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Abstract. In this note, we give a new proof of a refinement of the Gauss-
Lucas theorem given in [6]. The new proof uses a technique used to produce
and older refinement of the same theorem in [3]. It was observed that the
two refinements are complimentary to each other and we hope that this work
explains why this is so.

1. Introduction. Denote by C the complex plane and let C∗ := C ∪
{∞}. Consider the polynomial

p(z) := (z − z1)k1 · · · (z − zm)km , where

m∑
j=1

kj = n,(1.1)

with distinct zeros z1, . . . , zm having multiplicities k1, . . . , km, respectively. The
Gauss-Lucas theorem, see Theorem 2.1.1 in [5], states that the critical points of
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p(z) are in conv{z1, . . . , zm}, where conv stands for the convex hull of the given
points. Several refinements of the Gauss-Lucas theorem use the points

γj,k :=

{
(kjzk + (n− kj)zj)/n if j 6= k,
∞ if j = k,

defined for all j, k ∈ {1, . . . ,m}. Let Ω0
jk, for j 6= k, be the closed disk having

segment [γj,k, zk] as a diameter. The following result is Corollary 1 from [3].

Theorem 1 (Dimitrov). The non-trivial critical points of p(z) are in

m⋂
j=1

⋃
k 6=j

Ω0
jk

Specht, see [9, Satz 2, p.89], established the following.

Theorem 2 (Specht). All non-trivial critical points of p(z) are in

conv{γj,k : 1 ≤ j, k ≤ m, j 6= k}.(1.2)

Finally, the proof of the following lemma can be found in [4].

Lemma 3 (Krawtchouk). Let Mj be an open, convex, circular domain.
If zj ∈ clMj, but γj,k 6∈ Mj, for all k 6= j, then the non-trivial critical points of
p(z) are in Mc

j.

There are many domains Mj that satisfy the conditions of the lemma.
To describe the union of all such domains, we need some notation.

Consider three distinct points u, v1, v2 in C∗. Let arcu[v1, v2] be the arc
with endpoints v1, v2 and not containing u, from the unique circle (or line) defined
by u, v1, v2. A set U ⊂ C∗ is called convex with respect to u ∈ C∗ if for any
v1, v2 ∈ U , we have arcu[v1, v2] ⊂ U . The point u is called a pole of U . Define
convu{v1, . . . , vn} to be the smallest set, with respect to inclusion, containing
the points v1, . . . , vn and convex with respect to u. The classical convex sets are
convex with respect to ∞, that is conv{v1, . . . , vn} = conv∞{v1, . . . , vn}. It can
be shown that convu{v1, . . . , vn} is the intersection of all closed circular domains
that contain the points v1, . . . , vn and have u on their boundary, with point u
removed. Further, if T is a Möbius transformation, then

T (convu{v1, . . . , vn}) = convT (u){T (v1), . . . , T (vn)}.(1.3)

For more on polar convexity and its applications to zeros of polynomials,
see [1], [2], [7], and [8].

The following result is Theorem 5.1 in [6].
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Theorem 4. The non-trivial, critical points of p(z) are in

conv{z1, . . . , zm}
⋂ m⋂

j=1

convzj{γj,1, . . . , γj,m}.(1.4)

We need one final result. Given two polynomials

A(z) :=
n∑

j=0

(
n

j

)
ajz

j and B(z) :=
n∑

j=0

(
n

j

)
bjz

j ,

the composition of A and B is defined to be the polynomial

C(z) :=
n∑

j=0

(
n

j

)
ajbjz

j .

The Schur-Szegö’s composition theorem, see [5, p.109], gives a relation
between the zeros of C(z) and the zeros of A(z) and B(z).

Theorem 5 (Schur-Szegö’s composition theorem). Suppose all the zeros
of A(z) lie in the closed circular domain K. Then every zero γ of C(z) is of the
form

γ = −αβ, (α ∈ K, B(β) = 0).

If β1, . . . , βn are the zeros ofB(z), then the zeros of C(z) are in ∪nj=1(−βjK).
Theorems 1 and 4 are complementary results, meaning that neither is

stronger than the other. On the other hand, Theorem 4 is stronger than The-
orem 2, since the set (1.4) is contained in (1.2), see Proposition 5.1 in [6]. The
proof of Theorem 1 is a clever application of Schur-Szegö’s composition theorem.
While the proof of Theorem 4 shows that the union of all domainsMj that satisfy
the conditions of Lemma 3 is (convzj{γj,1, . . . , γj,m})c. The goal of this note is to
present a new proof of Theorem 4, following Dimitrov’s approach for Theorem 1.

2. A proof of Theorem 4 using Dimitrov’s appoach. Single
out a particular zero of p(z) and represent it as

p(z) = (z − zj)kj
n−kj∏
v=1

(z − ζv),(2.1)

with derivative

p′(z) = n(z − zj)kj−1
n−kj∏
v=1

(z − ξv).
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Lemma 2 in [3] gives a connection between the zeros and the critical points of
p(z): any integer v, such that 0 ≤ v ≤ n− kj , one has

σv(ξ1 − zj , . . . , ξn−kj − zj) =
n− v
n

σv(ζ1 − zj , . . . , ζn−kj − zj),(2.2)

where σv is the v-th elementary symmetric polynomial on n− kj variables, with
σ0 := 1. Consider the monic polynomial with zeros ζ1 − zj , . . . , ζn−kj − zj :

f(z) :=

n−kj∑
v=0

(−1)n−kj−vσn−kj−v(ζ1 − zj , . . . , ζn−kj − zj)z
v(2.3)

and let

g(z) :=

n−kj∑
v=0

kj + v

n

(
n− kj
v

)
zv = (z + 1)n−kj−1(z + kj/n),

where the last equality follows by directly calculating the coefficient of zv on the
right-hand side, see Lemma 1 in [3]. The composition of f(z) and g(z) is

h(z) :=

n−kj∑
v=0

(−1)n−kj−vσn−kj−v(ζ1 − zj , . . . , ζn−kj − zj)
kj + v

n
zv(2.4)

=

n−kj∑
v=0

(−1)n−kj−vσn−kj−v(ξ1 − zj , . . . , ξn−kj − zj)z
v,

where the last equality follows from(2.2). Let G be any closed circular domain
containing the zeros −1 and −kj/n of g(z). By Theorem 5, the zeros ξ1 −
zj , . . . , ξn−kj − zj of h(z) lie in

n−kj⋃
v=1

(zj − ζv)G.

So, the critical points of p(z), different from zj , lie in

zj +

n−kj⋃
v=1

(zj − ζv)G.

This is the key idea in the proof of Theorem 1.
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Now, instead of considering a closed circular domain G containing the
zeros of g(z), we consider a closed circular domain containing the zeros of f(z).
Let Ω be an unbounded closed circular domain containing ζ1 − zj , . . . , ζn−kj − zj ,
such that the origin is on the boundary of Ω. By Theorem 5, the points ξ1 −
zj , . . . , ξn−kj − zj lie in

Ω
⋃ kj

n
Ω =

kj
n

Ω.

In other words, ξ1, . . . , ξn−kj ∈ zj + kjΩ/n. The set conv0{ζ1 − zj , . . . , ζn−kj −
zj ,∞} is the intersection of all unbounded closed circular domains that contain
the points ζ1− zj , . . . , ζn−kj − zj and have the origin on their boundary, with the
origin removed from that intersection. One sees that the points ξ1−zj , . . . , ξn−kj−
zj lie in

kj
n

conv0{ζ1 − zj , . . . , ζn−kj − zj ,∞} = conv0

{kj
n

(ζ1 − zj), . . . ,
kj
n

(ζn−kj − zj),∞
}
.

Thus, using (1.3) the critical points ξ1, . . . , ξn−kj , different from zj , lie in

convzj

{
zj +

kj
n

(ζ1 − zj), . . . , zj +
kj
n

(ζn−kj − zj),∞
}

= convzj{γj,1, . . . , γj,m}.

Thus, the non-trivial critical points of p(z) lie in

m⋂
j=1

convzj{γj,1, . . . , γj,m}.

Combining with the Gauss-Lucas theorem, concludes the proof of Theorem 4. 2

Remark 6. Let Ω be a bounded closed circular domain containing ζ1 −
zj , . . . , ζn−kj − zj , and such that the origin is on the boundary of Ω. Then the
points ξ1 − zj , . . . , ξn−kj − zj are in Ω ∪ kjΩ/n = Ω and ξ1, . . . , ξn−kj ∈ zj + Ω.
Intersecting such domains does not lead to a further improvement of Theorem 4,
since

conv{z1, . . . , zm} = conv{ζ1, . . . , ζn−kj , zj} ⊂ zj + Ω.
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