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ABSTRACT. We prove that for any ¢ € (0,1), all complex conjugate pairs

of zeros of the partial theta function 6(q,x) := qu(j+1)/2xj with non-

j=0
negative real part belong to the half-annulus {Re(z) > 0, 1 < |z| < 5},
where the outer radius cannot be replaced by a number smaller than e™/? =
4.810477382. . ., and that for ¢ € (0,0.2/* = 0.6687403050. . .], (g, .) has no
zeros with non-negative real part. The complex conjugate pairs of zeros with
negative real part belong to the left open half-disk of radius 49.8 centered
at the origin.

1. Introduction. In this article we study the location of the complex
conjugate pairs of zeros of the partial theta function defined as the sum of the
series

(1) Olg.) = 3 gD/
j=0
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in which (¢, z) € (0,1) x R. We consider x as a variable and ¢ as a parameter.
The name of the function matches its resemblance with the Jacobi theta function

o o
O(q,x) = Z qua:j, because 0(q?, z/q) = Zqﬂxj; the function is “partial”,
j=—00 j=0
because summation to oo is performed from 0 and not from —oco. It satisfies the
functional equation

(2) 0(q, ) = 1+ qx0(q,qx) .

The interest in the study of the analytic properties of @ is justified by
its applications in different domains. These include Ramanujan type g-series
(see [31]), asymptotic analysis (see [2]), the theory of (mock) modular forms (see
[4]) and statistical physics and combinatorics (see [28]). In [3] and [5] it is ex-
plained how the function 6 can be applied to the research of problems about
asymptotics and modularity of partial and false theta functions and their inter-
action with representation theory and conformal field theory.

The partial theta function has found its place in Ramanujan’s lost note-
book, see [1] and [31]; see also [24] about Appell-Lerch sums (mock theta func-
tions). Andrews-Warnaar identities for the partial theta function are explored
in [30], [32] and [29]. The relationship between 6 and Artin-Tits monoids are the
object of study in [6]. For the Padé approximants of 6 see [23].

A recent interest in the properties of 8 is motivated by its connection to
section-hyperbolic polynomials. These are real polynomials with positive coeffi-
cients all whose roots are real negative and all whose finite sections (i.e. trunca-
tions) are also with all roots real negative. This research domain was initiated
by Hardy, Petrovitch and Hutchinson (see [7], [26] and [8]) and continued in [25],
[9] and [22].

The analytic properties of the partial theta function are interesting in
their own. In [27] one can find an explicit combinatorial interpretation of the
coefficients of the leading root of 6 as a series in ¢. In papers [11]-[21] the author
has explored some analytic properties of 6, including the situation when ¢ and
x are complex, with (¢,z) € Dy x C, and the case when they are real, with
g€ (—1,0).

For any ¢ € (0,1) fixed, the partial theta function has infinitely-many
negative and finitely-many complex conjugate pairs of zeros, see [14]. It turns
out that for ¢ € (0, 1), all complex conjugate pairs belong to the domain

Er={xeC : Rex e (-5792.7,0), |Im z| < 132} U {|z| < 18};
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for ¢ € (—1,0), the same statement holds true about the domain
E_:={reC : |Rex|<364.2, |Im x| < 132},

see [13]. These results are not trivial at all given that as ¢ — +1T convergence
of the series (1) becomes worse.

Thus the complex zeros of  remain “not far” from the origin for any
g € (—1,0) U (0,1). One can ask also the question how close to the origin the
zeros of 6 can be found. In this direction the following results can be cited:

e ([20, Theorem 1)) For any fized q € (0, 1), the partial theta function has no
zeros in the domain (see Fig. 1)

D:={2zecC : |2/ <3, Rex <0, |Im z| < 3/Vv2 =2.121320344 .. .}.

e ([20, Proposition 2]) For any q € (0,1) fized, the function 6(q,.) has no real
zeros > —5.

e ([21, Theorem 1]) For each q € (—1,0) U (0,1) fized, the function 6 has no
zeros in the closed unit disk . (This result is not true in the situation
when ¢ and x are complex, see an example in [21].)

The first result of the present paper reads:

Theorem 1. Forq € (0,1), the complex conjugate pairs with non-negative
real part (if any) of 6(q,.) belong to the half-annulus A := {Rex >0, 1 < |z| <5}
(see Fig 1).

The proof is given in Section 3. It uses part (2) of Theorem 2; the latter
is proved independently of Theorem 1. Part (1) of Theorem 2 gives an idea how
far from optimal the size of the half-annulus A is:

Theorem 2. (1) There exists a sequence of values qs of q and pairs of
purely imaginary zeros of 6(qs,.) whose modulus tends as s — oo to a quantity
which is > e™? = 4.810477382. . ..

(2) For q € (0,0.2"/* = 0.6687403050.. . ], the function 6(q,.) has no zeros
with non-negative real part.

Theorem 2 is proved in Section 4. The number e™/? is not far from 5, see
Theorem 1, while 5 is much smaller than 18, see the domain &£, above.

Our next theorem suggests a location of the complex zeros of 6 with
negative real part, a location which is much smaller than &, :



64 V. P. Kostov

Theorem 3. The complex conjugate pairs of zeros of 0(q,.) which are
with negative real part belong to the left open half-disk of radius 49.8 centered at
the origin.

The theorem is proved in Section 5. The next section reminds some
analytic properties of the partial theta function.

2. The zeros and the spectrum of the partial theta function.

2.1. Zeros and spectrum of 0 for q € (0,1). We define the spectrum
I’ of 6 as the set of values of the parameter g for which 6(g,.) has a multiple zero
(this notion was introduced by B. Shapiro in [22]). When ¢ and = are real, the
spectrum consists of real values of q. When ¢ and x are complex, the spectrum
contains also complex values, see [18, Proposition 8]. For ¢ € (—1,0), properties
of the spectrum of # can be found in [16]. In this subsection we remind facts
about the zeros and the spectrum of 0 for ¢ € (0, 1):

Theorem 4 ([14, Theorem 1]). (1) The spectrum I consists of countably-
many values of q denoted by 0 < ¢1 < o < - -+, where ]lggo g =1".

(2) For gy € T, the function 0(4n,.) has exactly one multiple real zero
which is of multiplicity 2 and is the rightmost of its real zeros.

(3) For q € (4n,qn+1) (we set Go := 0), the function 6 has exactly N
complex conjugate pairs of zeros (counted with multiplicity).

Remarks 5. (1) All coefficients of # as a function in x being positive for
q € (0,1), € has no positive zeros.

(2) As it was mentioned in [22], the former students A. Broms and I. Nils-
son have calculated the first 25 spectral numbers with an accuracy of 12 decimal
positions. Their list with 6 decimals reads:

0.309249, 0.516959, 0.630628, 0.701265, 0.749269,
0.783984, 0.810251, 0.830816, 0.847353, 0.860942,
0.872305, 0.881949, 0.890237, 0.897435, 0.903747,
0.909325, 0.914291, 0.918741, 0.922751, 0.926384,

0.929689, 0.932711, 0.935482, 0.938035, 0.940393.
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Hence for ¢ € (0,41 = 0.309249...], there are no complex zeros and for ¢ €
(G1,G2 = 0.516959.. . .), there is exactly one complex conjugate pair.

(3) For ¢ € (0,41), all zeros of 6 are negative, so they form a strictly
decreasing sequence: --- < & < & < 0. The zeros of each of its derivatives w.r.t.
the variable z are also real negative. For g € (0,q1), it is true that:

1. At even (resp. at odd) zeros the function 6(q, .) is decreasing (resp. increasing).

2. 0 >0 for z € (p11,62x) and 0 < 0 for = € (€op12,E2k+1) (see [14, Proposi-
tion 6]).

3. For k € N*, one has (¢, —q %) € (0,¢") (see [14, Proposition 9]). Hence for
q € (0,G1), the following inequalities hold true:

(3) —q7* < Gy < Epy < —q L

(4) As g increases and takes the value i, k = 1,2, ..., the zeros &1 and
&9k coalesce to form a double zero y; and then a complex conjugate pair. If one
denotes by §f; the real zeros of 859/8:1;@(% ), £=0,1,..., then for ¢ € (0,qy), the
following zeros fﬁ are well-defined continuous real-valued functions in ¢: --- <
& < ..o < &y, <0 ([14, Corollary 2]). Items 1 and 2 of part (3) of these
remarks and the inequalities (3) remain valid for any ¢ € (0, 1) for the indices j
for which the corresponding zeros §; are well-defined.

(5) The following asymptotic formulae can be found in [15]:
(4)  Ge=1—7/2k+ (Ink)/8k*> + O(1/k?) and y;, = —e™e~ (MA)/4k+O0/R)

(6) As g varies in (0,1), the zeros of the partial theta function do not go

to or arrive from infinity. Indeed, the complex zeros remain in the domain &, .

For the real zeros it is true that klim £,q" = —1 ([14, Theorem 4]). That is, they
— 00

can be approximated by the terms of a geometric progression with ratio 1/q. One
can also use as argument the fact that for j sufficiently large, there is just one
zero & such that |g| /2 < |¢] < |¢| 772, see [18]. Similar remarks are valid
in the cases ¢ € (—1,0) and g € Dy.
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2.2. Katsnelson’s contour. We define Katsnelson’s contour as the union
of two arcs in R?

(z,y) = (e’ cost, +e' sint) , t € [0, 7],
see Fig. 1. In [10] the following result is to be found:

o
Theorem 6. The family of functions f.(z) = Ze*mzz” with € > 0
n=0

converges as € — 07 to the function 1/(1 — 2) locally uniformly w.r.t. z in the
interior of Katsnelson’s contour. Outside that contour one has limeg(z)\ = 00.
e—0

—————

———— ——

Fig. 1. Katsnelson’s contour (in dashed line) and the borders
of the domain D and the half-annulus A (in solid line)

Remarks 7. (1) The domain inside Katsnelson’s contour is much larger
than the unit disk in which the Taylor series of the function 1/(1 — z) converges.
Using the notation of the present paper one can say that as ¢ — 17, 0(q, x) tends
to 1/(1 — z) locally uniformly inside Katsnelson’s contour. Indeed, set ¢ := e~ 2.

Then f. = 0(q,2/v/q).

(2) The part of the domain inside Katsnelson’s contour belonging to the
right half-plane is much smaller than its part in the left half-plane. This can be
compared to the fact that one finds much more precisely the possible location of
the complex zeros of € with positive than of the ones with negative real parts,
see Theorems 1 and 3 and the domain &;.

(3) One can observe that to Katsnelson’s contour belong the points

e(™/2E)  gee Theorem 2.
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(4) The angle between the tangent line to Katsnelson’s contour and the
radius-vector is everywhere equal to /4, so this line is vertical for ¢t = 7/4, i. e.
at the points

em/DUE) = where o™/ cos(m/4) = ™Y sin(r/4) = 1.550883197 . ...
It is horizontal at the points
eB/MAE) - where B cos(3m/4) = —eB™/Y sin(37/4) = —7.460488536 . . ..

(5) It would be interesting to know whether for any ¢ € (¢1, 1), all complex
conjugate pairs of zeros of 6(q,.) belong to the interior of Katsnelson’s contour.
00 '
(6) For ¢ = 0.8, the function 6199(g, x) := Z g Ut/ 2 (the 100th trun-
j=0
cation of €) has zeros

by :=0.6128998489 ... 4 2.37247194 .. .¢ of modulus 2.450361061 . ..

lying inside Katsnelson’s contour. Given that the 101th term of € is of modulus
< 2x 1070 and that the next terms decrease in modulus faster than a geometric
progression with ratio 3.2 x 107'%, and finally that the value of the derivative

(80/02)(0.8,b+) = —0.6143813197 ... F 1.099995004 . . . i

is of modulus > 1.25, it seems likely that (0.8, .) has conjugate zeros close to b..
See Remark 15 for other similar numerical results.

3. Proof of Theorem 1.

3.1. The method of proof. By the result of [21] cited before Theorem 1
the partial theta function has no zeros with |z| < 1, so we prove only that it has
no zeros in the domain

F = {|z| >5, —n/2 <argx < 7/2}.

We consider the function ©* defined with the help of the Jacobi theta function

as follows: -

0*(¢,2) = O(\/a, vaz) = Y UV,

j=—o00
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The function © can be represented by the Jacobi triple product
o
H 1 - q 1 + x2q2m71)(1 + x72q2m71)
m=1
from which one can deduce the equality

0 (¢,x) = J[A-¢™A+2¢™)A+q" " /2)
m=1

(o.)
= (1+1/2) [JQ-g™A+2g™A+q"/2).
m=1

—1
We set G := Z qj(j+1)/2:vj. Thus § = ©* — G. We prove that in the domain
Jj=—00
F one has |©*| > |G| from which the theorem follows. For |z| > 5, the function
G satisfies the inequality

(6) |G| < iw’ =1/4.
j=1

We use the following lemma:

Lemma 8. Suppose that q € [0.5,1) is fized. Then:

(1) For argx € [—7/2,7/2], if |x| =: B > 5 is fized, then |©*(q,z)| is
minimal for r = +Bi.

(2) For x = £Ri, R > 5, |©(q,x)| is minimal for x = £5i.

Proof. Part (1). Set z := Re"¥, R > 0, ¢ € [-7/2,7/2]. Using the
cosine rule one obtains

1+ qm_l/m| =1+ (qm_lR_l)e_iﬂ = \/1 + > 2R72 4+ 2¢™ 1R~ cos(p) and

14+q¢™z| = |14+ (¢"R)e™™| = /1+¢*™R2+2¢™Rcos(p)

which quantities are minimal for ¢ = +m/2.

Part (2). For m > 2, the real and imaginary part of each product

(7) (1+q¢"2)(1+¢"/x) =1+ ¢ +ig" (R~ 1/R)
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are non-decreasing in R for R > 5 and the modulus of the product is increasing.
For the square of the modulus of the triple product

T:=(1+1/2)(1+qz)(1+q/z) = 1+¢*+q/R*—q+i(—q/R+qR+1/R+¢*/R)
one gets
(|IT|?)/OR = —4¢*/ R — 6¢°/R® +2¢°R — 2/ R® — 2¢* / R®

which is positive for R > 5, ¢ € [0.5,1). O
For (q,z) = (0.5,45¢), one computes the values of ©* and |©*| numeri-
cally:

©0%(0.5,£51) = —1.542068340. ..+ 0.4429511372.. .1,

(8)
|©%(0.5, £50)| = 1.604425279... > 1/4,

see (6), so 6(0.5,.) has no zeros in the domain F, see Lemma 8.

Proposition 9. For q € [0.5,1), one has d(|©*(q,5i)|)/dg > 0 (hence
d(1©7(q, —5i)|)/dq > 0).

The proposition is proved in the next subsection. It implies that for
(q,x) € 0.5,1) x F,

©07(q, 2)| — |G(g, z)| = |©%(0.5,54)| = 1/4 >0,

so 0 has no zeros in F for ¢ € [0.5,1). On the other hand, for ¢ € (0,0.5], it
has at most one complex conjugate pair of zeros, see Remarks 5, and when it
does, the real part of the pair is negative, see part (2) of Theorem 2. This proves
Theorem 1.

3.2. Proof of Proposition 9. We prove that d(|©*(¢,5i)|?)/dq > 0.
Making use of equality (7) with R = 5 one sees that

(9) Wi = [(1+¢™50)(1 = ¢™i/5)P = (1 +¢*™)? + (5 - 1/5)%¢*"
=1+ (626/25)¢°™ + ¢'™.
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It is clear that (see (5))
d(|0*(q.5i)|%)/dg = |©]*(S + W), where

Nk

S =) (d(1—q™)?/dg)/(1—q™)?
m=1
(10) - _lequm‘l/(l —q"),
W = 3 (AW /dq) W
m=1

((626/25) + 2¢°™) - 2mg®™ ' /(1 + (626/25)¢*™ + ¢*™),

I
Nk

3
1§

so S <0 and W > 0. We first estimate the quantity |S|.
Proposition 10. One has |S| < 7%/(3¢1n? q).

Proof. For x > 0, we define the function f as

2xq¢”/q(1 — ¢*) for x>0,

fz) =
—-2/(qlng)  for z=0.

Lemma 11. The function f is continuous and decreasing for x > 0, with
lim f(x)=0".
T—00

Proof. One finds that lim f(z) = f(0), so f is continuous at 0. One

z—01
has

f'=2¢%g/q(1 — ¢°)*, where g:=1+zlng— ¢°.
Clearly ¢ = (Ing)(1 — ¢*), with Ing < 0 and 1 — ¢* > 0, so g(0) = ¢’(0) = 0 and
g <0, with equality only for x = 0. Therefore for z > 0, g(z) < 0 and f’ < 0.
For the denominator one notices that for x = 0, there is the equivalence
(1—¢°)?%~ ((Ing)z)% As ¢g" = —(In? ¢)¢®, one obtains f'(0) = —1/¢. Using the
limits

lim 2¢” =07 and lim (1—¢%) =1,
T—>00 T—>00

one concludes that lim f=0". O
T—>00
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The lemma implies that |[S| = f(1) + f(2) +--- < I := / f(z)dz. We
0
set a := —Ingq. Integration by parts yields

I = [20h0(1 - ¢*) gl - (2/aq) | T (1 - ).

The first term to the right is interpreted as the difference of the limits at the upper
and lower bounds. Both these limits equal 0. The second term is interpreted as

w

—(2/aq) lim lim In(1 — ¢*)dx

a—0+ w—oo a

To find this term we set
In(1 - ¢") Z 7/

(the series converges for x > 0), thus
00 o 00
| w - e =t tw Sl (0 = - - 1) = ~7/(60)
0

+ w—o0
a—0 = =

and I = 27%/(6qa®) = ©°/(3qa®). Therefore |S| < 7?/(3¢qa®) = 7°/(3¢In?¢q). O
Proposition 12. For g € [0.5,1), one has W > 4.46/(qIn?q).

Proof. We remind that the quantities W,,, are defined in (9). We set
V(y) := 1+ (626/25)y + y*> = (y + 1/25)(y + 25) hence V'(y) = (626/25) + 2y
and h(x) := ((626/25) + 2¢")zq" /(1 + (626/25)¢" + ¢**) = (z)¢(q"), where

oy) = V'(y)/V(y) = (InV(y)) and

P(x) = wg".

As

¢'(y) = —2(y* + (626/25)y + (195313/625))/(V (y))?,
(the numerator has no real roots), one has ¢/'(y) < 0 for y > 0. The function
q® (with ¢ € (0,1)) being decreasing, the superposition ¢(¢*) is continuous and
increasing for = > 0, with ¢(¢°) = 1.

Lemma 13. The derivative h' has a single zero (y/1n(q),
Co = —2.685347089.. . ..



72 V. P. Kostov

Proof. Sett:= (Ing)z, so ¢* = e'. With V as above, one has dh/dx =
(Ingq)(dh/dt) and

dhjdt = 2'Ut)/((qlnqg)(V(e'))?), where

625U (1) := 625¢3 + 7825te*! + 23475e% + 1250te! 4 196563¢" 4 7825t + 7825.
The derivative dU/dt, where
625dU /dt = 1875¢> + 15650te*’ + 54775 4 1250te! + 197813’ + 7825,

is easily shown to take only positive values (the minimal value of te’ and ote? is
—e 1> —0.37). As
lim U(t) = —oo and lim U(t) = oo,
t——0o0 t—o0

one concludes that U has a unique zero (y. Numerical computation yields (g =
—2.685347089.... O

We remind that the terms of the sum W (see (10)) equal Ay, := h(x)|z=2m.
We define the index mg € N by the condition

2mo < (p/(Ing) < 2(mo + 1).

Lemma 13 implies that the sum W is minorized by the difference

L. —2h(¢p/(Ing)), I.:= /000 h(z)dz.

Indeed, for m < mg (resp. for m > my+1), the quantity h,, can be represented as
(the surface of) a rectangle with base the interval [2(m—1), 2m] (resp. [2m, 2(m+
1)]), of length 2, and height h,,. For m < mg (resp. for m > mg + 1), the union
of these rectangles forms a figure containing the surface between the graph of the

function h(z) and the abscissa-axis for « € [0, 2my] (resp. for x € [2(mp+1), 00)).
2(mo+1)
Not covered by these rectangles is the figure representing / h(z)dx <

2myg
2h(Go/(Ing)).
The change of variables ¢ = |Ing|z transforms the integral I, into

(1/(qIn?q)) I}, with

I = /Ooo t(((626/25)e ™" +2e7 ) /(1 + (626/25)e~" + e~ %)) dt = k4,

6.82551484 . ...

Rt
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On the other hand

2h(Go/(Inq))
=2(1/(q|Inq|)) (¢((626/25)e™" +2e7%") /(1 + (626/25)e ™" + ') |,— o)
=2r¢- (|Ing|/(gIn?q)), ro := 1.699895161 ...,

so for ¢ € [0.5,1), one has

|Ing| < [In0.5] = 0.6931471806..., 2h((o/(Ingq)) < 2r¢- (|In0.5//(qln?q)),

2r¢ - |In0.5] < 2.358 and
W > I, — 2h((o/(Inq)) > (ki — 20 - | In0.5])/(¢In* q¢) > 4.46/(gIln*q). DO
Recall that W > 0 and S < 0, see (10). Propositions 10 and 12 imply
that for ¢ € [0.5,1), the following inequalities hold true:
W > 4.46/(qIn? q) > 7%/(3¢In® q) > | S| (with 7%/3 = 3.28...).

Hence d(|©*(q, 5i)|?)/dp > 0.

4. Proof of Theorem 2.
4.1. Proof of part (1). We use the following representation of 6:

(11) 0(q,x) = 0(q", 2% /q) + q28(q", gz?).
We set v := ¢*, so
(12) 0(q, ) = (v, v Y42?) + o420 (v, v/ *2?).

The function 6 has a zero on the imaginary axis if and only if for x € iR, the
functions 0(v, v~ *2?) and (v, v"/*z?) have a common real zero. Indeed, if one
sets x := 1y, y € R, then

Re(0(q,x)) = 1 (v,y) := 6(v, —v_1/4y2) and
(13)
Im(0(q, x)) = tha(v,y) := v/ Yo (v, —v'/*?).

The positive zeros of Y1 (v,.) and ¥9(v,.) equal

(14) xx == 0M/3(—€)V? and g, := v V/3(—£})"/? respectively, so xx = v/,
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where & stand for the zeros of 6(v,.). We use the following result (see [14,

Theorem 4]): one has lim &,¢" = —1. Hence
k—o00
(15) lim &0F = =1, lim 20" Y4 =1 and lim poRtt/4 =1,
k—ro0 k—o0 k—o0

Thus for k sufficiently large,

(16) Xh—1 < Hr—1 < Xk < [ik-

Suppose that for v = vy € (0,1) and for k > 2k;, the inequalities (16) hold true.
Fix ko > k1 and start increasing v. When v takes the value gj,, one has

X2ko—1 = X2ky < U2ky—1 = H2ky-

Hence for some v = vy, € (vo, Gx,), it is true that

X2ko—1 < HU2ko—1 = X2%ko < HU2ks-

i. e. the functions 1 and 9 have a common real zero.

Further we use the notation &7 (v) to denote the values of the zeros & as
functions of the parameter v. In particular, we write &3;,(qx) for &5, (v)|v=g,-
We also consider a sequence of indices ko and the corresponding double positive
zeros of 11 and 1 obtained for v = qi,. The sequences of these zeros tend to
¢™/? as ky — oo, see part (5) of Remarks 5. Indeed, it is true that

lim |€5,(G)| = €™ and lim G =17, so Lm o, (Gr,) = €/ (see (14)).
k—oo k—oo ko—00
Similarly klim fi2%, (Gk,) = €™2. One has (see (3))
2—00

|£;k2 (’UZQ)| > (UZQ)_2k2+1 > (ng)_2k2+1.

The right-hand side tends to ™ as ks — co. This can be deduced from (3) and (4),
see Remarks 5. Hence the sequence of numbers [£5;, (v, )| has an accumulation
point which is > ™ (we admit the possibility this point to be c0).

Recall that x, = v"/8(—¢&)Y2. We show below that one can choose

the sequence of indices k2 such that klim vp, = 17. Hence there exists an
2 —r 00

accumulation point of the sequence of points xax, (vy,) (i. e. of the common zeros
of 1 and 1) which is > e™/2.

Now about the choice of the sequence of indices k2. We denote it by k%,
k% , - When k:% is chosen, then one first increases v up to the value q~k% and
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then chooses the index k% such that for v = c]k% and for k = 2k%, the inequalities
(16) hold true. Thus v,’;g > Gy > UZ%, the sequence v is minorized by the

sequence (jk;_1 and the latter tends to 17. This proves part (1) of Theorem 2,
with g5 = (vi;) "/,
4.2. Proof of part (2) of Theorem 2. We need the following lemma:

Lemma 14. With the notation of Remarks 5 and for q¢ € (0,0.2], one
has

§2k‘+1 c (_q—Qk—l.Q’ _q—2k—1) and £2k‘+2 c (_q—Qk—Q’ _q—2k—1.8)’ k= O, 17 L

Proof. For k = 0, we consider the functions 71(q) := 6(q, —¢~ ') and
72(q) = 0(g,—¢~ ")

lel—q_0'2+A, A::qO.G_q2.4+q5.2_q9+“.’

=1—q 84+ B, Bi=qg 00 _ 06428 6.

For ¢ = 0.2, the sums of the Leibniz series A and B equal 0.3599499830. .. and
2.256770928 . .. respectively and one finds that

71(0.2) = —0.0197796780 ... < 0 and 7(0.2) = —0.367127390... < 0.

It is easy to show that both functions 71 and 79 are increasing for g € (0,0.2], so
one has

S e(=¢ =) and & € (—¢7% —¢7 ),
see 2. and 3. of part (3) of Remarks 5 and the inequalities (3). Recall that

(see (2))
0(q,z) = 1+ qz0(q,qz) = 1 + gz + ¢*2%0(q, ¢*x).

Then

0(q, —q 12) = 1 — ¢~2k-0:2 | [0.6-kg g _q—Z(k—l)—l.Q) and

218y 208 4 06k o =2(k-1)-18

0(q, —q q
so if for ¢ € (0,0.2],
0(q, —q 2=D=12) < 0 and 0(g, —q~2*F-D-18) < 0,

then 0(¢q, —¢~2*712) < 0 and (¢, —¢~%*'¥) < 0. Thus by induction on k and
using (3) the lemma is proved. O
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Next we use equations (11), (12) and (13) and the corresponding notation.
The zeros of § depend continuously on the parameter ¢ hence on v. For ¢ € (0, ¢1],
all zeros are real negative. If for some value v; € (0,0.2] of v, the function ¢ has
complex conjugate zeros with positive real part, then for some v = vy € (0,vy),
it has a pair of purely imaginary zeros and the functions 1 (v1,.) and 9 (vy,.)
have a common zero.

However for v € (0,0.2], such a common zero is impossible. Indeed, if
one denotes as in the previous subsection by +x; and £u; the real zeros of the
functions 11 (v, .) and (v, .), where 0 < x; < xj41 and 0 < p; < pj41, and by
—&; the zeros of 0(v,.), then one has (14).

One cannot have x; = p, for s > j, because v € (0,1) and ps > pj =
v_1/4xj > x;. This is also impossible for s < j — 3, because ps < pj_3 and by
(3) one has

pjg = v/ /_5;73 < o= 1/B8=(=2)/2 _ ,=§/24T/8 _ ,=i/2+5/8

G2 S [T
For s = j — 2, if j is odd, then (see (3))
fjg = v /8 —e, < o= V/8=G=1)/2 _ 1/8=3/2 _ ,1/8 —& = ;.
If j is even, then
jon = v VB [ TE ) < TV B G C S [e —y

In the remaining case s = j — 1 we use the condition v € (0,0.2] and Lemma 14.
If j is odd, then

pio1 = v-1/8 /_g;k_l < o U/8=G-1)/2 ~ 1/8=5/2 _ 1/8 —& =

If 7 is even, then

i1 = v1/8 /75;_1 < o 1/8=(i=140.2)/2 _ ,1/8—(j=02)/2 _ ,1/8 —& = x;

Thus for v € (0,0.2], i.e., for ¢ € (0,0.2"/* = 0.6687403050 . . ], there is no purely
imaginary zero of #. The zeros of # depending continuously on ¢ and being all
real negative for ¢ € (0,G1), for ¢ € (0,0.2'74], they are either real negative or
complex with negative real part.
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Remark 15. For ¢ = 0.726, 0.727 and cﬁ”‘ = 0.7457222066 . . ., the trun-
cation 6199 of 0 (see part (6) of Remarks 7) has the following complex conjugate
pairs of zeros respectively (they belong to the interior of Katsnelson’s contour):

—0.004522146605 . .. £ 2.911439535 .. .7, 0.005050176876 . . . == 2.904960208.. . . ¢

and 0.1780767569 . .. £ 2.779382065 . . . 1.

These are the zeros closest to the imaginary axis. This makes one suppose that
Theorem 2 could hold true with 0.726 instead of 0.2/ in its formulation.

5. Proof of Theorem 3.

5.1. Beginning of the proof of Theorem 3. We remind that y, de-
notes the double zero of 0(gs,.), see Section 2. By [19, Theorem 5], for s > 15,
one has ys > —38.9. Any real zero of 6 is < —5 (see [20, Proposition 2]). Hence
for s > 15, all double zeros of 6 belong to the interval (—38.9, —5).

Suppose that ¢ € [Gs,Gs+1). Then:

1) for = € [_q—2s—1’ _q—28+1]
(¢,7) = (s, Ys);

2) there exists z; € (—q %72 —¢~%71) such that 0(q,xz+) < 0;

3) this means that z1/q € (—¢~ %72, —¢ *7%) and 0(q,z1/q) = 1 +
qri6(q, z4) > 1, see (2).

, one has 0(q,z) > 0, with equality only for

Lemma 16. Suppose that for q € (0,1) fized and for x = xy < =5, one
has |0(q, zo)| > 1. Then one has 0(q, z) # 0 for |z| = |xo|.

The lemma is proved in Subsection 5.3. It implies that for ¢ € [gs, Gs+1),
no complex zero of # crosses the circumference C(0,q 2*"%) centered at 0 and
of radius ¢72*73. As ¢ grows from s to {si1, the quantity ¢~ 273 decreases.
Therefore to find a disk centered at 0 and containing all complex zeros of 6 it
suffices to find a majoration of the quantities ¢, 2s=3,

From the fourth to the 25th spectral value (see part (2) of Remarks 5),
the corresponding quantities §; %*~> are < 49.6 (this can be checked directly).

For s > 26, one knows that
lys| < 38.9, s € (—g %, —¢~%") and G, € (Gos,1) , with Gos = 0.940393....

That’s why for s > 26,
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G =G G <yl - G <389 (Gos) < 38.9-0.940393 74
= 49.74... < 498,

-3 25—3

Thus the inequality q~s_25 < 49.8 is proved for s > 4. The quantities ¢~
being decreasing, we have proved the following lemma:

Lemma 17. For s > 4 and q € [qs,s+1), no complex zero of 0 belongs
to C(0,q~2573).

In particular, this means that the complex conjugate pairs born from the
double zeros y4, ys, Y6, - - - lie inside the circumference C(0,49.8).

5.2. Completion of the proof of Theorem 3. For the remaining three
conjugate pairs of zeros (born from the double zeros y1, y2 and y3) we modify
our method by considering not only integer, but also half-integer negative powers
of q.

Notation 18. We denote by c; the complex conjugate pair born from
the double zero y; for ¢ = ¢;, and by cj (resp. c]_) the zero of this pair with
positive (resp. negative) imaginary part.

The pair c3. One finds numerically that ¢ %% < 49.8 if and only if
q > 0.59... and that 6(q, —¢'%/?) < —1 if ¢ < 0.66393.... The pair c3 is born
for ¢ = g3 = 0.630628 . ... Hence for ¢ € (§3,0.663] =: Z, the pair c3 is inside the
circumference C(0, ¢~ *%/2) which in turn is inside the circumference C(0,49.8).

One has q*19/2 < 49.8 if and only if ¢ > 0.66274...; it is true that
0(q,—q /%) < —1if ¢ < 0.72344 . ... Thus for ¢ € [0.6628,0.72] =: J, the pair
c3 is inside C(0, ¢~'%/?) which is inside C(0,49.8).

One has ¢~2'/? < 49.8 if and only if ¢ > 0.6892. .., and (q, —q_21/2) > 1
if ¢ < 0.7465.... Therefore for g € [0.6893,0.7465] =: K, the pair c3 is inside
C(0,¢2"/2) which is inside C(0,49.8). One notices that ZNJ # 0 # J NK.

But the circumference C(0,¢ 2/?) is inside C(0,¢ ') which is inside
C(0,49.8) for ¢ € [q4,q5) and G4 = 0.7012... < 0.7465, see Lemma 17 with
s = 4; the lemma implies that the pair c3 is inside C(0, ¢~ 2*73) for q € [ds, Gs11),
s > 4. Thus for q € [Gs, 1) (hence for g € (¢3,1)), the pair c3 is inside C(0,49.8).

The pair co. This pair is born for ¢ = ¢go = 0.516959.... The conditions
¢ "% < 49.8 and G(q,—qfn/z) < —1 are fulfilled for ¢ > 0.4913... and ¢ <
0.5721... respectively. Hence for ¢ € (g2,0.5721] C [0.4914,0.5721], the pair c;
is inside C(0, ¢~ */?) which is inside C(0,49.8).

Next, the inequalities ¢~ %/? < 49.8 and (q, —q_13/2) > 1 hold true for
g > 0.5481 ... and ¢ < 0.6249. .. respectively, so for ¢ € [0.5482,0.6249], the pair
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¢y is inside C(0, ¢~'*/?) which is inside C(0,49.8).

In the same way as for the pair ¢35 one shows that for ¢ € [0.6,0.663], the
pair ¢ is inside C(0,¢7*%/2) and for ¢ € [0.6628,0.72], it is inside C(0, ¢~ '*/?). In
both cases these circumferences are inside C(0,49.8). And then one repeats the
last two paragraphs of the proof that the pair ¢3 is inside C(0, 49.8) for g € (gs, 1).

The pair c1. We set pg = 211/2 — 452548 .... We show first that for
q € (q1,1/2], one has ]cﬁ < po. Suppose that for some ¢ € (G1,1/2], one has
|| > po. Recall that (see [12])
0(q,z) = [[(1—=2/&) =D VTV,
: =

J=1

where &; are the zeros of 6(g,.) counted with multiplicity. Then the coefficient of

z2 equals

T2 Z:q3= Z l/gkfm: S9.

1<k<m

For ¢ € ({1,1/2], one obtains ¢ = 0.02957... < rp < 1/8 = 0.125. We remind
that for the real zeros of # the following inequalities hold true (see (3)):

—q¥ < &5 < &yjo1 < —q¥h

In the sum sy we set & := cf and & := ¢, S0

oo
(17) so= 1l P4+ (ef +1/e) S 16+ Y 16k,
k=3 3<k<m
One obtains a majoration of the rightmost sum by setting {2; = {21 = —g¥ 1,

j=2,3,.... In this case the sum equals

(o)
¢(q> — Z q2]+1(q2]+1 + 2q2]+3 + 2q2]+5 4. )
=1

<

oo (o]
— Z(q2j+1)2 +9 Zq2j+1(q2j+l + q2j+3 + q2j+5 4. )
i=1 j=1

= /(=g +2) ¢/ -¢") =0+ )/((1— (1Y) .
j=1
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The function ¢ is increasing on the interval [0.3,0.5], with ¢(0.3) = 0.0008803. ..
and ¢(0.5) = 0.0277 . ..
With regard to (17), for |c¢f| > po, one obtains 1/|c] |* < 1/p3 = 0.000488.. ..

[0.9]

The product (1/cf + 1/cf)21/§k is maximal for ¢f = ¢] = —pp (so
k=3
1/cf +1/e] = 2_9/2) and &g = &1 = —¢¥71 j =2 3, ..., in which case it
equals
8(q) ==27(2¢° /(1 = ¢*)).

The difference ¢ — ¢(q) — 1/p3 — 6(q) is positive on [0.3,0.5]; its minimal value
0.0230... is attained for ¢ = 0.3. Hence the equality ro = sy is impossible for
ler| = po-

Thus for ¢ € (q1,1/2], the pair ¢; is inside the circumference C(0, ¢~ '1/?).
In the same way as for the pair co one shows that for ¢ € [0.4914,0.5721], the
pair ¢ is inside C(0,¢~'/?) and for ¢ € [0.5482,0.6249], it is inside C(0, ¢~ '%/?);
as this was shown for the pair cs one proves that the pair ¢; is inside C(0, q_15/ 2)
for ¢ € [0.6,0.663] and inside C(0,¢'%/?) for ¢ € [0.6628,0.72]; hence in all
these cases the pair ¢; is inside C(0,49.8). Then by Lemma 17 this pair is inside
C(0,49.8) for q € (G1,1).

5.3. Proof of Lemma 16. We remind that for m € N¥, one has
0(q,—q~ ™) € (0,4™) (see [14, Proposition 9]), so |#(¢,—¢~™)| < 1. Hence if
|0(q,z)| > 1, then x # —q~ ™. We use the Jacobi triple product, see the defini-
tion of the function ©* in Subsection 3.1. Consider the product

Tn(g, 2) == (1+q"2)(1+¢"/2) =q¢"(¢™ + 2)(1/2)(2 + ¢")

for |z| = |zo|. The modulus |¢~™ + z| is minimal for z = (. Indeed, we saw that
xo # —q ™. Consider the circumference C; := C(0, |zo]).

If the point —¢~ ™ is inside C; (i. e. |zo| > ¢~ ™), then the circumferences
C1 and Co :=C(—q ™, |xo| — ¢ ™) are tangent at xg and Cy is inside C;. Hence
for |z| = |zo| and z # x¢, the point z is outside Ca, so

[2+¢7" > [xo+ 47"

The circumference C3 := C(—¢™, |zo| — ¢"") is also inside C; and tangent to it at
o, therefore

|2+ q"| > |zo + ¢™| and |T)n(q, 2)| > |Tm(q, x0)]-

m

is outside C; (i. e. |zg| < ¢~™), then the inequality

7m’
)

If the point —¢~
|24¢"| > |ro+q™| is proved in the same way. To show that |z+¢~ ™| > |zo+q¢
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we consider the tangent line £ to C; at xp and the point 2z’ € £ such that
Im 2z’ =Im 2. Then

lz+q¢7" > 12+ ¢ > |zo+ g™

and again |T,,,(q, z)| > |Tim(q,x0)|. This means that |0*(q, z)| > [0%(q, x0)|-

Recall that § = ©*—G. For x < —5, the series of G is a Leibniz series with
a negative first term, so 0 < —G < 1/5. This is why the inequality 6(q,z¢) <
—1 implies ©*(q,z9) < —1 hence |0%(q, z)| > 1 for |z| = |zo|. As |G(q,z2)| <
(o]

Z 1/57 = 1/4, one obtains |0(q, z)| > 3/4 and 6(q,.) has no zero on Cj.
j=1

If 6(q,z9) > 1, then ©*(q,xg) > 4/5, so |0%(q,2)| > 4/5 and |0(q, z)| >
4/5—1/4 =11/20 for |z| = |xo].
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