(z, z).

(iv) From (3.3), we have

‖F ∗λ,D(h)‖2Fα,∗(Cd) =
∑

ν∈Nd, ν≥1

cν(α)

[
cν−1(α)|hν−1|

λcν(α) + cν−1(α)

]2
.

Using the fact that (x+ y)2 ≥ 4xy, we obtain

‖F ∗λ,D(h)‖2Fα,∗(Cd) ≤
1

4λ

∑
ν∈Nd, ν≥1

cν−1(α)|hν−1|2 =
1

4λ
‖h‖2Fα,∗(Cd).

This completes the proof of the lemma. 2

Theorem 4.2. If λ > 0 and f, h ∈ Fα,∗(Cd), then

(i) lim
λ→0+

‖DF ∗λ,D(h)− h‖2Fα,∗(Cd) = 0,

(ii) lim
λ→0+

‖F ∗λ,D(Df)− f0‖2Fα,∗(Cd) = 0,

where f0(z) =
∑

ν∈Nd, ν≥1

aνz
ν if f(z) =

∑
ν∈Nd

aνz
ν .

P r o o f. Let λ > 0 and h ∈ Fα,∗(Cd) with h(z) =
∑
ν∈Nd

hνz
ν .

(i) From (4.1), we have

DF ∗λ,D(h)(z)− h(z) =
∑
ν∈Nd

−λcν+1(α)hν
λcν+1(α) + cν(α)

zν ;
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therefore,

‖DF ∗λ,D(h)− h‖2Fα,∗(Cd) =
∑
ν∈Nd

cν(α)

[
λcν+1(α)|hν |

λcν+1(α) + cν(α)

]2
,

again, by the dominated convergence theorem and the fact that

cν(α)

[
λcν+1(α)|hν |

λcν+1(α) + cν(α)

]2
≤ cν(α)|hν |2,

we deduce (i).

(ii) If f ∈ Fα,∗(Cd) with f(z) =
∑
ν∈Nd

aνz
ν , then from (4.2) we have

F ∗λ,D(Df)(z)− f0(z) =
∑

ν∈Nd, ν≥1

−λcν(α)aν
λcν(α) + cν−1(α)

zν .

So, one has

‖F ∗λ,D(Df)− f0‖2Fα,∗(Cd) =
∑

ν∈Nd, ν≥1

cν(α)

[
λcν(α)|aν |

λcν(α) + cν−1(α)

]2
.

Now, we use the dominated convergence theorem and the fact that

cν(α)

[
λcν(α)|aν |

λcν(α) + cν−1(α)

]2
≤ cν(α)|aν |2,

we deduce (ii). 2

Since Fα,∗(Cd) is a RKHS, the evaluation function is always bounded on
Fα,∗(Cd). Then, from Theorem 4.2, we deduce the following pointwise approxi-
mate inversion formulas for the operator D .

Corollary 4.3. If λ > 0 and f, h ∈ Fα,∗(Cd), then

(i) lim
λ→0+

DF ∗λ,D(h)(z) = h(z),

(ii) lim
λ→0+

F ∗λ,D(Df)(z) = f0(z).

5. The primitive operator. In this section, we examine the extremal
function F ∗λ,P(h)(z), and we establish approximate inversion formulas for the
primitive operator P. The results that are written here are an extension of
similar results in the classical Fock space F (Cd) (see [22]).

Lemma 5.1. If λ > 0 and f, h ∈ Fα,∗(Cd), then
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(i) |F ∗λ,P(h)(z)| ≤ 1

2
√
λ
‖h‖Fα,∗(Cd)[Ψα(z, z)]1/2,

(ii) |PF ∗λ,P(h)(z)| ≤
√
α+ 1

λ
‖h‖Fα,∗(Cd)[Ψα(z, z)]1/2,

(iii) |F ∗λ,P(Pf)(z)| ≤
√
α+ 1

λ
‖f‖Fα,∗(Cd)[Ψα(z, z)]1/2,

(iv) ‖F ∗λ,P(h)‖2Fα,∗(Cd) ≤
1

4λ
‖h‖2Fα,∗(Cd).

P r o o f. Let λ > 0 and h ∈ Fα,∗(Cd) with h(z) =
∑
ν∈Nd

hνz
ν .

(i) From (3.5), we have

|F ∗λ,P(h)(z)| ≤ ‖h‖Fα,∗(Cd)‖ϕz‖Fα,∗(Cd).

Since

‖ϕz‖2Fα,∗(Cd) =
∑

ν∈Nd, ν≥1

∣∣∣∣ (ν − 1)∗(z)ν−1

λ((ν − 1)∗)2cν−1(α) + cν(α)

∣∣∣∣2 cν(α),

and using the fact that (x+ y)2 ≥ 4xy, we obtain

‖ϕz‖2Fα,∗(Cd) ≤
1

4λ

∑
ν∈Nd, ν≥1

|(z)ν−1|2

cν−1(α)
=

1

4λ
Ψα(z, z).

(ii) From (3.4) and (3.5), we have

PF ∗λ,P(h)(z) =
∑

ν∈Nd, ν≥1

cν(α)hν
λ((ν − 1)∗)2cν−1(α) + cν(α)

zν(5.1)

= 〈h, φz〉Fα,∗(Cd),

where

φz(w) =
∑

ν∈Nd, ν≥1

(z)ν

λ((ν − 1)∗)2cν−1(α) + cν(α)
wν .

Then,

‖φz‖2Fα,∗(Cd) =
∑

ν∈Nd, ν≥1

∣∣∣∣ (z)ν

λ((ν − 1)∗)2cν−1(α) + cν(α)

∣∣∣∣2 cν(α),
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and by using the fact that cν(α) = 4(ν1ν2 · · · νd)(νd + α)cν−1(α), we deduce that

‖φz‖2Fα,∗(Cd) ≤
1

4λ

∑
ν∈Nd, ν≥1

|(z)ν |2

((ν − 1)∗)2cν−1(α)

≤ α+ 1

λ

∑
ν∈Nd

|(z)ν |2

cν(α)
≤ α+ 1

λ
Ψα(z, z).

(iii) If f ∈ Fα,∗(Cd) with f(z) =
∑
ν∈Nd

aνz
ν , we have

F ∗λ,P(Pf)(z) =
∑

ν∈Nd, ν≥1

cν(α)aν−1
λ((ν − 1)∗)2cν−1(α) + cν(α)

zν−1(5.2)

= 〈f,Ωz〉Fα,∗(Cd),

and

|F ∗λ,P(Pf)(z)| ≤ ‖f‖Fα,∗(Cd)‖Ωz‖Fα,∗(Cd),

where

Ωz(w) =
∑
ν∈Nd

cν+1(α)(z)ν

(λ(ν∗)2cν(α) + cν+1(α))cν(α)
wν .

Then,

‖Ωz‖2Fα,∗(Cd) =
∑
ν∈Nd

∣∣∣∣ cν+1(α)(z)ν

λ(ν∗)2cν(α) + cν+1(α)

∣∣∣∣2 1

cν(α)
,

and by using the fact that cν(α) = 4(ν1ν2 · · · νd)(νd + α)cν−1(α), we conclude
that

‖Ωz‖2Fα,∗(Cd) ≤
1

4λ

∑
ν∈Nd

cν+1(α)|(z)ν |2

(ν∗)2c2ν(α)
≤ α+ 1

λ
Ψα(z, z).

(iv) From (3.5), we have

‖F ∗λ,P(h)‖2Fα,∗(Cd) =
∑

ν∈Nd, ν≥1

cν−1(α)

[
((ν − 1)∗)cν(α)|hν |

λ((ν − 1)∗)2cν−1(α) + cν(α)

]2
.

Using the fact that (x+ y)2 ≥ 4xy, we obtain

‖F ∗λ,P(h)‖2Fα,∗(Cd) ≤
1

4λ

∑
ν∈Nd, ν≥1

cν(α)|hν |2 ≤
1

4λ
‖h‖2Fα,∗(Cd).

This completes the proof of the lemma. 2
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Theorem 5.2. If λ > 0 and f, h ∈ Fα,∗(Cd), then

(i) lim
λ→0+

‖PF ∗λ,P(h)− h0‖2Fα,∗(Cd) = 0,

(ii) lim
λ→0+

‖F ∗λ,P(Pf)− f‖2Fα,∗(Cd) = 0.

P r o o f. Let λ > 0 and h ∈ Fα,∗(Cd) with h(z) =
∑
ν∈Nd

hνz
ν .

(i) From (5.1), we have

PF ∗λ,P(h)(z)− h0(z) =
∑

ν∈Nd, ν≥1

−λ((ν − 1)∗)2cν−1(α)

λ((ν − 1)∗)2cν−1(α) + cν(α)
hνz

ν .

Therefore,

‖PF ∗λ,P(h)− h0‖2Fα,∗(Cd) =
∑

ν∈Nd, ν≥1

cν(α)

[
λ((ν − 1)∗)2cν−1(α)|hν |

λ((ν − 1)∗)2cν−1(α) + cν(α)

]2
,

again, by the dominated convergence theorem and the fact that

cν(α)

[
λ((ν − 1)∗)2cν−1(α)|hν |

λ((ν − 1)∗)2cν−1(α) + cν(α)

]2
≤ cν(α)|hν |2,

we deduce (i).

(ii) If f ∈ Fα,∗(Cd) with f(z) =
∑
ν∈Nd

aνz
ν , then from (5.2) we have

F ∗λ,P(Pf)(z)− f(z) =
∑
ν∈Nd

−λ(ν∗)2cν(α)

λ(ν∗)2cν(α) + cν+1(α)
aνz

ν .

So, one has

‖F ∗λ,P(Pf)− f‖2Fα,∗(Cd) =
∑
ν∈Nd

cν(α)

[
λ(ν∗)2cν(α)|aν |

λ(ν∗)2cν(α) + cν+1(α)

]2
.

Using the dominated convergence theorem and the fat that

cν(α)

[
λ(ν∗)2cν(α)|aν |

λ(ν∗)2cν(α) + cν+1(α)

]2
≤ cν(α)|aν |2,

we deduce (ii). 2

Corollary 5.3. If λ > 0 and f, h ∈ Fα,∗(Cd), then

(i) lim
λ→0+

PF ∗λ,P(h)(z) = h0(z),
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(ii) lim
λ→0+

F ∗λ,P(Pf)(z) = f(z).
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