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ABSTRACT. Let ¢ be an analytic self-map of the open unit disk D in the
complex plane. For any function ¢ analytic in the unit disk I, the weighted
composition operator is given by W, 4 f(2) = ¥(2) f(¢(2)) for z € D and f
analytic on ID. For each 0 < p < o0, let S, be the space of analytic functions
on D whose derivatives belong to the Hardy space H,. For 0 < p,q < oo
and a > 0 let S(p,q,«) be the space of functions with derivative in the
mixed norm space H(p,q,«). In this article we deal with boundedness of
the weighted composition operators from S(p, ¢, «) into S, spaces for 0 <
p,q < oo and a > 0.

1. Introduction. Let D be the open unit disk in the complex plane
and H (D) be the set of all functions analytic in the unit disk. For 0 < p < oo,
the Hardy space H), is defined as follows:

Hy={f e HD):|fly, = lim My(f,r) < oo},

where
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My(f,1) = (5 /o%f (e)['an)"ispe 0,00
or) =

sup {|f(re”)|}, if p=oc.
0€[0,27]

For 0 < p < oo, we denote by S, the space of all analytic functions f on the unit
disc D whose derivative f’ lies in Hj,, endowed with the norm

(1.1) Iflls, = 1FO)+ 1171,

Sy is a Banach space with respect to this norm for all 1 < p < co. See [2],[3] for
more information on this space.

For a > 0 and 0 < p,q < o0 a function f € H(D) is said to belong to the
mixed norm space H (p,q, «) if and only if

1
F{T— /0 (1= r)= M, )dr < o,
if ¢ < oo and
HfHH(p,oo,a) = sup (1 - T)aMp(f, T) < 0.
0<r<1

For 1 < p < oo the space H(p, q, ) is a Banach space. For p = ¢ and replacing

1 1
a by at? we have H <p,p, OHL) = AP the weighted Bergman space. In
p p

particular one can identify the Hardy space H, with H(p,c0,0). For 0 < p,q <
00,0 < a < oo a function analytic in the unit disk D belongs to S(p,q,«) if
f' € H(p,q,a). It is endowed with the norm

1 lsw.a0) = [FO + 1 1 r(p.g,00-

For 1(z) analytic in the unit disk D and ¢ an analytic self map of the unit disk
D the weighted composition operator W, ,, is defined as

Wouf(2) = 9(2)f(p(2)), 2 €D.

For ¢(z) = 1, Wy is the Composition Operator C, and for p(z) = z, W,y
is the multiplication operator M,. Weighted composition find its usefullness in
many different ways. For example they are isometries of many Banach spaces
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of analytic functions. Novinger and Oberin proved that the isometries in S, for
1 < p < oo,p# 2 are given by

THz) =\ [f(@) +f W (P (€

for f € S, where |A{| = [A2| =1 and ¢ is a self-analytic map of D.
In 1978, the S, spaces were introduced by Roan in [5] where he studied
the boundedness and compactness of the composition operators Cy,, (1 < p < 00).
Contreras and Hernandez-Diaz characterized the boundedness, compact-
ness of W,y from S, into Sy, 1 < p,q < oo in terms of weighted composition
operators on Hardy spaces.
In this paper we characterize the boundedness and compactness of the operator
Wy o from S(p,q,a) to S, spaces. Throughout this paper C is any constant
which may vary for different lines.

2. Preliminary results. We collect some basic lemmas which are use-
ful in the proof of the main results.

Lemma 2.1 (Proposition 1.4.10, [6]). For v > 1 one has

2
™ do 1 ,
<C L z=ré?(0<r<1
/0 1=z = (1) ( )

Lemma 2.2 (Lemma 6, [7]). Fory > —1 and m > 1+~ one has

1
/ (1—pr)™™(1 —r)7dr < C(1 — p)ttr—m,
0
Lemma 2.3 (Theorem 1, [1]). If p > u, then

a<por
H(p,q,a) C H(u,v, =
(p,q, ) (u,v, B) {a:ﬁandqgv.

Lemma 2.4 (Proposition 1, [1]). If f € H(p,q,a), 0 < p < o0, 0 < g,
a < oo then

f(2)] = o((1 = |2))*F1/7)
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as |z| — 1. This gives a pointwise estimate:

Hf”H(p,q,a)

(2.1) |f(2)] < CW-

Remark 2.5. Lemma 2.4 is not true for ¢ = oo, but the point-wise
estimate holds:

||f||H(pooa)
2.2 <C——r
( ) ‘f(Z)‘ — (1 _ ‘Z|)O‘+1/p
We have the following result if f € S(p, ¢, a).

Proposition 2.6. Suppose f € S(p,q,«) for0 < p,qg<ooand0 < a <1

1
such that o+ — > 1. Then
p

HfHS(p,q,oz)
(1= [t

Proof. For all p,g € (0,00] and 0 < o < 1, f € S(p,q, ) implies
f' € H(p,q,«a). Hence equations (2.1) and (2.2) gives

(2.3) f(2) =C

/
’f/(z)’ S C ||f ||H(p,q,o<) )
(1= [z
Now for any curve a(t) = z(t) +iy(t),0 < ¢ < 1 from 0 to z = z + iy we have

Iy
z/ol F(t2) dt‘ < |z|/01\f'(tz)\ it

< C/ ”fHSpq, dt
(1 —tlz])?

It is clear that

(2.4) [f(2)] =

This gives

Hf”S (p,g,@)

< C—"—F—F—
(1 |pyrte!
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1
Remark 2.7. If &« > 1 then a+— > 1 is vacuously true. Hence the point-
p
wise estimate in Proposition 2.6 holds for a > 1 without requiring the condition

1
a+—>1.
p

1 1
Corollary 2.8. Suppose 1 < p < 00, 1 < g < 0o such that — + - < 1
P q

1
and 0 < o < 1 such that o + » > 1 then || fllapg.e) < Clfllspga)-

Remark 2.9. It can be easily verified that if 1 < p < 00, 1 < ¢ < 00 such
1 1 1
that — + — <1 and 0 < a < 1 such that o + — > 1 there is another equivalent
P q

p
norm for S(p, q, Ot) defined by HfHS(p,q,a) = HfHH(p,q,a) + ”f,HH(p,q,a)

The following theorem characterizes some important properties of S(p, ¢, ).

1 1
Theorem 2.10. Suppose 1 < p < o0, 1 < ¢ < o0 such that — 4+ - < 1
P q

1
and 0 < o < 1 such that o« +— > 1. Then
b

(a) S(p,q, ) is a Banach space under the norm || f|lsp.q.a) = |f(0)|+Hf/||H(p,q,a)-
(b) The set of polynomials is dense in S(p,q, ).

Proof.

(a) Let {fn}nen be a Cauchy sequence in S(p,q,«). Then for any € > 0 there
exist M € N such that n,m > M implies that ||f, — fiulls@pqa) <€ We
have

an - fm”H(p,q,a) < Can - meS(p,q,a) < Ce

Hence { f), }nen is also a Cauchy sequence in H(p, g, «). Since H(p,q, ) is a
Banach space, therefore both sequences {f,, }nen and {f! }nen converges to
analytic functions f, g in H(p,q, «) respectively. Clearly g = f’ and hence
{fn}nen converges to f in S(p,q,«). Hence S(p,q, @) is a Banach space.

(b) Suppose f € S(p,q,a). Then f' € H(p,q,a). Since polynomials are dense
in H(p,q,«), therefore there exist a sequence of polynomials {p,(z)},2; in
H(p,q,a) such that lim [p, — f'| g (p.q.a) = 0. Define

n—r00 ”
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Then P,(z) is a polynomial and

nhanolo HPn - f”S(p,q,oz) = lim [|Pn(0) - f(O)‘ + ||P7/L - f/HH(p,q,a)]

n—oo
. /
= 1im [lpn — £l s1(p0) = 0. -

3. Boundedness of the weighted composition operator W, ,,
In this section we characterize the boundedness of the operator from S(p,q, @)
spaces to S, spaces. First we prove the boundedness of the operator W, :
S(p,q, ) — Hp spaces.

1 1
Theorem 3.1. Suppose 1 < p < oo, 1 < g < oo such that — +— <1 and
p g

1
0 < a<1 such that o + » > 1. Suppose f € S(p,q,a) and let (z) € H(D) and

@(2) is an analytic self-map of D. Then the operator W,y = S(p,q, ) — Hp is
bounded if and only if

7™ ()P
3.1 su / . df < 0.
(8:1) Sy T Tp(re®) )i

Proof. Suppose (3.1) holds. Then Proposition 2.6 gives

1 2
M (Wi for) = /0 (Wi f (rei®) Pd6

2
1 271' 9 0
N
1 |y (ret?) P
» 1 p
= C”fHS(qu’O‘) 2r Jo (1 — |p(rei?)|2)epti-p 0 < CHfHS(wm)

Hence
HthﬂﬁfH];Ip = Sup Mp( <P¢f’ ) < C’Hf”S(pqoz

Therefore W,y : S(p,q, ) — Hp is bounded.
Conversely suppose W, 4 : S(p,q, ) = Hp is bounded and for any w € D define
the test function

(1 —Jwl?)

)+

fuw(z) =

(1—wz
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Then
1 1—
e == (a1 ) )
p (1 wz)OL‘F;“rl
We have
/ 1 2 / 6
MY (fyr) =5= | fop(re™)[PdO
271' 0
1o (1= Jw]?)P
< — -
27 Jo |1 — wreif|optitr a6

Lemma 2.1 gives

/ (1 —[w]*)
Mp(fy,7) < W-

Hence using Lemma 2.2 we have

1—|w
1ol p.g <C/ (1—r)eat (A= Jw)? *)4

(1— \w| yaata

=0(1 — |w[?)? /0 (1 — |w|r)~ @+ (1 — 7)1 dr < co.

Therefore fz/u € H(p,q,a) for 1 < p < oo and hence f,, € S(p, ¢, «). Boundedness
of W‘Pﬂ/’ : S(pv q, Ol) — Hp gives for 1 < p < 00

IWe s fuolltr, < Cllfulls@p.ga) <00

1 27 ) l/p
sup [/0 |W%wfw(7“ew)\p] df <oo

0<r<1 |27

27T )
sup / 10(2) fu(ip(re®) Pd6 <co
0<r<1J0
/2“ (e P(1 — Juw]2)?
0

1 Tp{remjert <

sup
0<r<1

Taking w = ¢(z) gives us (3.1). O
In the following we have a result similar to the previous theorem. We
omit the proof as it is similar to the previous proof.
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Theorem 3.2. Let 0 < p,q < oo and a > 0. Let ¢¥(z) € H(D) and
©(z) be an analytic self-map of D. Then the operator W, : H(p,q, ) — Hp is
bounded if and only if

e
3.2 su . df < oo.
(3:2) ogiﬁ (= lp(re®) [Tyt

Since (W4 f)' = ¥’ fop+1¢’ f'op, therefore the study of Wi, 4 = S(p, ¢, o) —
Sp is equivalent to the study of operators W,y : S(p,q, ) = Hy, and W, yr :
H(p,q,o) — Hp. Obviously, the following result follows.

1 1
Theorem 3.3. Suppose 1 < p < 00, 1 < q < 0 such that — 4+ — < 1
p q

1
and 0 < a < 1 such that o + » > 1. Let ¥(z) € H(D) and p(2) be an analytic
self-map of D. Then the operator W : S(p, q, ) — S) is bounded if and only if

2r /(1 10)
(3.3) sup /0 ( [ (re) P df < 0.

0<r<1 1 — |p(re?))|?)er+i-p
and
2T |ip(ret)! (ret?)|p
3.4 su / : df < oo.
(34) o2 fy (L= [p(re®))art

Proof. Suppose (3.3) and (3.4) holds. Then we have

Weuwflls, = |¢ foe + ¢’ fop| m,
< fopllu, + v f ool m,

2t T/J/prp 1/p
<C$m[/ \()W\MMmdd
0

0<r<1 (1 = Jp(z)[?)optL=p

2W¢Z@/prp N 1/p
+MWU’”(M%WW
0

0<r<1 (1 = Jep(2)[?)ortt
< ||f||S(p,q,a)
Hence Wy, 4 : S(p,q, ) = Sp is bounded.

Conversely suppose W, 4 : S(p,q, ) = Sp is bounded. Taking the test
function f,, from proof of Theorem 3.1 we have that f,, € S(p,q,«) and
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||W<p,¢wagp SCwaHS(p,%a)

19" fwoplla, — Ve’ fuoella, <Cllfuwllseg.a

" e () )P
I e L e e L T

which gives

2n W (2)]P () (2)P
(3.5) /0 = \go(z)|2)ap+1_pd0 < Cllfwllspgw +/0 (1 — Jp(2)[2)orTT do

Again, for w € D define

1 — |wl]?)? 1 — |wl|?
gu(z) = a-l J+)l+1 - A= Lil
(1 —wz)""» (1 —wz)""»
Then g, € S(p,q, ), gu(w) = 0 and g, (w) = % The boundedness

(1= [w[)* "
of Wy : S(p,q, ) = S), gives

IWewulll, <Cllgullsipa

14’ gwoell i, — l1ve' guoellm, <Cligullsp,g.a)

Taking w = ¢(z) gives

21 / p
(3:6) | e 0 <Cllaullsipe < o0

(3.5) and (3.6) proves (3.3). Note that (3.3) is the same as saying that W, , :

S(p,q,a) — Hy is bounded. Let f € H(p,q,«) and let g(z) = / f(w)dw. This
0

implies g € S(p, q, o). We have

W fllm, =lve foelln,
=l fop +¥'gop — ' gog| |,

<ll(¥goe)'lu, + [l goel m,
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:HWSOﬂZJg”Sp + HW%WgHHp < Cng”S(p,q,a) + C2H9HS(p,q,o¢)

SC’HfHH(p,q,oz)7

where C1,Cy and C are constants. Hence W,y : H(p, q, ) = Hp, is bounded.
This together with Theorem 3.2 proves (3.4). O

Remark 3.4. From Remark 2.7 it follows that Theorem 3.1 and Theorem
3.3 holds for all @ > 1 without requiring the condition oo + — > 1.
b

4. Compactness of the weighted composition operator W, ;.
In this section we study the compactness of the operator W, : S(p, q,a) = Sp.
The following criterion for the compactness follows by standard arguments (see,
e.g., the proofs of the corresponding results in [8]). Hence we omit its proof.

1 1
Theorem 4.1. Suppose 1 < p < 00, 1 < g < 00 such that — + - < 1
p q

1
and 0 < o < 1 such that a + — > 1. Let v be an analytic self-map of D and

v € H(D). Suppose that W%wp: H(p,q,a) = Hy(Wyy @ S(p,q,00) = H,p) is
bounded. Then,W, : H(p,q,a) — Hy(Wyy @ S(p,q,) — H,) is compact if
and only if for any bounded sequence { fn}ro in H(p,q,a)(S(p,q,a)), such that
fn — 0 uniformly on any compact subset of D as n — oo, ||W 4 fullm, — 0.

1 1
Theorem 4.2. Suppose 1 < p <00, 1 < g < o0 such that —+ - <1 and
p q

1
0 < a <1 such that a+— > 1. Let ¢ be an analytic self-map of D and ¢ € H(D).

p
Suppose that W, : S(p,q, ) = H,, is bounded. Then,Wy, y : S(p,q, ) = Hp is
compact if and only if

(4.1) i [ W(Z)Jp

do = 0.
le(z)=1Jo (1 —|p(z)[?)opti=p

Proof. Suppose W, : S(p,q,a) — H) is compact. Then it is also
bounded. Suppose (4.1) does not hold. Then there is a sequence {zj}ren satis-
fying |p(2x)| — 1 as k — oo and § > 0 such that

o [ G )I”
(4.2) /0 = |go(zk)k?|)ap+1—1’d9 >0, keN,
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1— |w|?
Let gx(2) = fo(z,)(2), k € N where fy,(2) = (l(—wi)‘JﬂL)l/P € S(p,q,«). Clearly

klim gr = 0 uniformly on compact subsets of . Theorem 4.1 gives
—00

lim ||[W, =0.
Jim W9kl m,

On the other hand we have using (4.2)

21
-
0
Wewsnlly, = sup [ [Wongn(re®) 5]
ref0,1) JO ™

o |9 (2) [P df
> — > 05> 0.
- /0 (1 = [ (zp)[?)or =P 2m = =0

Conversely suppose W, , : S(p, ¢, «) = H,, is bounded and (4.1) holds. Then for
every € > 0, there exist r € (0,1) such that for r < |¢(z)| <1

(4.3) /0 7 ( [re)lP do < e.

L= [Py s

Let h(z) = 1. Then ||h|s(pqg,a) = 1. Boundedness of W,y : S(p,q, ) — Hyp

gives ||1||m, < co. Suppose {hi}ren is a sequence in S(p, ¢, ) bounded by say

M and converging to zero uniformly on compact subsets of D as k — oco. For

r < |p(z)| <1 we obtain

[(2)[P dg
2

— < MCe.
1= [p(z) ) ip2r ¢

2
(4.4) Wl < ||hk||€*(p,q,a)/0 (

For |p(2)| < r we have

¥ (2) P df
2

2
1% p P
(45) H %wthHp < ‘thS(p’q@)/O (1 _ ‘QD(Z)‘ )ozp—l—l—p o

2 d9
< Illm, /0 ()P

27
Hence (4.4) and (4.5) gives HW@,djth%p — 0 as k — oo. Hence the operator
must be compact. O
Below we mention a result on compactness of W, : H(p,q,a) — H,.
The proof is similar to the proof of the previous result and hence is omitted here.
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Theorem 4.3. Let 0 < p,q < o0 and o« > 0 . Let ¢ be an analytic
self-map of D and v € H(D). Suppose that W, : H(p,q, o) — Hp is bounded.
Then, W, - H(p,q, o) = Hy is compact if and only if

2
. l(2) [P
4.6 1 dd = 0.
(4.6) wéﬂ%l/o (1= Jp(z)[2)or+T

In the following result we give conditions for the operator
Wep : S0, q,00) = Sp
to be compact.
1 1
Theorem 4.4. Suppose 1 < p <00, 1 < q < o0 such that —+ - <1 and
p g

1
0 < a <1 such that a+— > 1. Let ¢ be an analytic self-map of D and ¢ € H(D).

p
Suppose that Wy = S(p,q, ) = Sy is bounded. Then, W, : S(p,q, ) = S is
compact if and only if

2 1Y (2)[P
4.7 lim df = 0.
(4.7) vy T () Pyt
and
2w / P
(4.8) lim (=)o ?'z) M

=100 (1= Jp(z)2)ertt™

Proof. Suppose W, : S(p,q, ) — Sy, is compact. Then it is bounded.
Let {2z }ren € D such that |p(2x)| — 1 as k — oo. Let fi(2) = foz,)(2),k € N
where f,, is as defined Theorem 4.2 and 3.1. Then || fx| s(p.g,a) < 00 and fr. — 0
uniformly on compact subsets of D as k — oo. Hence kli}rrolo [Wewfrlls, = 0. Since

o , 2 !
/ | () P " _/ lo(zr) Y (21)p (Zk)\pde < W filIE
o 0 '

= T (a) P17 (1~ [z [BorH!

therefore

2 / 2 /
e T ()b ()P
@)l | A eoper e ® = [ A Pyt
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Let gr(2) = gp(z)(2),k € N, where g, is as defined in Theorem 3.1. Then
9kl s(p,g,0) < 00 and klim gr = 0 on compact subsets of D. By Lemma 4.1 we

. %w .
have kli)nolo [We,wgklls, = 0. Since

o ! p
[ <

we have

dg =0

o [ e
10 e A e R

(4.9) and (4.10) proves the result. Conversely suppose W, : S(p,q, ) = S
is bounded and (4.7) and (4.8) holds. This implies W, : S(p,q,«) — H), and
Wy + H(p, q, ) = H,, are bounded and by Theorem 4.3 and Theorem 4.4 are
compact. It is now easy to show that W, 4 : S(p,q, ) — Sp is compact. O
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