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1. Introduction. The theory of polynomial identities (PI-theory) plays
a significant role in ring theory. Key questions in the qualitative approach to PI-
theory involve determining the polynomial identities of particular algebras and
studying the properties of the varieties that these algebras generate. Although the
most classical results in this area deal with polynomial identities for associative
algebras over fields of characteristic 0, in recent years, many results in PI-theory
have dealt with other classes of algebras, as well as other types of identities, but
there are still very many questions to answer.

The sophisticated theory developed by Kemer in [14] was a milestone in
the case of associative algebras over a field of characteristic 0. Kemer proved that,
for associative algebras in characteristic 0, every T-ideal is finitely generated as
a T-ideal, thus giving a positive answer to the long standing Specht problem.
On the other hand, if the base field is infinite but of positive characteristic, the
Specht problem can have a negative answer. The first examples for Lie algebras
were obtained by Vaughan-Lee [29, 30], in characteristic 2, and by Drensky [7],
for every characteristic p > 0. The first examples in the case of associative
algebras were obtained, much later, independently by Belov [3], Grishin [12], and
Shchigolev [24]. Consequently, we are led to inquire under what hypotheses or
conditions the Specht problem admits a positive solution.

One of the main tools used in Kemer’s theory was the study of Zy-graded
algebras, as a result, this kind of algebra has captured the attention of researchers,
developing new techniques for a deeper understanding and description of the
(graded) polynomial identities of a given (graded) algebra. In [1, 27], it was
proved that the Specht problem has positive answer for graded associative al-
gebras over fields of characteristic zero when the grading group is finite. We
want to highlight that Kemer’s theory, while powerful for associative algebras,
may encounter limitations when extended to non-associative contexts. Thus one
should impose certain restrictions on the classes of algebras when studying the
Specht problem for Lie or Jordan algebras. Therefore it is interesting to study the
Specht problem for concrete varieties of Lie and Jordan algebras. For example,
Krasilnikov showed in [19] that the variety of Lie algebras defined by UT, (F)(™),
the Lie algebra of n x n upper triangular matrices over a field F, satisfies the
Specht property when F is infinite of characteristic 0 or characteristic p greater
than or equal to n.

In 2017, Giambruno and Souza [8] proved that, over a field of characteris-
tic 0, the variety of graded Lie algebras generated by sls, the Lie algebra of 2 x 2
traceless matrices, has the Specht property when it is endowed by any grading.
In [17], Koshlukov and Yukihide found a finite basis for the graded identities of
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UT,(F )(_) when this algebras is endowed with the canonical grading by Z,, and
the field F is infinite. Consequently, in [20] it was proved the Specht property for
the graded identities of U Tn(IF‘)(_), endowed with the canonical grading, when
the basis field is infinite of characteristic 0 or characteristic p > n.

With respect to UT3(F)™), Yukihide [31] described its graded polynomial
identities for the elementary gradings when the characteristic of I is 0.

There are some works about graded identities for Jordan algebras graded
by finite abelian groups in characteristic zero. We can cite [16] and [4] where
the authors studied graded identities for UJs, the Jordan algebra of 2 x 2 upper
triangular matrices. In [5] was showed that the variety generated by U.J, has
the Specht property when it is graded by any finite abelian group. Moreover,
Koshlukov and Silva in [15] found the graded identities for Zo-gradings of the
Jordan algebra of symmetric matrices of order two, then in [26] was proved the
Specht property for the finite dimensional Jordan algebra of a non-degenerate
symmetric bilinear form graded by Zs, in characteristic 0. Morais and Souza
[21] showed that for any grading, the variety of graded commutative algebras
generated by (UT5, o) has the Specht property in characteristic 2.

Now we recall some of the recent results concerning group graded Lie
and Jordan algebras and their identities when the base field is finite. In [9], the
authors described the set of all polynomial identities for the Jordan algebra of
2 X 2 upper triangular matrices over an arbitrary field. Moreover, if the base field
is infinite, they proved the Specht property for these identities. Gongalves and
Salomao [10] studied the Zg-graded polynomial identities for the Jordan algebra
of 2 x 2 upper triangular matrices over an arbitrary field.

In [28] and [11], it was described the identities for the associative algebra
of upper triangular matrices over an arbitrary field. Recently, Morais et al.
[22], exhibited a finite basis of graded identities for the variety of Lie algebras
generated by the Lie algebra of 2 x 2 upper triangular matrices over a finite field
of characteristic 2 for any grading and show that it has the Specht property. We
want to highlight that this case for characteristic different from 2 was studied
in [23].

Following that direction, in this paper, we investigate the graded iden-
tities of the Lie algebra of 3 x 3 upper triangular matrices endowed with the
canonical grading over an arbitrary field and find linear basis for the correspond-
ing relatively free algebra when the characteristic is greater than 2. Finally, we
give a positive answer to the Specht Property for this graded algebra when the
base field is finite with characteristic different from 2. Our methods are combi-
natorial in nature, we treat the case of finite and of infinite base field separately,
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as the proofs in each case diverge significantly. Finally we employ the technique
of partially well-ordered sets [2] in order to deduce the Specht property.

2. Preliminaries. Throughout this paper, F is a field and all algebras
are over .

Let UTs = UT3(F) be the 3 x 3 upper triangular matrix algebra with
entries in . The usual matrix multiplication - in UT3 makes it an associative
algebra. Denote by U Té_) the vector space UT3 with the bracket product |, |
given by

[u,v] =u-v—v-u

where u,v € UT3. Then U T becomes a Lie algebra.
We recall that if (G, -) is a group and A is a Lie algebra with product [, |,
then a G-grading on A is a direct sum of subspaces

A= Ap such that [Ag, Ag] C Agy
0eG

for all 0,0 € G. If u € Ay, we write degzu = 6.
The G-gradings on UT?Ef) were described in [18]. Let e;; be the matrix

unit in UT. ?E_) whose (i, 7)th entry equals 1 and all remaining entries equal 0, and
let Z3 = {0, 1,2} be the usual cyclic group of order 3 with operation +. Observe

that UTKDE*) is a Zs-graded algebra by setting

2
UTé_) = @[UTé_)]m where [UTé_)]m = span{e;; | j —i =m}.

m=0

This grading is called canonical Zs-grading on U i,
Given an abelian group (G, -), for each 6 € G consider an infinite count-

able set Wy = {w? wf,...} and denote W = U Wy. Let L(W) be the free

0eG
G-graded Lie algebra, freely generated by W. We recall that £(W) is the free

Lie algebra, freely generated by W, endowed with the G-grading

LW) = PL)o

satisfying the following conditions:

(i) degg(w?) =6 foralli>1and d € G,
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(ii) If uw,v are monomials in £(W), then degq([u,v]) = (deggu) - (degg v).

A Tg-ideal of L(W) is a G-graded ideal of L(W) closed under all G-graded
endomorphisms of £(W). For a subset S C £(W), we denote by (S)7¢ the T-
ideal of £L(W') generated by S, that is the minimal Tiz-ideal of £(W) containing
S. If f € (S)1¢, we say that f is a consequence of the polynomials in S.

By using similar arguments as in [6, Proposition 4.2.3], we state the fol-
lowing proposition.

Proposition 2.1. Let F be a field of cardinality |F|. Given f € L(W)
and w € W, write

where f(i) s an homogeneous polynomial of degree i in w, that is deg,, f(i) = 1.
If dy < |F|, then
()T = (fO, f0), . fldTa

Proof. See [6, Proposition 4.2.3]. O

Let Flwy, ..., w,] be the free commutative associative algebra, freely gen-
erated by wi,...,w,. It is the usual commutative polynomial algebra in the
variables wi, ..., wy,.

The next result is a consequence of [6, Proposition 4.2.3].

Proposition 2.2. Let F be a field such that |F| > q. Given f € Flwy, ...,
wy|, write

q—1 q—1
f(w17°"7wn) = Z Z )‘(dl,“.,dn)wih”'winu
d1=0 dn=0
where (g, ...a,) € F. If f(a1,...,0n) =0 forallaa,...,an €F, then A\(q, ..4,) =
0 for every (di,...,dy).

We recall that a polynomial f (wfll, ... ,wen) € L(W) is a G-graded

in

polynomial identity for a G-graded Lie algebra A = @ Ay if
0eG

flug,...,uy) =0

for all u; € Ap; and j = 1,...,n. The set of all G-graded polynomial identities
of A is a T-ideal of L(W), denoted by Id(A).
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We will study the Zs-graded polynomial identities of U 77 when this

algebra has the canonical Zs-grading. For this, let

Y = {yl,yg,.. .}, X = {xl,xg,...} and Z = {21722,...}

be infinite countable sets of variables. We denote by £ = L(Y U X U Z) the free
Zs-graded Lie algebra, freely generated by Y U X U Z, where

degy, yi = 0, degy, x; =1 and degy, 2; = 2

for all i. We denote by Id(U T?E_)) the Zg-graded T-ideal of £ formed by all

Zs-graded polynomial identities of UT. 3(_) with the canonical Z3-grading.
If f1, fo,..., fn € L, we use the following convention for the commutators:

Lf1, fol = fife — foft and [f1,..., fa1, fal = [[f15- -, facal, fal-

3. Some graded polynomial identities for U T?,(_). In this sec-
tion, we will obtain some elements in Id(UT. 35_)) for an arbitrary field F. We
recall that UT. 35_) is endowed with the canonical Zs-grading.

Notation 3.1. Let I be the T7,-ideal of £L = L(Y UX U Z) generated by
the polynomials

(1) [ylayQ]u [581,222] and [21722]~
Define the equivalence relation = on L as follows: if f,g € £ then
f=gifandonlyif f+ 1T =g+ 1.

Lemma 3.2. I C Id(UT.™).
Proof. The proof consists of a straightforward computation O

Lemma 3.3. The following equivalences hold:

(2) [xlaylva] = [mlay%yl]a

(3) [21;y17y2] = [217y2,y1]-

Proof. By Jacobi identity, we have

[z1,y1,92] = —[y1,y2, 21] + [21, Y2, 1] = [21, Y2, ¥1]
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and
(21, y1,Y2) = —[y1, Y2, 21] + [21, Y2, v1] = [21, y2, 1]

as desired. O
As consequence of the previous lemma, we have the following result:

Lemma 3.4. Let S, be the symmetric group on {1,...,n} and consider
o€S,. Then
(4) [x1>y0(1)7""ya(n)] = [$17y17"'>yn]a
(5) [Zl)ya(l))"'aya'(n)] E[Zlvylv"'vyn]-

Notation 3.5. If f € L,y € Y and k£ > 1, we denote
[f?y(k)]:[f7y7y7"‘7y and [f?y(O)]:f‘
k factors

Regarding the notations above, the next polynomials will be used to de-
scribe the quotient vector space £/1.

Definition 3.6. Define the following polynomials

i k n
(a) f(kly...,kn)(xi’ Y1, .- >yn> = [xh ZA 1)7 ce 7y7(1k; )]7
i k n
(b) g(kl ,,,,, kn)(zia Yty oy yn) = [Zivyg 1)7 cee ,y'r(zk )]’
(c) fé%1 ''''' gcn)(aci,:z:j,yl, ey UYn) = [xi,ygkl), . ,yﬁlk”),a:j,ygll), . ,yg")],
Liiln

where 1 < i < j and ki, l; > 0 for all 1 <t <n.

For example,

f(527[)71) = f(52,071)($5’3/17y27 y3) = [1’57y§2), y§0)7 yi(ﬁl)] = [%5, y17y17y3]~

Proposition 3.7. Let M be the subset of L formed by all polynomials

Yi, f(ikl,,,,,kn): g7(;k17~~~7kn) and f(zil ,,,,, )
19,eln
where 1 <i<j,n>1and ke, Iy >0 for all 1 <t <n. Then the quotient vector
space L/I is spanned by the set of all elements h + I where h € M.
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Proof. Denote M = span{h+1I | h € M}. Let f be a monomial in L,
and < the following order on Y U X U Z:
T <Top< <z <2< <y <yp< -

Denote by u the smallest variable appearing in f. By [6, Exercise 4.3.8], f is a
linear combination of monomials

g = [U,Ul,...,’l)m]

where vy,..., v, EYUXUZ. If m=0,then g+ I € M. If m>1and g ¢ I,
we have four cases to study:

(1) w € Z. In this case, u = z; for some i and vy,...,v, € Y. If f =
f(zi,y1, ..., yn) and degyj f =kj >0, then Lemma 3.4 gives

g + I = gékl,-.-kn) —+ I c M

(2) ue X, deg,g=1and deg, g =0 for all z € X — {u}. In this case, u = z;
for some ¢ and vy,...,v,,, € Y. By Lemma 3.4,

g+1= f(ikl,...,kn) +IeM
for some k1,...,k, > 0.

(3) u e X, deg,g =1 and deg, g = 1 for some z € X — {u}. In this case,
u = z; and x = z; for some 7 < j, and vy,...,v,, €Y. By Lemma 3.4,

~~~~~

for some ky,...,kn,l1,...,01, > 0.
(4) v € X and deg,g = 2. In this case, u = z; = v for some i,t and
VlyeweyUt—1, Utsls---,Um € Y. By Lemma 3.4,

,,,,,

1,eln

g+I:fZ}i1 kn)+IeM
for some k1,...,kn,l1,...,01, > 0.

Therefore, f + I € M and the proof is complete. O
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Lemma 3.8. The following equivalence holds:

f(lkll ,,,,, km)([xlaym-‘rl]vylv"wym) = f(lkll ,,,,, km,l) - f(lkll ..... km,2)~

Proof. Denote h = f(l,cll )([ml,ym+1],y1, ...yYm). By Jacobi iden-

tity, we have
[a, b, [c,d]] = |a,b,c,d] — [a,b,d,].

By this and Lemma 3.4, we obtain

k l
h :[[xlamerl]ayg l)w"?yfsy]:m)’ [xlaym+1]7y§ 1)a" 7y7(7{Lm)]
k l
:[xlaym-‘rlvyg 1)7' . '7y7(7]§m)7x17ym+17y§ 1)7--~73/7(72m)]+
k l
- [mlvym+17y§ 1)7'” 7y§)§m)aym+1ax17y§ 1)5" ’y1(frl1,m)]
= lkl km,1 —flkl Em 2
o) Gl

as desired. O

Lemma 3.9. Let F be a field of charF # 2. If

ki=--=ky=1, km+1:"':km+n:0’

l1:"‘:lm:07lm+1:”':lm+n:1

and k1 + - -+ + kman 1S even, then

f(lkll ..... km+n)($1,yl7-~,?/m+n) +1

(H k;n+n)($17yla ooy Ymen) + 1

such that Ky + -+ ki <ki+ -+ kmin and ki + 1, =1 for all i.

Proof. The proof is by induction on ¢t where ky + --- + k,, = m = 2t.
By Jacobi identity,

(6) (21,91, y1, 21] = [71, 91, [Y1, 21]] + [21, 91, 71, 1] = [21, 91, 21, 91 ).

Consider the substitution y; — y1 + y2 in (6). Then by the linearization process,
we obtain

(21, Y1, Y2, 1] + [71, Y2, Y1, 71] = [21, Y1, 1, Y] + [T1, Y2, 21, Y1)
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By Lemma 3.4,

[z1, 91, y2, 1) = (1/2)[x1, y1, 21, y2) + (1/2) 21, y2, 21, 1)

Hence

7

1,1,
0,0,

0.0y = (1/2)f(loo.o) + 1/ S(dro. .0y

and the case t = 1 is proved.
Suppose the result is true for ¢ > 1 and write

11
f( e m+n Z akl l/ """ k;n«k’n) ’
1 /

.....

Whereak/,yelﬁ',k/:( .. k;n—i-n) I = (1,...,l;n+n) k’1+---+k;1+n<k1+

A+ kpn and kL + 1} = 1 for all . We have

|:f(1k11 ,,,,, km+n):| ([.’El, ym+n+1]7 Y1y -y ym+n)

1olmtn

= Z Q! 1 f(lkl’l ,,,,, Ko ([:1:17 ym+n+1]7 Yi, .- - 7ym+n)

By Lemma 3.8,
(7)
f(lkll ,,,,, ) f(lkll ..... i 2) = D awnfll oy T D awufll N
1 ( i m+:71) (l/l /m ”0)

U15eens lm4n»

Consider the substitution ¥min+1 = Ymtn+1 + Ymtnt+2 i (7). Then by the
linearization process, we obtain

11 11 11
f(kl ..... km+n,1,0) + f(];i ,,,,, km+n,0,1) - 2f(k1 ,,,,, Emtnsl, 1)

,,,,, i tn 1,0 zl,m,ernoo

11
= E 0978 l’ ’ ,,,,, K/ 10 + E 189 l’ ,,,,, R N E 2ak’,l’f KL k! 1,18
m ) ( 1 m+n
l n,1,0 "

,,,,,,,,,,,,

1
¢
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Now, consider the substitution in (8):

Ym+1 77 Ym+3s Ym+2 7 Ym+4s - - - Ym+n 77 Ym+n+2,
Ymtnt+l = Ym+1; Ymn+2 > Ym+2-
By applying Lemma 3.4 we finish the proof. O

Lemma 3.10. Let F be a field of charF # 2. If ky + -+ + ky, is even,
then

f(lkll ,,,,, km)(xhyl?"wym)—’_‘[
Im
is a linear combination of elements

f(lkl’l ,,,,, k’m)(wbylw")ym)"i']—
l/

(EREED

such that ki + -+ k), is odd, k) + -+ k), <ki+ -+ kp and ki +; = K + [;
for all i.

Proof. Let g=g(x1,y1,---,Yt, Yt+1,---,Yt+s) be the polynomial

t:k1++kma

g=1rf where s=hA A,
- K1,k ) J— _
(77 ztt;) 1==k=1 k1= =k4s=0,
1= =U=0, 1= =lys=1
By Lemma 3.9,
11 _
f(kl ,,,,, km)_g(xlayh'"7y17"'7ym7"'7ym7y17"'7y17"'7ym7'"7ym)
1500, Im N’ N e’ N—_——
k1 km l1 Im

is a linear combination, modulo I, of polynomials

flkl’ ,,,,, . (1,91, Ym)
P

such that k) +---+kl < ki+--+kyand k;+1; = ki +1, for all 5. If K} +---+k],
is even we repeat the same argument. The proof is done. O

Lemma 3.11. Let F be a field of charF # 2. Denote by H the subset of
L formed by all polynomials
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wheren > 1; 1> 1; 5 >4, ki, kn, by, ... 0n > 0; and k1 + -+ + Ky, is odd if
i = j. Then the vector space L/1 is spanned by the set of all elements h+ I where
heH.

Proof. This is a direct consequence of Proposition 3.7 and Lemma
3.10. O

Lemma 3.12. Let a;,aij,a ”,bgj) € F, and set k = (ki,...,kn) and | =

(I1,...,1n). The following sentences are true:
(a) If X1 = e12 and Y; = a;ess, then

f(lk)(XhYl’ Ce 7Yn) = <H afz) €19.

(b) If Zy = e13 and Y; = aess, then

oly(Z1Yh, Vo) = (H )

3

(c) If X1 = aize1a + agseas, Xo = alpe1a + ahseas and Y; = Zb( )6337
=1
then

F X Ko Vi ) = <a12a'23 [T05 — o)™ — alpas 04 - bé?)’ﬂ)
i=1

=1
. (stg : bg?w)

i=1
and also
f(lllcl) (X1, Y1,....Yn) = aizas (H (b3 — bi)* H(bég - bgg))ki>
i=1 =1
X (H(b:(;g) - bﬁ))li> €13.
i=1

Proof. The proof consists of a straightforward computation. O
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4. Id(UTg,(_)) when [ is infinite. In this section, we will describe

the T7,-ideal Id(UT:,f_)) when F is an infinite field. We recall that UT?E_) is
endowed with the canonical Zs-grading.

Lemma 4.1. Let F be an infinite field. Then the set of all elements

F2 o+ IAUT),
(o)

such that ki, ..., ko, l1,...,1,>0, is a linearly independent subset ofE/Id(UTé_)).
Proof. Suppose that

Zasf(kls ,,,,, kn,s)(xl,xg,yl,...,yn) = Id(UT?)(_)), as € F.

1] 50eslm,s

Given alQ,aég,bg;),bgg € IF, denote Y; = bg2)822 + bggegg, X1 = aige12 and Xy =
ahseas. By Lemma 3.12,

0= f(X1,X2,Y1,....Y,) =

s=1 izl

Therefore
Zas <a12a23 18 H bl ) =0
=1

for all aya, abg, b5y, ... b5 o) . bl

for every s. O

Lemma 4.2. Let F be an infinite field of charF # 2. Then the set of all
elements

€ F, and Proposition 2.2 gives ag = 0

such that k1+- - -+ky, is odd and k:l, coskn,lh, .. 1, >0, is a linearly independent
subset of E/Id(UTéf)).

Proof. Suppose that
f(xlaylw"ayn Zasf k1 s kn,s)(xlvyla"-vyn) GId(UT?E_)),
lls ,,,,, In,s

where a; € IF and k1 s+ - -+ Ky, s is odd for all s. We shall prove that oy = 0 for
all s.
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Given bg,bgg € I, denote Y; = b(l)egg + bg?egg. By Lemma 3.12, we
obtain

(9) 0= f( 2—|—€23,Y1,...,Yn)
=3 (({To2 - TT08 - ) T
s=1 =1 =1 =1

Let W = {wj(zj) |1 <i<n and 2 < j < 3} be a set of variables and consider
the commutative polynomial algebra F[W)]. For each 1 < s < m define the
polynomial

hs( (1) (n) (1) (n)

s(Wag ooy Woy s Wy s+ . Wag
_ <H(w§2))kz,s _ H(w:glg) (’)) ) H( (l))
i=1 i=1 i=1
and define .
1 n 1 n
h(w§2), e ,w§3)) = Z ashs(wéz), e ,wég)).
s=1
By (9),
1 n “ 1 n
(10) b5y, 058)) = 3 ashs(bsy, ... b55) = 0
s=1
for all bg-? eF
The monomial .
H(w(;))kl,s H(w( ))l1 s
i=1 =1
appears in hs(w%), ... ,wég)) with coefficient 2, and it appears in hy (w%), e

wi(g)) with coefficient 0 if
(kl,s’a R >kn,s/7 ll,s’a R 7ln,s/) < (kl,& v ak'n,sa ll,s; s 7ln,s)7

where < is the lexicographic order on N?". Without loss of generality, we can
suppose

(kl,s’a ceey kn,s’a ll,s’) ) ln,s’) < (kl,& ey kn,& ll,s; cee aln,s)



Graded polynomial identities for the Lie algebra . .. 505

if 1 <s' <s<m. Thus,

[TCws) o TTewss)
i=1 i=1
appears in h(w%), .. wég)) with coefficient 2a,,, and, by (10) and Proposition

2.2, we obtain a,, = O Now we can repeat the same argument with

1 n
h(wéQ),.. w33 Zas w22,.. w§3))

and, after some steps, we will obtain oz = 0 for all s. O

Theorem 4.3. IfF is an infinite field of charF # 2, then Id(UTgf_)) =1.
Moreove'r a basis for the quotient vector space L’/Id(UT(_)) s given by the set
= {h+Id(UT ) | h € H}, where H is defined as in Lemma 3.11.

Proof. By Lemma 3.2 we have I C Id(UT?E_)).

It follows from Lemma 3.11 that £/Id(U Té_)) = span H. We shall prove
that H is a linearly independent set. Let

f=> aphe IdUTS”), ay €F.
heH

Since [ is infinite, Proposition 2.1 says that every multihomogeneous component
of f belongs to Id(U T3(7)). Therefore, we may assume that f is multihomogeneous
and, without loss of generality,

(11) f=ay,

or

(12) f = af(llghn_,kn)(:l"lv Y1, --- 7yn)7
or

(13) f = ag(lkl’,,,7kn)(zl7y17' "7y’n)7
or

(14) Zaklf ik
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or

(15) f: Zak,lf(llill AAAAA ;cn)7

where o, ) €F, k= (ki,...,ky) and 1 = (I, ..., 1n).
Consider the cases (11), (12) and (13). Since f € Id(UT?E_)), we obtain

1
0= aeql, 0= af(kl,...,kn)(€127 €29, ...y 622) = (xé12 and

1
0=aggy, k)(€13,e33,...,e33) = ae.

Therefore, o = 0.
Now consider the cases (14) and (15). By Lemmas 4.1 and 4.2, we obtain
ag, = 0 for all k, 1.

Therefore, H is a basis for the vector space £/Id(UT. 3(_)). Moreover, by
1 C 1d(UTS™) and Lemma 3.11, we obtain I = Id(UT{ ). O

5. Id(UT?,(_)) when [ is finite. In this section, we will describe the

Ty,-ideal Id(UT. 35_)) when F is a finite field. We recall that U T?E_) is endowed
with the canonical Z3-grading.

Throughout this section, F is a finite field with ¢ elements. Since F—{0} is
a multiplicative group with ¢—1 elements, we have ¢~ = 1 for every a € F—{0},
and so

(16) al = « for every a € F.

Let F(W) be the free associative algebra, freely generated by W, over F.
If - is the product of F(W), denote by F(W)(™) the vector space F(W) with the
bracket product [, ] given by

fogl=f-9-9-f

for all f, g € F(W). We recall that £ is the Lie subalgebra of F(W)(~) generated
by W. If g € F(W) and n > 1, we write

9"=9-9-9-...-¢g
—_—
n factors

Lemma 5.1. Let F be a finite field with q elements. If f,g € L then
[£,9'9) = [, 9.
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Proof. See [25, Lemma 2.5]. O
Notation 5.2. Let I, be the T7,-ideal of £ generated by the polynomials

(A7) [y1,y2l, [r1,22], [21,22], [:r1,y§Q)] [1,71] and [21,y§‘”] [21,11]-

Lemma 5.3. Let F be a finite field with q elements. Then I C I, C
1d(UTS).

Proof. IfY; € (UT\ )y and X; € (UT ), then Lemma 5.1 and (16)
imply
20, Y] = X0, Y] = [, 73],
Thus [xl,ygq)] [z1,11] € Id(UTé_)) Analogously, [zl,y@] [21,y1] € Id(UT. 35 )
By these two identities, Notation 3.1 and Lemma 3.2, we obtain I C I, C
Id(UTgf )) as desired. O

Lemma 5.4. Let F be a finite field with q elements. Denote by H, the
subset of L formed by all polynomials

Yi, f(ikh_,,,kn)y gékl,...,kn) and fZ{l ,,,,, )

where n > 1; 4 > 1; j > 4; 0 < ki,....kn,l1,..., 01, < q— 1. Moreover, if
char[F # 2 and i = j, then ki + --- + ky, is odd. Then the vector space L/1, is
spanned by the set of all elements h 4 I, where h € H,.

(Q)]

Proof. Since [z, ygq)] —[z1,y1] € I and [21,y;"] — [z1, 1] € I; we have

21, v\ V) + Iy = [w1, 0] + Iy and [21,99] + I, = [21, 5] + I

Thus, if k; > q or Iy > g then

f(zklv wktyek ) + I - f(zklv"-vktf‘I‘i'ly'-'»kn) + Iq’

g(klv 7kt7 7 ) + I - g’éklr"'vktfq‘i'lv"':kn) + Iq7

fé?cl ..... Kgyerns kn) =+ Iq = fé?cl ..... kg—q+1,..., kn) + Iqu
ly

R P o G P lLiyenrln

féil ..... Egyerr, kn)+Iq = féfkl ,,,,, Egyeoorkin )+Iq-
1

Uoelgrnln 2 gL, lg—q+1,...,In

Now we can apply these four equalities several times and use Proposition 3.7 and
Lemma 3.11. The proof is complete. O
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Lemma 5.5. Let F be a finite field with q elements. Then the set of all
elements

f(lkl,...,kn) + Id(UTg(_)),

such that 0 < kyi,...,k, < qg—1, is a linearly independent subset of E/Id(UTgf*)).

Proof. Suppose that

m
f(l'layla s 7yn) = zajf(lkl’j“,wkn’j)(xl?y17 oo 7yn) € Id(UTi%(_))a
j=1

where o € F and 0 < k1 j,...,kp; < g — 1 for every j. We shall prove that
a; = 0 for every j. Given ay,...,a, € F, denote Y; = a;e22 and X; = ej2. By
Lemma 3.12,

m n
ki
0= f(Xl,YVl,...,Yn) = Zaj (Hal ’]) €12.
=1

j=1
Therefore
S, (H) ~0
j=1 i=1
for all ay,...,a, € F, and Proposition 2.2 gives a;; = 0 for every j. O

Lemma 5.6. Let F be a finite field with q elements. Then the set of all
elements
g(lkl,...,kn) + Id(UT?E_))v
such that 0 < ki,...,k, < q—1, is a linearly independent subset of [,/Id(UT:,f*)).

Proof. Suppose that

m
g(Zlv Ytiy-- ey yn) = Z ajg(lklyj,,,wkn’j)(zlv Yty .- 7yn) € Id(UT?y(_))v
7j=1

where a; € Fand 0 < Ky 4,...,ky; < g — 1 for every j. We shall prove that
aj = 0 for every j. Given aq,...,a, € I, denote Y; = a;e33 and Z; = ej3. By
Lemma 3.12,

m n
0= g(Zl,Yl,...,Yn) = E Q; (Hal ’J) €13.
j =1

Jj=1
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Therefore
m n
j=1 i=1
for all aq,...,a, € F, and Proposition 2.2 gives a;; = 0 for every j. O

Lemma 5.7. Let F be a finite field with q elements. Then the set of all
elements

FI2 o+ IAUTS)),
such that 0 < ky,... kp,l1,..., 0l < q—1, is a linearly independent subset of
L/1d(UTS).
Proof. The proof is similar to the proof of Lemma 4.1. O

Lemma 5.8. Let F be a finite field with q elements and charF £ 2. Then
the set of all elements

fll ,,,, +Id(UT( ))
(o)
such that k1 +---+ ky, is odd and 0 < kq, ..., kn,l1,..., ln <q—1, is a linearly

independent subset of E/Id(UTg(f)).
Proof. Suppose that

f(xlaylw"ayn Zasf(iqs ,,,,, kns)(xlvyla”'uyn)GId(Ung(i)))

l1,55-5ln,s

where a; € F and k15 +-- -+ Ky s is odd for all s. We shall prove that oy = 0 for
all s.
Without loss of generality, we can suppose

(kl,s’a sy kn,s’v ll,s’y SRR ln,s’) < (kl,.s’ ) kn,s’ ll,Sa s aln,s)

if 1 < <s<m, where < is the lexicographic order on N?".
Given bgg,bgg € F, denote Y; = b(l)€22 + bég)egg By Lemma 3.12, we
obtain

= f(e12 + €23, Y1,...,Yy)

éa«lﬁ[ e H(bgg_b )ﬁ )

=1 i=1 i=1
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and so w = 0, where
s w—zas((n e~ T1082 -8 ”>H )
i=1 i=1 i=1

Since (bgg)q = bgg we can write (18) as

(19) w—Zﬂde B (b5 (b)) - (b,

where B4 € F, d = (di,...,dn), e =(e1,...,e,) and 0 < dy, ..., dy,€1,...,ep <
g—1. Ifd = (kim,-- - knm) and € = (l1m, ..., lnm), then B4, = 2ay,. Since
w = 0 for all b(212), .. bég),b ), ..,bgg) € F, Proposition 2.2 gives 2a,, = 0 and
SO g = 0. In partlcular

m—1
f(xla Yiy-- -y yn) = Z asf(1’€11,s 77777 kn,s)(mh Yty .- 7y7’b) € Id(UTSE_))
—1 1 gsnln,s
and we can use the same argument to prove that o;,,—1 =0, ..., a3 =0. 0

Theorem 5.9. IfF is a finite field with q elements and charF # 2, then
Id(UT(f)) = I,. Moreover, a basis for the quotient vector space E/Id(UT(f))

is given by the set Hy = {h + Id(UT ) | h € Hy}, where Hy is defined as in
Lemma 5.4.

Proof. By Lemma 5.3 we have I, C Id(UTg(_)).

It follows from Lemma 5.4 that £/Id(UT: ?Ef)) = span H,. We shall prove
that H, is a linearly independent set. Let

=Y apheldUTy”), ay €F.
heH,

Since deg,, f <2 < ¢ and deg,, f <1 < g for every i, by Proposition 2.1
we can suppose, without loss of generality,

(20) f= oy,

or

(21) f = Z akf(lkl,,,_,kn)(xla Y1y -y yTI):
k
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or
(22) f = Z akg(lk17._,,kn)(zl’ Y1, .- ’yn)a
k
or
(23) f= Zak,lfégl ..... fny
] 1 oidn
or
(24) f= Zak,zf(lkll ,,,,, fny
" Hoiln

where o, ) €F, k= (k1,..., k) and [ = (I1, ..., 1p).
Consider the cases (20), (21) and (22). Since deg,, f < g — 1 for every 4,
by Proposition 2.1 we have

ak:f(lkhm’kn)(xh Yt .- 7yn)7 akg(lkh“"kn)(zla Yty - 7yn) € Id(UTg(i))

Thus
1
0=oaei, 0=onfy, (€12, €2, ..., e2)=arerz and

1
0= argk,, . k) (€13,€33, ., €33) = apers

imply a = a1, = 0.

Now consider the cases (23) and (24). By Lemmas 5.7 and 5.8, we obtain
ag, = 0 for all k,1.

Therefore, H, is a basis for the vector space £/Id(U T:,ff)). Moreover, by
I, € Id(UTS™) and Lemma 5.4, we obtain I, = Id(UT\ ). O

6. Specht Property for Id(UTé_)). From now on, F is a finite field

with ¢ elements. In this section, we will prove that I, = Id(UT?)(_)) satisfies the
Specht property when charF # 2, that is, every T7,-ideal containing I, is finitely
generated as a 17,-ideal.

One of the most important tools in this part will be the theory of par-
tially well ordered sets. Recall that a partially ordered set (P, <) is called a
partially well-ordered set if given an arbitrary nonempty subset () C P, there
exist q1,...,qn, € @ with the following property: if z € @, then ¢; < x for some
1<1<n.
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Partially well-ordered sets were first studied systematically from an alge-
braic point of view by Higman [13]. Later on the principal results from [13] have
been rediscovered several times by different authors.

Now, we state some know results about partially well-ordered sets. For
more details about the following results, we refer the reader to [2, Section 5.2].

Proposition 6.1. Let (P, <1) and (P2, <2) be partially well-ordered sets.
If P = Py x Py, define the relation < on P as follows: if p1,p| € P1 and pa,ph €
Py, then

(p1,p2) < (P1,p3) if and only if p1 <1 p] and pa <o ps.

Then (P, <) is a partially well-ordered set.

Proof. See [2, Corollary 5.11] O
Consider the usual order < on the non-negative integers Ny and let m > 1.
By Proposition 6.1,
6” =Ng x - xNp

m factors
is a partially well-ordered set with the order <,,, given by
(N1, nm) <m (0], ...,nl) if and only if n; < nj
for every i € {1,...,m}.

Proposition 6.2. Let D(N{") be the set of all finite sequences (ai, ..., ar)
such that a1, ...,a, € N and r > 1. Define the following order < on D(N™):
(a1,...,a;) = (b1,...,bs) if and only if there exists an injection ¥ : N — N such
that:

(1) v preserves the order, that is, if u < v then (u) < 1(v);
(i) P(r) <s;

(4ii) a; <m by for everyi € {1,...,r}.

Then (D(Ng'), =) is a partially well-ordered set.

Proof. It is a consequence of [2, Theorem 5.12]. O

For each commutator f = f(x1,y1,...,Yyn) = [xl,ygkl), . ,yg“")

sociate the following finite sequence of non-negative integers

|, we as-

(25) Vi=(kn,... kn).
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Lemma 6.3. Let F be a finite field with q elements. Let (D(Np), <)
be the partially well-ordered set from Proposition 6.2. Consider the following
commutators

f@,y1,. o yn) = [xl’ygkl), - "yy(lkn)]’

K/ /
g(xlayla cee 7ym) = [iﬂl,yi 1),, . "y’r(rlfm)]’

where 0 < ky,... kn, K ...k, <q—1. If V; <V, then g € (f)Tzs + 1.

Proof. Since Vy XV, there exists a subsequence (k;,...,k; ) of V,
such that k; < k;_ for all j € {1,...,n}. By Lemma 3.4, we have

k kn) (K —k K —kn)  (KG)) (K

g+Iq = [351,%(11)7---7%(“ )7y£11 1)7"'7y£nn )7yjljl 7"'ayjm]_n ]+Iq
K, —k K —kn)  (KS) K

= [f(xl,yil,...,yin)7y§11 1),...,y§n ),yjI“ ,...,yjmj_n |+ 1,

where {j1, ..., jm-n}t = {1,...,m} \ {i1,...,in}. Therefore g € (f)72s + I,. O

Lemma 6.4. Let F be a finite field with q elements. If A is a subset of
the set

{f(lkl,...,k:n) | k1,...,kn,n >0}
then there exist fi,..., f: € A such that

(A3 1T, = (f1,..., f)T8 + I,

Proof. Let (D(Np), =) be the partially well-ordered set from Proposi-
tion 6.2, and set Q = {V; | f € A}. Since Q C D(Np), there exist q1,...,q¢ € Q
with the following property: if x € @Q, then ¢; < x for some 1 < i <t. Let f; € A
such that Vy, = ¢;. By Lemma 6.3, we have

<A>T23 + Iq - <f17' . 'aft>TZ?’ + Iq

as desired. O

Lemma 6.5. Let F be a finite field with q elements. If B is a subset of
the set

{g(lkhm’kn) | kh . ,kn, n Z 0}

then there exist g1,...,g9: € B such that

(B)TZ?’ + Iq = <g1, . ,gt>TZ3 + Iq.
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Proof. It is similar to the proof of Lemma 6.4. O

For each f = [a:l,ygkl), . ,y,(f"),xg,yyl), ...,yU)], we associate the fol-
lowing finite sequence of elements in N3:
(26) Sr=((k1,11), -5 (kns1n))-

Proposition 6.6. Let I be a finite field with q elements. Let (D(N2), <)
be the partially well-ordered set from Proposition 6.2. Consider the following
commutators

k l
f(x17x27yla"° 7yn) = [95173/5 1)7"'7y7(7,kn)7$27y§ 1)5" . 7y1(l,ln)]7

k' / I /
9(551,552791,--- 7ym) - [xlayi 1)" '-»ng];m)7$2,y§ 1)"'° 7y£rle)]a

where 0 < ki, ... kn, b1,y ln, Koo K11 < g — 1. If Sy =Sy, then
g€ () +1,,

Proof. Since Sy < Sy, there exists a subsequence ((kj,, 1), ..., (kj .1 )
of Sy such that (k;,1;) <2 (k1) for every j € {1,...,n}. Therefore k; < ki,

and [; < l;j for every j € {1,...,n}. Then

= k kn, l In Ty,
f= f(x17552,yi17 T 7yin) = [xlvyi(ll)a s 7yi(n ),.Tg,yi(ll), s 7y7,(n )] S <f> .
ki —k K, —kn) (K} k5, .)
By making the substitution z1 — [xl,yil ! 1), ce EnZ" ), ](.1“), e jnj:"n‘” ]
on f,iwhere {1, s jm-n} =A{1,...,m}\ {i1,...,in}, we obtain a new polyno-
mial f € (f)7%. By Lemma 3.4,
-+ () (I, =) (15) )
oy, e, , j1j1""’yjyi—n |+ 1,=9g+1,
Therefore g € (f)%s + I,. O
Definition 6.7. Consider the following commutators
k l
f(331;$27y17 o 7yn) - [xlvyg 1)7 R 7yr(7,kn)7$27y§ 1)7 DR 7y'r(1ln)]7
K / 1 /
9(1717332:2/17 o :Z/n) = [:Ul?yg 1)7 B 7y£kn)7m27y§ 1)7 o 7y'r(1ln)]7
where 0 < ki, ... kn, byl Ky oo kL0 < g — 1. We write f <g g if

(a) either Z ki+1; < Z K+ 1
i=1 i=1
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(b) or Y kitli=> K+l and (k1 ... ko, ly, o) <o (Ky, . K0 0.
=1 =1

Here, <; is the lexicographic order on N(Q)”.

Remark 6.8. <, is a linear order on the set

{f(l,g1 ,,,,, kn)(ml,xg,yl,...,yn) U T S P A e §
when n is fixed.

Definition 6.9. Given a polynomial
m

f(fBl,ﬂfQ, Y1, 7Z/n) — Z alf<1131 FI kn’i)(x17$27y17 e 7yn)7 a4 € F7
i=1 ' '

we denote by p(f) its leading monomial with respect to <gp:

u(f) = maX{f(lfl?i ..... kn,i)(xl,wz,yh.-',yn) | 1<i<m and a; # 0}.

12

Lemma 6.10. If f(l,?1 ,,,,, n) <dl f(ki """ %), then we obtain the following
Hoeoln Vol

sentences:

(a) f(lgl ..... tn.0) <d fm1
I vln1

-------

U seenslgyens

Proof. The proof is straightforward. O
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Lemma 6.11. Let F be a finite field with q elements. Let (D(N2),=<)
be the partially well-ordered set from Proposition 6.2. Consider the following
polynomials

t
f(xl)x27y1) cee 7yn) = Zaif(llgll AAAAA kn’i)(x17x27y17 o 7yn)) Q; € ]F>
i=1 i

and p(h) = p(g).

Proof. We will use similar arguments as in the proof of Proposition
6.6. Denote

k 1
() = o™yl e, gy,

k1 ’ l /
/“L(g) = [$1,y§ 1)’,.. ’y$M)’$2’y§ 1),. --7y’r(7'l7,m)]'

Since Su(

£ = Sug) there exists a subsequence ((kj 1), ..., (K 1)) of S,y
such that k; < k]

and I; < [; for every j € {1,...,n}. Then

J

f=f@n20,9, . vi) € ().

Note that )
M(f) = ,U(f)(xl,xg,yil, v )yln)
K —k K, —kn) (¥ (k)

By making the substitution x; — [z1, g;i(l’1 1), . ,ygnl" ), ](.1“), e j7:1”n‘" ]
on f,iwhere {1,y jm-n} =A{1,...,m}\ {i1,...,in}, we obtain a new polyno-
mial f € (f)?%. Moreover,

- 7 (l'/L _ll) (l; _l") (l/ ) (l/.mfn) T

f:[fayill 7"'7yinn 7yj1ha""y_jﬂi,n ]€<f> %

By Lemma 3.4, there exists

hx1, 2,915 Ym) = Z%‘f(lkzgi AAAAA kg”,)(xbx%yly e Ym)
y l//
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such that
f+1,=h+1,

By Lemma 6.10, pu(h) = u(g). O

Proposition 6.12. Let F be a finite field with q elements. If J is a
T7,-ideal of L such that I, C J and

.....

Am:span{f(l,?1 bn) |0 <Fki,....kn,li,. .., 01, <q—1, n>0}NJ,

11,eln

then there exists a finite subset Ay of A such that A C <212)TZ3 + 1.
Proof. Consider the sets

M ={u(f)] f e A},

C" = {S,plf € A}

Since C'2 C D(N2), by Proposition 6.2 there exist fi,...,f; € A% such that
Su(f)s - -+ Su(f,) are minimal elements of C'2. By Proposition 6.6, we obtain

M2 C(u(fr), .. nlfe) % + 1.

Now, define the set N
A ={f1,..., fi}.

We shall prove that
~ \T
Al? - <A12> s + Iq.

Suppose that there exists f = f(x1,22,9y1,...,9n) € A% such that
~ \T
fé <A12> Z3 + I,. Define the sets

— \ Ty
AN = {g € A" | g =g(z1,22,y1,...,Yn) & <A12> ° + 1y},

M™ = {u(g) | g € A™}.

Note that M™ is a finite set and f € A"™. Without loss of generality, we can
assume

w(f) = min M.
<dl
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Since pu(f) € M2, there exists i € {1,...,t} such that Suty =2 Sup- By
Lemma 6.11, there exists

~ 17
he (fi)T +1,C <A12> C

such that p(h) = p(f). Without loss of generality, we can suppose the coefficients
of pu(h) and p(f) in h and f, respectively, equal to 1. If f = h — f # 0, then
fe A™ and u(f) <a p(f), contradiction. Therefore, f = h and we have again
a contradiction. We proved that

_\T
A2 C <A12> o + 1,

as desired. O

Theorem 6.13. Let F be a finite field with char F # 2. If J is a Ty, -ideal
of L such that Id(UT(_)) C J, then J is finitely generated as a Tz, -ideal.

Proof. Let I be a finite field with ¢ elements and let J be a T7,-ideal
of £ such that Id(UTgff)) = I, € J. By Theorem 5.9, we have

J = (S)%s + 1,

where S C spanH,.
Given f = f(x1,...,@r, 21,25, Y1y ---,Yn) € S, denote by W the set
W:{mlr"7xT7Z17-"7Z57y17'"7yn}-

Write

f=> fr

PCW

where fp is the sum of all monomials m from f such that:
deg,, m > 1 for every w € P, and deg,, m = 0 for every w ¢ P.

Given w € W, since
fQ0,...,0,w,0,...,0) = fr,
it follows that every fr,) € J. In particular,
fr= Z frped

PCW, |P|>2
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Given v, w € W, since

£10,...,0,0,0,...,0,0,0,...,0) = frouw),

it follows that every f(, ., lies in J. By induction on | P| we can prove that every
fp lies in J. Moreover,

(f(@1y. o @py 21,y 25 Y1y - - .,yn))TZB
= (F(iys ooy Tiny 2y vy Zias Ylps - - -1 YLy ) 125
Therefore, we can assume that S is formed by polynomials
f=f(®1, . @, 21, oy 25, YLy e o+ s Yn)
which are linear combination of monomials m € H, such that
deg,, m,...,deg, m,deg, m,... ,deg, m,deg, m,... ,deg, m > 1.
Consider the following sets:

gl — U {Zakf(lkl,‘..,kn)‘ 1<k, kp<qg-—1; o GIF} Nn.J;

n>0 k

Vl

U {Zakg(lkl,...,kn)| L<ki,....kn<q—1; o GF} nJ;
k

n>0

5171:U Za]@lfél}l ,,,,, kn)‘0§k17"'7kn7l17"'7lnSq_]‘; ak‘,le]F m‘]’
w0 | % 11, ln

51,2:U Zak,lf(l,; ,,,,, fn)|Ogkl,...,kn,ll,...,lngq—l; ap] EF 3 N

We also assume k; + [; > 1 in the definition of the sets S™! e 51’2, for every
1 =1,...n. Note that

J=(StuvtususH e 41, or

J= ()T + (ST UV uSsttu st T T,
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Consider

f= Zakf(lkl,...,kn)(xhyh o yn) € ST
k

9= Z akg(lkh...,kn)(‘zl? Yty .- >yn> S Vl.
k
Then by Lemma 2.2, we have that the polynomials

f(lkl,._,7kn)(xl) Yty .- )yn)a g(lk;l,m’kn)(zl) Yty .- )yn) € J;

for all k. Hence, we can assume that

St = U {f(lkl,...,kn)| L<ki,o...hbn<gq-— 1} nJ;
n>0

Vl = U {g(lkl,,._7kn)| 1 < k’l, .. .,k)n < q— 1} n.J.

n>0

Now, if f € S™! then

f(xlvyl"'wyn) :Zak‘,lf(lkll ,,,,, kn)> ALl €F7

ol 1yl
and

f<$1+3327y17---7yn)—f<37173/17-~-7yn)_f($27y17--~,yn):96J-

Note that

g+Iq:g($lax27yla"'7yn)+lq: E ,Bka(lEl ..... kn)+Iq
l
k,l 1

for some S, € F. Moreover,

(1/2)9($1,$1ay1, s 7yn) = f(xlayla v 7yn)

Thus,
TZ3
(f)\T2s 41, = <Z ﬁk,zf(lz?l ..... kn)> + 1

w1 e In

and we can assume S&! = (.
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Therefore
J = <Sl>TZ3 + <V1>TZ3 + <Sl,2>TZ3 +Iq or

T = () 4+ (1) + (V1) 2 4 (51T 4 1,

Using Lemmas 6.4, 6.5 and Proposition 6.12, there exist finite subsets 51, ‘71, 5”172
of S, V! and S12, respectively, such that

(M2 + 1, = (81)"% + I,

(VP 4 1, = (T35 + 1,
<Sl72>TZS + Iq — <§172>TZ3 + Iq'

It follows that N N N
J = (S1)12 4+ (V)12 4+ (S19)"% 41, or

J = (1) + (S1) ™5 + (V1) T2 + (S1 )T + I,

Since I, is finitely generated as a T7,-ideal, we conclude that J is also finitely
generated as a 17,-ideal. O
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