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1. Introduction. Let B/I" be a noncompact quotient of the complex
2-ball B = SU(2,1)/S(Uz x Uj) by a lattice I' < SU(2,1). Baily and Borel
show in [1] that there exist finitely many I'-orbits x;, 1 < j < h of the so
called I'-rational boundary points of B, such that the disjoint union Ig/\f‘ =
(B/T) H{nj |1 < j < h} is a projective variety. This is done by establishing
the existence of finitely many I'-modular forms of sufficiently large weight, which
induce a regular embedding of B/I" in a finite dimensional complex projective
space. There arises the problem of construction of explicit I'-modular forms/gf
comparatively small weight, which provide a regular projective embedding of B/T’
of comparatiﬁebf small co-dimension. The present note obtains two such embed-
dings ®; : B/T; — P5(C) by modular forms of weight three, for Baily-Borel
compactifications IBT/E, 1 < ¢ < 2, having smooth toroidal compactifications
(B/T;)’ and minimal Haar measure. The explicit constructions of ®; are given in
terms of some Weierstrass functions, after several applications of the theory of
group invariants of complex analytic and rational functions. By their very defi-
nition, the I'-modular forms can be interpreted as I'-invariant tensor products of
holomorphic differential forms. Namely, a holomorphic function ¢ : B — C is a
I-modular form of weight n € N exactly when ¢(2) (dz; A dz)®" is a T-invariant

®n
holomorphic section of Q%’O — B, where Q%’O — B is the line bundle of the

holomorphic (2, 0)-forms on the ball B. The I'-modular forms are very difficult to
be constructed explicitly. In order to overcome this disadvantage, Holzapfel’s [12]
int@ﬂuces ”a transfer” of appropriate rational functions on a birational model Y
of B/I" to I''modular forms. On an abelian surface Y = A, one can construct ex-
plicit quotients of Weierstrass sigma-functions, corresponding to I'-modular forms
of fixed weight. Let A/H be a quotient of an abelian surface A by a finite group
H of holomorphic automorphisms, which acts on B/T" and induces a permutation
of the cusps kj, 1 < j < h. Then there is a latice 'y < SU(2, 1), containing I'
as a normal subgroup with quotient I'yy /T = H, such that B/I'y is birational
to A/H. The rational functions on A/H are exactly the H-invariant rational
functions on A. This is the second place of the construction, exploiting invariants
of group actions. The Baily-Borel compactifications m, 1 <4 <2, studied by
the present article are birational to a bi-elliptic surface Y3 = E x F/Zs, which
is a quotient of the Cartesian square £ X E of an elliptic curves E by a cyclic
group of order 3. The Zs-Galois covering 7 : E x E — E x E/Z3 = Y3 induces
an isomorphism 7* : C(Y3) — C(E x E)%* of the field C(Y3) of the rational
functions on Y3 with the field C(E x E)% of the Zz-invariant rational functions
on F x E. By the means of the Weierstrass sigma-function, we construct such
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explicit eq, fio, fi1, fio € C(E x E)% = 7*(C(Y3)), 1 < i < 2, which correspond
to I';-modular forms wy, w;g, w;1, w2 of weight 3. Combining with the transfer
03(1) of the constant 1 € C(Y3) and with a standard non-cuspidal modular form
w([)g} of weight 3, whose existence is established in [15], the article obtains regular
projective embeddings
o, = [03(1) TWo W0 L Wil Wi :w([)?’]} :B/T;, — IP’5(C)
of codimension 3 by I';-modular forms of weight 3.
In [12] Holzapfel constructs a ball quotient B/ F(\G)_ﬁ with 6 cusps, which
is birational to the abelian surface A —7 := (C/Z+7v-1) x (C/Z+7ZvV-1).
YR ) (©)
—1

=,

modular forms of weight 3, subject to explicit relations. Projective embeddings

The same work provides a regular embedding B/ Piﬁ)ﬁ — P?(C) by explicit T

of co-abelian Bf/\f‘ by I'-modular forms of weight 1 or 2 are obtained in the joint
article [17] with Kotzev and in [16]. The modular forms of weight 1 for all Galois

quotients of a specific Holzapfel’s example B/ FE% with 8 cusps and minimal

model A 7 are described in [14]. For smooth toroidal compactifications (B/ ry
with bi-elliptic minimal model, the study of the I'-modular forms is initiated by
[15] and continues in the present note.

Here is a synopsis of the article. The next, second section provides some
preliminaries on Holzapfel’s transfer of rational functions on a minimal model Y of
a smooth toroidal compactification X = (B/I')’ to I'-modular forms. It explains
the reduction of the study of a smooth X = (B/T')" with a bi-elliptic minimal
model Yy ; = Fy X Ey/Gg; to the description of its G4 ¢-Galois cover Xy = (B/T')’
with abelian minimal models F7 x Ey, as well as the realization of the I'-modular
forms by Gg-invariant rational functions on the abelian surface Ey x Ep. The
preliminaries formulate a sufficient condition from [15], under which I'-modular
forms, corresponding to G -invariant abelian functions on E; x Ep, determine
a regular projective embedding of the Baily-Borel compactification. A special
attention is paid to Di Cerbo and Stover’s classification of the smooth toroidal
compactifications X = (B/T")" with minimal Haar measure, provided by [4]. Let

2

O /=5 =2+ Zw with w := eﬁTﬁ be the ring of the Eisenstein integers and F =
(C,+)/(A,+) be the elliptic curve with lattice A = O ,—3. Section 3 constructs
explicit Gs-invariant abelian functions eg, f;0, fi1, fio on E x E, associated with
I';-modular forms W0, Win, Wil Wi2 of weight 3. The fourth section obtains regular
embeddings ®; : B/T; — P°(C), 1 < i < 2, after appending to wy,wjo, wi1, Wiz
some standard modular forms, whose existence is established in [15]. According
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to a result of [15], it suffices to show that the generic fibres of the Gs-invariant
rational map f; = (eo, fio, fi1, fiz) : E X E — fi(E x E) C IPI((C)4 consist of a
single G3-orbit, in order to derive the injectiveness of ®;. First, we show that the
generic fibre of Q1 = (f11, f12) : Ex E — Q1 (E x E) is of the form Q' (x3,24) =
Orbg, ((u 4+ A) x E) for (z3,24) € Q(E x E) ¢ PY(C)?, uw + A € E, while
the generic fibre of Qy = (fa1,f22) : E X E — Qo(E X E) is 92_1(1’3,.’]}4) =
Orbg, (E x (v+ A)) for (z3,24) € Q(E x E) € PY(C)?, v+ A € E. Then the
Gs-invariant rational maps Y; = (e, fio) : E x E — Yi(E x E) C P}C)?
are proved to have injective restrictions Yi|(,4a)xk, respectively, Ta|gx(v4a)-
That suffices for a generic fibre f; (z1,...,24) = Y;  (z1,22) N Q; (23, 74) =
Orbg, (p(x1, ..., x4)) of f; to constitute a single G3-orbit of a point p(z1,...,z4) €
ExFE.

2. Preliminaries for modular forms on ball quotients, bira-
tional to a bi-elliptic surface. The present section collects some prelimi-
naries for modular forms of a lattice I' < SU(2,1), with a special emphasis on
the case when B/I' is birational to a bi-elliptic surface. Let X = (B/I') be
a smooth toroidal compactification with minimal model Y. The first subsection
recalls Holzapfel’s transfer of rational functions on Y to I'-modular forms, intro-
duced in [12]. Making use of some results from the joint article [3] with Beshkov
and Sankaran, the second subsection describes how the study of smooth toroidal
compactifications X = (B/T")’ with bi-elliptic minimal model Yir = E1 x Ey/Gay
reduces to the study of their unramified Gg;-Galois covers X, = (B/I,)" with
abelian minimal model E; X Ey, which is a direct product of mutually isogeneous
elliptic curves F1, Ey. As a result, one can construct explicit I'-modular forms by
the means of explicit Gg-invariant rational functions on Eq x Ejy, as explained
in the third subsection. The same subsection recalls a result of [15], providing a
sufficient condition for G4 -invariant abelian functions on Eq x Eq to induce a reg-

ular projective embedding of Ig/\F by I'-modular forms of one and a same weight.
The final, fourth subsection recalls the main result of Di Cerbo and Stover’s [4],
classifying the ball quotients B/I" with smooth toroidal compactification (B/T")
and minimal Haar measure.

2.1. Holzapfel’s transfer of rational functions to modular forms.
Let B = {[to . tl : tQ] € ]P)2((C) ‘ ’t0|2 - |t1|2 - |t2|2 > O} = SU(2, 1)/S(U2 X Ul) be
the complex 2-ball and I" be a lattice of SU(2, 1) with noncompact quotient B/T".
A boundary point p € JB is I'-rational if the unipotent radical of the stabilizer
Stabsy(e,1)(p) of p in SU(2,1) intersects T' in its lattice. The set drB of the I'-
rational boundary points is acted by I'" with finitely many orbits, called I'-cusps.
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According to Baily-Borel’s [1], the disjoint union IBT/\F = (B/T) H (OrB/T') of
B/T with the set OrB/T" = {x; |1 < j < h} of the I'-cusps is a normal projective
variety. This is a consequence of the existence of finitely many I'-modular forms

of sufficiently large weight, providing a regular embedding B/I' — PN (C) for
some N € N. Any v € I' < SU(2,1) < GL(3,C) is a holomorphic map

v:B—B={z=(21,2) € C?||z1|* + |2|? < 1} c C?,

which can be viewed as an ordered pair v = (71,72) of holomorphic functions
vi : B — C. Let Jac(y) € Max2(C) be the Jacobian matrix of v = (71,72) with
respect to (z1,22) € B. A global holomorphic function ¢ : B — C is a I'-modular
form of weight n € N if

@(z1, 22)

Y (P) (21, 22) = B(V(21, 22)) = [det Jac(y)]"

for all v € I" and all (21, 22) € B. If Op is the sheaf of the holomorphic functions
on B and QIQB’O is the sheaf of the holomorphic (2,0)-forms then for any n € N
there is a C-linear embedding

G HY (B, Og) —s H° (133, (QQO)@”) ,

Jn (6(2)) := ¢(2) (dz1 Ad22)®", Vo € H® (B, Os)
of the corresponding global sections. A function ¢ € H® (B, Op) is a I-modular

r
XN
form of weight n exactly when j,(¢) € H° (IB%, (Qé’0> > is a ['-invariant holo-
Xn
morphic section of (Q%’O) — B and can be viewed as a global holomorphic

® n
section j,(¢) € H° <IB%/F, (Q%’?J > of (912537/()1“) — B/T". The set M,,(I") of the

I-modular forms of weight n is a finite dimensional C-vector space with respect
to the pointwise addition and multiplication by a complex number. Identifying
M, (T') with jn, (M, (), one can view the Imodular forms as tensor powers
of holomorphic differential (2,0)-forms on (the possibly singular) ball quotient
B/I'. Any jn(¢) with ¢ € M, (') extends over the cusps OrB/I' and determines

a global holomorphic section j,(¢) : IBT/\F — <Q2’0

®n
B /F> over the Baily-Borel com-

pactification. The resolution p : (B/T") — @/\F of the cuspidal singularities &,
1 < j < h of B/T by smooth irreducible elliptic curves D; results in the toroidal
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h

compactification (B/T)". Let D = ZDj be the toroidal compactifying divisor
j=1

of B/I'. In [6] Hemperly observes that if X = (B/I") is a smooth surface then

— ®n
p pulls back isomorphically j, (M, (T)) = H° (IB% /T, (QIQB’/OF) > to the C-vector

space H° (X ) Q%go (D)®") of the global holomorphic sections of the n-th tensor

power of the logarithmic canonical bundle Q%&O(D) = Q%&O ® Ox (D) — X. From
now on, we assume that the toroidal compactification X = (B/T")" is smooth and
denote by Kx its canonical divisor. Let

Lx(n(Kx+D)):={feCX)"|(f)+n(Kx+D)>0}u{0}

be the C-vector space of the rational functions f : X — P!(C), whose divisors
translate n(K x + D) to an effective one. An arbitrary global meromorphic section
o of the line bundle Q%&O (D) — X provides a C-linear isomorphism

o®": Ly (n(Kx + D)) —s H° (X, Q?;](D)@") .

The blow down Bl : X = (B/T')" — Y of the smooth irreducible rational (—1)-

curves on X yields a minimal surface Y. The map Bl is birational and induces

an isomorphism Bl* : C(Y) — C(X) of the corresponding (infinite dimensional)
h

C-algebras of rational functions. Let C' = Z C; with C; := Bl(D;) be the image
j=1

h
of the toroidal compactifying divisor D = Z Dj on Y. Any smooth irreducible
j=1

h
rational (—1)-curve L; on X = (B/I')’ = (B/I) HD intersects D = HDj in
j=1
at least 3 points, due to the Kobayashi hyperbolicity of B/T". That is why, the
S

exceptional divisor L = Z L;, L; ~ PY(C) of Bl maps onto the singular locus
i=1

BI(L) = C®"® of C. An arbitrary point p € Y is associated with a uniquely

determined multiplicity homomorphism

my : (Div(Y),+) — (Z,+)

of the divisor group (Div(Y'), +), which takes value m,(F') = 1 on the irreduicble
curves F' C Y thought p and value m,(F) = 0 for p ¢ F. Bearing in mind that
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the canonical divisors of X and Y are related by the equality Kx = BI*(Ky )+ L,
Holzapfel introduces the subspace

Ly (n(Ky + C),nC*"8)
= {f € C(Y) |(f) +n(Ky + C) =0, my(f) +n >0, ¥p € C>¢} U{0}

of Ly (n(Ky +C)) and observes that Bl : X — Y induces a C-linear isomorphism
Bl*: Ly (n(Ky + C),nC""8) — Lx(n(Kx + D)).

In [12] Holzapfel refers to the composition

as to the transfer of rational functions on Y to I''modular forms of weight n.

A modular form ¢ € M,(I') is cuspidal if it vanishes at all the cusps
kj € OrB/I', 1 < j < h. Denote by M (') := {¢ € M,(I")|¢(k;) = 0,1 <
j < h} the subspace of the cuspidal I-modular forms of weight n and note that
f € Ly (n(Ky + C'),nCsmg) transfers to a cuspidal I'-modular form 6, (f) =
(p*) L o®"BI*(f) € jn(MS(D)) if and only if the global holomorphic section
0 0, (f) = o®"BI*(f) of Q%&O(D)@m — X vanishes along D; = p~'(x;) for all
1 < j < h. The global meromorphic section o of Q%&O(D) — X has divisor
(0) = Kx + D, so that the coefficients of D;, 1 < j < h in the divisor

(0"0n(f)) = (¢*"BI*(f)) = n(o) + (BI'(f)) = n(Kx + D) + (BI'(f)) € X

of p*0,(f) are positive exactly when the rational function BI*(f) : X — P!(C)

h
has a pole of order < n — 1 along ZD]- = D. Due to BI(D;) = Cj, 1 <
j=1
j < h, this is equivalent to (f) + nKy + (n — 1)C > 0 and the subspace
Ly (nKy + (n —1)C,nC*") of Ly (n(Ky + C),nC®"#) transfers isomorphical-
ly onto the cuspidal modular forms,

On (Ly (nKy + (n—1)C, nCSing)) = jn (M°(I)).



450 A. Kasparian

2.2. Ball quotients, birational to bi-elliptic surfaces and their
co-abelian liftings. A minimal smooth projective surface Y of Kodaira dimen-
sion k(Y) = 0 is bi-elliptic if the second homology group Hy(Y,Z) of Y is of rank
rkzHo(Y,7Z) = 0. The term is due to the presence of two fibrations by elliptic
curves Y — Ry, Y — P}(C) for such surfaces with bases of genus g(R;) = 1,
respectively, g(P'(C)) = 0. Let E = (C,+)/(A,+) with (A, +) ~ (Z* +) be an
elliptic curve and up + A € E be a point of E. Denote by T (ug + A) : E — E,
T(uo+A)(u+A) =uy+u+ A, Yu+ A € E the translation by ug + A on E.
Bagnera and de Franchis’s article [2] from 1907 shows that any bi-elliptic surface
is a quotient Yy, = Ey x Ey/Gq, of a direct product Eq x Ey of elliptic curves
E;=(C,+)/(Aj,+), (Aj,+) ~ (ZQ7+), 0 < j <1 by a fixed point free group
Gt = (9a) % (1), generated by

ga=(T(aa+M),e™ ) and 7= (T(b+ A1), T(cr + Ao))

of order ord7 (aq+ A1) = d € {2,3,4,6}, respectively, ordT (b; + A1) = ordT (c; +
2my/—1

Ao) =t € {1,2,3}. Moreover, e & (c;+Ao) = c;+ANo, (ag+A1)N{bi+A1) = {A1}
and the group Gq; ~ (Zgq % Z,+) is isomorphic to some of the additive groups

Ly, Ly X Lo, 13, L3 x1L3, Ls, Ly X Lo, ZLg.

Let Bl: X = (B/T) be the blow down of the smooth irreducible rational
(—1)-curves on a smooth toroidal compactification X to a minimal surface Y and
m: Yy — Y be a finite unramified covering. Corollary 5 from the joint article [3]
with Beshkov and Sankaran establishes that the fibered product Xy := X Xy Yy
is a smooth toroidal compactification Xy = (B/I'¢)" with minimal model Yy and
an unramified covering ¢ : Xg — X of degree deg(¢) = deg(w). For a bi-elliptic
surface Yy, = Ey X Eg/Ggy, this result applies to the unramified Gg-Galois
covering 7 : By x Ey — Yy, = E1 x Ey/Gq; and provides the following

Corollary 1 (Corollary 5 [3]). Let Bl : X = (B/T')" — Y, be the blow
down of the smooth irreducible rational (—1)-curves on a smooth toroidal com-
pactification X = (B/T) to a bi-elliptic surface Yaqu, D := X \ (B/T) be the
toroidal compactifying divisor of B/I', m: E1 x Ey — Y4 = E1 X Eg/Ggy be the
canonical unramified Ggt-Galois covering of Y and Xo = X xy,, (E1 X Ep) :=
{(z,e1,e0) € X x (E1 X Ey) |Bl(z) = mw(e1,e0)} be the fibered product of X and
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Eq x Ey over Ygy, defined along the commutative diagram

XO&EEXEO

Pry m

X Bl Yau

for the canonical projections Pri : X x (E1 X Ey) — X, Prg : X x (Ey x Ep) —
El X Eo. Then:

(i) there is a normal subgroup I'y of I' with quotient group I' /Ty = Gay,
such that Xo = (B/Tg)" is the smooth toroidal compactification of B/T;

(it) ¢ == Pr1 : Xo = X is an unramified Gq4-Galois covering, which
restricts to unramified Gq4-Galois coverings ¢ : B/Tg — B/I', ¢ : T — D of
the ball quotients and of the toroidal compactifying divisors T := Xy \ (B/Ty),
respectively, D := X \ (B/T);

(7i1) the smooth irreducible rational (—1)-curves L = H L; of X pull back
i=1

to the smooth irreducible rational (—1)-curves (L) = Hg‘*l(l}i), L) =
i=1

dt
HLU on Xo and Bly := Pry : Xg = (B/To) — Ey x Ey is the blow down of
j=1
¢HL);

(iv) B := Blo(T) and C := BI(D) are related by an unramified G-
Galois covering m : B — C, which restricts to an unramified Gg¢-Galois covering
72 BS& — CS8 of their singular loci; -

(v) the contractions py : Xo = (B/Tg) — B/Tq, respectively, p : X =
(B/T) — ]B?/\F of the smooth elliptic ireducible components of T, respectively, D
to the cusps provide a commutative diagram

B/To ~—— (B/To)

p

B/T (B/T)
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where Z is a Gg¢-Galois covering, whose branch locus is contained in the I'-cusps
orB/T.

2.3. Realization of co-bi-elliptic modular forms by invariant abel-
ian functions. In the notations from Corollary 1 and Subsection 2.1, Holzapfel’s
formula (4) from [11] asserts that for any n € N there is a C-linear isomorphism

0 Gt (5T () ) - (5T () )

of the I''modular forms of weight n with the Gy -invariant I'g-modular forms
of the same weight. The article [15] announces briefly that this isomorphism is
compatible with the corresponding transfers and induces a C-linear isomorphism

T ‘CYd,t (n (KYd,t + C) anCSing) — LE, xE, (TLB, nBSing)Gd’t .

Towards a more detailed explanation, let us observe that (2) and the commutative
diagram (1) induce a commutative diagram

Gd t *
— Xn s P, Gd,t
HO (B/Fm (“22r,) > = HO (X0, Q30(T)°")

(3) & ¢t

G

of C-linear isomorphisms. The abelian surface E; x Ey has trivial canonical divi-
sor, so that the canonical divisor Ky, = ("'(L) of Xy = (B/Ty)" coincides with
the exceptional divisor (7!(L) of Bly : X9 — E; x Ey. An arbitrary meromor-
phic section o of the logarithmic canonical bundle Q%éO(D) — X pulls back to a
G4 -invariant meromorphic section ¢*(o) = o( of Q%&g(T ) — Xo and there arises
a commutative diagram

(a0)®" Gy,
Lx, (n (Kx, +T) % == HO (X0, 32(T)"") ™
(4) ¢ ¢

o®n

ﬁx(n(KX + D))

H (X,93°(D)"")
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of C-linear isomorphisms. Finally, the C-algebra isomorphisms Bl* : C(Y) —
C(X), Bl : C(E1 x Eg) — C(Xp) fit into a commutative diagram

sing G Blo R G
»CE1><E0 (’I’LB,TLB ) ﬁXo (n(KXO—i—T))

(5) L ¢

Ly, (n (Ky,, +C) ,nC™"e) PRy (n(Kx + D))

of C-linear isomorphisms. The above considerations imply the following

Corollary 2. Let Bl : X = (B/T)" — Yy be the blow down of the
smooth irreducible rational (—1)-curves on a smooth toroidal compactification
X with toroidal compactifying divisor D := X \ (B/I") to a bi-elliptic surface
Yd,t = E1 X E[)/Gd,t and Blo : X() =X Xyd’t (E1 X E()) = (B/Fo)/ — E1 X EO be
the blow down of the smooth irreducible rational (—1)-curves on the lifting Xo of
X to a smooth toroidal compactification with toroidal compactifying divisor T :=
Xo\(B/To) and abelian minimal model Ey x Ey. Denote by B := Bly(T') C E1x Ey,
respectively, C := BI(D) C Yy the images of the toroidal compactifying divisors
on the corresponding minimal models and put E: IB%//FO — M for the Gq¢-Galois
covering of the Baily-Borel compactifications, induced by m : By X Ey — Yy, =
Ey\ X Ey/Gqy then for any n € N there is a commutative diagram

5 G
3 en o~ QN d,t
L xp, (nB,nB"E) 4t 1w p0 (]B% /To. (%fr,) )

(6) * Z*
Ly (0 (g, +€)oneee) e 0 (BT (05,) )

of C-linear isomorphisms, relating the transfers 6,, gn to the pull back 7" of
rational functions and to the pull back (* of modular forms.

Proof. By their very definition, the transfers are the compositions 6, :=
(p*) " o®"BI¥, respectively, 0, := (p5) " (0¢)®" BI. The application of the co-
mutativity of (5) yields 6,7* = (p§) " (¢¢Q)®" Bln* = (p2) " (6¢)®"¢*BI*. Then
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the commutativity of (4) implies that 0,1 = (pf) "L ¢(*o®"BI*. The comutativity
of (3) reads as py¢* = ("p*. The left multiplication by (p}"])*l and the right mul-
tiplication by (p*)~! provide the equalities ¢* (p*) ™! = (pf) ! (pSE*) ()t =
(05) " (CP) (p)F = (pf) 7" ¢*, whereas 8,7 = (" (p*) "' ¢®"BI* = (*0,, which
establishes the commutativity of (6). O

In [15] the G4 -action on Lk, xk, (nB,nBSing) was mistaken, asserting
that it is the product of the usual pull back with the multiplication by the (—n)-
th power of the linear part of the corresponding element of Gg;. In fact, it is
the pull back by an entry of G4;. When the weight n is divisible by d, both

actions coincide, so that the results of [15] except Theorem 6 are true without
any correction. Theorem 6 holds for the rational functions

fiza := (%) 7! (e1s7 + 9" (e1s7)) foza = (%) (easr + 05 (ea67)) ,
| o(v)o(—v+ A3)
f3'_(7r) ( (’U—)\l U+)\2>
instead of
fisa = (7)) eisr — @3(ers7)) . faza = (7)) (easr — Gh(easr))

o(u)o(—u+ A
f3 — (7‘('*) 1 ( ) ( 3) )
o(u—A)o(—u+ Ag)
In order to introduce the notion of a standard non-cuspidal modular form,
we recall the following

Theorem 3 (Theorem 1.1 [15]). Let X = (B/T) be a smooth toroidal
compactification with bi-elliptic minimal model Yy = Ey x Ey/Gq 4, Euler number
e(X) € N and h cusps OrB = {k;|1 < j < h}. Denote by M; (I') the spaces of
the cuspidal T'-modular forms of weight n € N and put M,,(T) for the spaces of
all T'-modular forms of weight n. Then

n(n—1)
2

forn>2, as well as M7 = {0}, dimc M (I') < h. Moreover, for any n > 2 and
1 < j < h there exists w[ e JnMn (D) \ G M2 (T) with

(7) wm(’%'):&j:{l for1<i=j<h,
J g Z

dime M (T) = 3e(X) and  dimc M, (T) = dime MO(T) + h

0 forl1<iz#j<h,

which we call a standard non-cuspidal I'-modular form of weight n.
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Note that wgn], . ,w,[ln] € jn (Mp(T)) are defined up to summands from
i (M),

At the end of Subsection 2.1 we have explained that the transfer 6,,(f) €
jn (My(T)) of a rational function f € Ly,, (n (Ky,, + C) ,nC*"€) vanishes at a
cusp k; € OrB/T if and only if the pole of f along C; := Blp~!(k;) is of order
< n—1. Thus, 6,,(f)(k;) # 0 exactly when f has a pole of order n along C;. This
occurs if and only if the abelian function 7*(f) € Lg, xg, (nB, nBSing)Gd’t has a
pole of order n along 7 1(C;) ¢ #—'(C) = B.

Here is a criterion for Gy -invariant abelian functions on E; x Ey to
provide a projective morphism or a projective embedding of Ig/\F by I'modular
forms.

Proposition 4 (Lemma 2 and Proposition 4 (ii) [15]). Let Bl : X =
(B/T)" — Yy, be the blow down of the smooth irreducible rational (—1)-curves
on a smooth toroidal compactification X = (B/T) to a bi-elliptic surface Yy, =
Ey x Ey/Gqt, D = X \ (B/T') be the toroidal compactifying divisor of B/T,
OrB/T = {k; |1 < j < h} be the set of the T'-cusps, Blg : Xo := X xy, ,(E1xEp) =
(B/To)" — Ey x Eqy be the blow down of the smooth irreducible rational (—1)-
curves on the Ggt-Galois cover Xo = (B/T) of X to its abelian minimal model
Ey x Eyg, T := Xo \ (B/Tg) be the toroidal compactifying divisor of B/Ty and
n € dN be a multiple of d, so that nKy,, = 0. Denote B := Bly(T'), C := BI(D),

. , o
put iy 1= 7r*|£Yd (nC,nCsing) - ‘CYdt (n07 noslng) - £E1 x Eg (nanleng) “* and
Jt ) ,
i G
assume that f1,..., fr € LE xE, (nB, nBsmg) at

(i) If there exist such 1 < j; < ... < jn < k that W = Onin ' (fi,) €
Jn (Mu (1) with (7) are standard non-cuspidal I'-modular forms of weight n then

(8) O = [0,(1): Opiz (f1) : .. Onis  (f)] : B/T — P*(C)

18 a reqular map.
(7i) If there holds (i) and for some 1 < m < k the generic fibre of the
rational map

f=f1,- s fm) s B1 x By — PHCO)™

consists of a single G -orbit then (8) is a regular projective embedding of the

Baily-Borel compactification B/T' by I'-modular forms of weight n.

2.4. Di Cerbo and Stover’s classification of the smooth toroidal
compactifications with minimal Haar measure. By Theorem 2.5 (3) from
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Holzapfel’s [13], any abelian minimal model A of a smooth toroidal compactifica-
tion X = (B/TI")’ is isogeneous to a Cartesian square E x E of an elliptic curve E.
Corollary 10.6.3 from Lange-Birkenhake’s monograph [19] specifies that if E has
a complex multiplication by an imaginary quadratic number field Q(v/—m) for
some m € N then A is isomorphic to E x E. An arbitrary smooth irreducible ellip-
tic curve Cp C E x E through the origin is a Lie subgroup (Cp, +) of (E x E, +).
That is why, the identical inclusion of groups (Cy,+) < (E x E,+) lifts to an
injective homomorphism

v : Lie(Cp) = C — C? = Lie(E x E)

of the coresponding Lie algebras. In particular, ¢ is a C-linear embedding and its
image ¢(Lie(Cp)) = Spanc (o, o) is a complex line through the origin, generated

by some vector (ag, Bg) € C*\ {(0,0)}. As a result, if E = (C,+)/(A, +) for a
latice (A, +) ~ (Z* +) of (C,+) then the elliptic curve Cy can be represented as
the projection

Co = E(ag, Bo) == {(awc+ A, Boc+ A) € Ex E|ce C}
of the complex line Spang(ag, By) C C? by the universal covering

Upxp : (C?,+) — (B x E,+) = (C*,4+)/(A x A, +)
= [(C, )/ (A, )] < [(C,+)/(A, +)],
Upxp(u,v) = (u,v) + A x A= (u+A,v+A), Y(u,v)eC2

Moreover, if ag, B9 € C* then
E(Ozo,ﬁo) = {(u +Av+ A) ce ExFE | Bou — agv € By + OéoA},

as far as the assumption Syu — agv = Byl + agA1 for some A, Ao € A implies
- A A

that 4 20 + 1, whereas
ap Bo

(u+ Ao+ A) = <a0 (“M) + A, Bo (”“1) +A> = (age + A, Boc + )
Qg Bo

for ¢ = U=

. An arbitrary smooth ireducible elliptic curve Cy C E x E is a
a0
translate

Cl - E(aOMBO) + (Ul +A7 U1 +A)
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= {(awc+ur + A, foc+v1+A) e Ex E|ceC}
={(u+Av+A) € ExE|B(u—u)—ap(v—uv1)€ BoA+ aA}

of an elliptic curve E(ag, fy) C E x E through the origin.
In his article [8] (cf.also [9]) Hirzebruch computes the SU(n, 1)-invariant
Haar measure vol (B"/T") of a quotient B"/T" of the complex n-ball

B" = SU(n,1)/S(U, x Uy)

by a lattice T < SU(n,1). For B = B? his formula reduces to vol (B/T') =

8 2

%e (B/T"), where e (B/I") stands for the Euler number of B/T". If B/T" is smooth
3

then e (B/T") € Z, whereas e (B/T") € N, due to e¢(B/T') = 8—2v01 (B/T) € RO,
T

Hersonsky and Paulin show in [7] that the minimal Haar volume of a compact

smooth B/T" is 872. Parker’s [20] establishes that the minimal Haar volume of a

. 82
noncompact smooth B/I" is —.

Here is Di Cerbo and Stover’s classification of the smooth tor(Q)idal com-
8
pactifications X = (B/T")" with minimal Haar measure vol (B/I") = o
Theorem 5 (Di Cerbo and Stover, Theorem 1.1 [4]). Let E = (C,+)/
T

,+) be the elliptic curve, whose lattice A = — =L+ Zw, w:=¢€ 6 s
A be the ellipti hose lattice A = O =3 = Z + Z ;
the ring of the Eisenstein integers,

o= (r(5200) ) = () 52)

G3:=(g3) ~ (Z3,+), Gsz:=(g3) x (13) = (Z3 X Z3,+) and
m3: EXE — Y3 = ExE/Gs, respectively, m33: EXE — Y33 =ExXE/G33
be the canonical Galois coverings of the bi-elliptic surfaces Y3, Y33 by ExE. Up to
an isomorphism, there exist five smooth toroidal compactifications X; = (B/T;)",
0 < i <4 of minimal Haar measure vol(X;) = vol (B/I';) = 8% or, equivalently,

of minimal Buler number e(X;) = e (B/T;) = 1. If Bl; : X; = (B/T;) — S; is the
blow down of the smooth irreducible rational (—1)-curves on X; to a minimal sur-
face S; and DY := X; \ (B/T;) is the toroidal compactifying divisor of B/T; then
Xo is Hirzebruch’s example from [10] with abelian minimal model Sy = E X E,

Bly (D) = E(0,1)+ E(1,0)+ E(1,1) + E(1,w) and Bly (D(O)>Sing — {(A, M)},
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X; with 1 <1 < 2 have bi-elliptic minimal model S; = Ys, Bl; (D(i)) = Cpy + C;

with Co = m5(B(1,1)), C1 = 19 ((; +A> « E> Oy = <E < (; + A))

.\ sin 1 1
and Bl; (D(l)) s = {71'3 <3 + A, 3 + A) }, while X; with 3 < i < 4 have bi-

elliptic minimal model S; = Y33, Bl; (D(i)> = C| + C] with
C(/) = 7r3’3(E(1,1+w)), C{ = 7T3,3(A>< E), Cé = 7('3’3(E X A)

and Bl; <D<i>)smg = {m35(A, A)}.

From now on, we use throughout the notations from Theorem 5.

3. Explicit invariant abelian functions, associated with
co-bi-elliptic modular forms. The present section constructs explicit G-
invariant abelian functions ey, f;o, fi1, fi2 from

_ _ i G
LEXE (37'(3 1(0() + Cy), 3y 1(00 + Ci)smg) ’ ,
which induce I';-modular forms of weight 3 and provide regular embeddings ®; :
B/T; — P°(C) for the smooth toroidal compactifications X; = (B/T;) with

e(X;) =1,1 < i < 2from Di Cerbo and Stover’s Theorem 1.1 from [4], formulated
above as Theorem 5. To this end, we use the Weierstrass sigma-function

o(z):=z H (1 — ;) e%*%(%f

AeA\{0}
2my/—1
of the lattice A = O /=3 = Z + Zw, w := ¢ 6 . One observes immediately that
9) 0(82) = Eo(z), VzeC, V¢ € Auty(E) =0 — = (w),

The next lemma formulates the (A, +)-transformation law and Legendre’s relation
of a Weierstrass sigma-function in the case of A = O /=3

Lemma 6 (Section 18.1, Lang [18]). Lete: A = O 5 = Z+Zw — {£1}
be the map with e(X\) = —1 for A € A\ 2A and £(\) =1 for A € 2A. There exists
a group homomorphism n : (A,+) — (C,+), subject to Legendre’s relation

(10) n(w) —wn(l) = 2mv/-1,
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such that
A
(11) a(z+A)
o(z)

The construction of one of our GG3-invariant abelian functions on £ x E
will provide an explicit formula for 1, which we formulate in Corollary 9.

The next lemma formulates some properties of elliptic functions, which
will be used several times in the sequel.

Lemma 7. (i) (Section 18.1, Lang [18]) Let E = (C,4)/(A,+) be an
elliptic curve with lattice A and o(z) be its associated Weierstmss sz’gma -function.

= eN)e"™(E2) | va e, V€A

Then for any complex numbers a;,b; € C, 1 <1 < k with Zal Zb the o-

=1
quotient

ﬁ z—b;)
0 (z — a;)
is (A, +)-periodic and descends to an elliptic function f : E — PYC). i.e., a
rational function on the elliptic curve E.
(i3) (Subsection 1.1, Lang [18]) If f : E = C/A — PY(C) is an elliptic
Junction with poles {a; + A |1 <1i <k}, counted with their multiplicities then for

any point x € PL(C) the fibre f~'(x) = {¢; + A|1 < i < k} consists of k points,
k k

counted with their multiplicities and having sum Z(Cz +A) = Z(ai +A).
i=1 i=1
Note that the entire function o : C — C is not (A, +)-periodic, but its
zero divisor on C is A. That allows to view the origin A € E of E = C/A as the
divisor of ¢ on E. If we want to construct an abelian function on E x E (i.e., a
rational function on the abelian surface £ x E), whose pole divisor is a sum

k
> E(ay,B) + (uj + Avj + A)

Jj=1

k
= Z{(u—i—A,v—i—A) € E x E|fju— ajv+ ajv; — Biuj € B A+ ajA}
j=1

of smooth elliptic curves with 3;A 4 a;A = A then we need to form a o-quotient,
whose denominator is

k
H o(Bju — ajv + ajvj — Biuy).
j=1
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Throughout, let us denote by X! := (B/F;)I the smooth toroidal compactifi-
cations with abelian minimal model E x E, which admit unramified G3-Galois
coverings ¢; : X/ — X; onto Di Cerbo and Stover’s examples X; = (B/I;),
1 <i < 2 from Theorem 5. (For the existence and the properties of X see Corol-
lary 1). Let us consider the blow downs Bl : X/ = (IBB / F;)/ — E x IZ, respectively,
Bl; : X; = (B/T;)" — Y3 of the smooth irreducible rational (—1)-curves and the
images B; := Bl (X; \ (B/T})), respectively, Co + C; := Bl; (X; \ (B/T;)) of the
corresponding toroidal compactifying divisors under these blow downs. The un-
ramified G3-Galois covering 3 : Ex E — Y3 = E x E /G5 restricts to unramified
G3-Galois coverings 73 : B; — Cp + C; and 73 : B]"™® — (Cp + C;)sme.

Proposition 8. Let

73 : (E X E,Bi,Bfing> — (Yg,C’o 1G5, (Co+ Ci)si“g) L 1<i<?2

1
with B; = Orng(BOO) + OI‘bG3(BZ‘Q)7 By = E(l,l), By = <3+A> x F,

Byy := E x (; + A> , g3 = <T <1§w + A> ,w2> be the unramified G = (g3)-

Galois coverings of the minimal models of ¢; : X| = (B/F;)/ - X; = (B/Ty).
Then

(12) eo(u,v) =

(14) e (u,v) =0 (u—1v)o <u—|—wy— <1ZW>) U(u_wzv_z (1?)))

. \G N
belongs, both, to LExp <3173Bi1ng> 3 and to L <BQ’SB;1ng) 3

Proof. Towards the (A, +)-periodicity of ey(u,v) with respect to u, one
makes use of (11) and w? —w + 1 = 0, in order to compute that

ef(ut+Av) ou—v+22+N)o(utwr+ 122+ N o (u—w?+ )
eq (u,v) o (u—v+ 24) o (u+ wv+ 1522) o(u — w?v)

el B A et 5 a0 )

e
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_ 5()\)677(/\)(3u+%717w)

Similarly,

it Ae) _ ofu— o+ A) oot wn— (542) 4 0) o (u— w2 (152) + )
Gln) o) oluter (59) o (u- e 2(5)
(

_ E()\)?)en()\)[u—v—‘r%] en(A) [u-i—wv—

(15) W = 5()\)677(/\)(3u—i—%—1_‘*’)7 VA€ A, V(u,v) € C?
eo (u,v

by (11) and w? — w + 1 = 0. As a result,

eou+Av) el (u+Mv) ey(u,v)

= =1, VA€A, Y(u,v)eC.
eo(u,v) ed (u,v) e (u+ Av) ()

This establishes the (A, +)-periodicity of eg(u,v) with respect to w. Towards
the (A,+)—periodicity of eg(u,v) with respect to v, note that u — w*v + ¢; =
—wP(—wu 4+ v — whe) for 1 < i < 2, ¢ € C, (u,v) € C? and apply (9) to
represent

2w —4 4
ear(u,v)za(u—v—f— w3 >a<—w2u+v—<w;>)a(wu+v),

~ ) w—2 2 — 4w
ey (u,v) =c(u—v)o | —wu+v+—— |0 |wu+v+ .

3
Then for any A € A and (u,v) € C? one has

ed(u,v+2) o(u—v+22 —N)o(—w?utv— (22) +A) o(wu+ v+ \)
S ol B (P (50) o)

_ E()\)Se—ﬁ()\)(u—v+2w3—4_%)en(>\)[—w2u+v (WTH)‘*‘%]GTI()\)(UJU-&-H—%)

6()\)677()\) (3v+%—w) 7

Gl ) _ o N (ot 552 4 o ot ot )
e (wv)  olu—v)  o(-wutv+22) o (wutv+25)

_ 8(}\)36—77()\) (u—v—%)en(A)(—uﬁu—i—v—i—“’T_Q—l—%)en()\) (wu+v+ 2_34“’ +%) ’
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(16) vt N e S -w) ya e A, W(u) € 2,

e (u,v)
according to (11). Altogether,

eo(u,v+A)  ef(u,v+A) e (u,v)

eO(“? U) a e(T (ua U) €y (ua v+ )‘)

=1, YA€A, (u,v)eC?

and eg(u,v) is (A, +)-periodic with respect to v. The above considerations estab-
lish that eg(u,v) is (A x A, +)-periodic and can be viewed as an abelian function
on K x E.

We claim that the pole divisor of eg(u,v) on E x E, which coincides with
2

the zero divisor of e (u,v) is the G3-orbit Z gg (Boo) of Byp, in order to conclude
7=0

that ep belongs to Lrxg(B1) := {f € C(E x E)|(f) + B1 > 0} U {0} and to

EExE(Bg). Indeed,

(17) By :=E(1,1)={(u+Av+A) e ExE|u—wv €A},

1
Bo1 :=g3(Boo) = E(1,w?) + <j;w +A, A)
2 1+W 2
(18) = (u—i—A,v—i—A)eExE‘w u— (5= )| —vewPA+A=A

1
:{(u+A,U+A)GExE|u+wv— <—?|:w> EA}

242w

B02 ::gg(BO()) = E(l, —w) + < + A, A)

(19) :{(u+A,v+A)eExE‘ —w[u—<2+32wﬂ —ve—wA—l—A:A}

1
:{(u+A,v+A)€ExE|u—w2v—2<—gw> GA},

after multiplying the equation of By by (—w) € Autg(E) = (’):“/_—3 and the

equation of Bgs by w? € (’)i‘/_—g. Bearing in mind that z € C is a root of the
2

equation o(z) = 0 if and only if z € A, one concludes that (ep)s = ZBoj =
§=0
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2 2

Zgg(Boo). Due to Zg%(Boo) < B; for 1 <i < 2, there follow ey € Lpxr(B1)
§=0 j=0
and €eg € ﬁExE(BQ).

Towards the G-invariance of e, let us note that the pull backs of eg (u, v)

1
and e; (u,v) by g3 = (T <—§w + A> ,w2> are not correctly defined and depend
on the choice of a lifting of g3 to the affine linear group Aff(C?) = T(C?) x
GL(2, C) of C2. However, any two liftings of g3 transform their (A x A, +)-periodic
+

e
quotient eg = % into one and a same abelian function. Throughout, we fix the

€o
g3 = <7‘<1?;”>,uﬂ> € Aff(C?)

lifting

of g3. Then

« ~ Gleg) eg (u+ M2 wh)
g3(e0) =93 | — | = =5 = — oo 3 with
€o g3*(eg) g (ut 5 wv)

~ 4 1
gg(e('f)(u,v):a(u—v%- 3 >a<u+wv+?u>a(u—w2v+w—1),

)=t (- (52)) (1 252

whereas
G eg) o (u—wiv+ )
e o(u—wv—2(42))
_ a (u —w’v -2 (ITW) +1+ w) _ _en(1+w)[ufw2vf2(1+Tw)+1+Tw]
o (u—wv—2(5*)) ’
(20) gék(ea) _ _en(l—&—w)[u—wzv—(%)]
€y ’
respectively,

g5(ed) :a(u—v—i—%) o(u+wv+22) o (u—wvtw-—1)

ed o(u—v+2-4) o (u+wo+ 152) o(u — w?v)
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olu—v+22 42 -2w) o(u+wv+ 122 +2w) o(u — w?v +w—1)
J(u—er%) O’(quwar%) o(u — w?v)

_ _en(2—2w)(u—v+ 2“’3_4 +1—w) en(?w) (u+wv+ 1_35“’ +w) en(w—l) (u—w2v+“’T_1)

_en(2—2w)[u—v—(1+Tw)]en(2w) (u—l—wv-‘,— 1_32w)en(w—1)<u—w2v+wT_1)

— _oMJut NSRS
with

M = n(2 = 2w) +n(2w) +n(w —1) =72 — 2w+ 2w +w — 1) = n(1 +w) € C,
N{ = —n(2 — 2w) + wn(2w) — wn(w — 1) € C,

A== (S5 ) e -2+ (R nza)+ (U5 ) atw-p e

Thus,

" ~% ~ _ + + +
gi(eo) _ Gileo) _ Gileg) e _ oMo e
€0 €0 g Gileg)  entiteln—wto(452)]
o2 +, (1tw
N: =Ny +wn(l4+w)eC and P:=PF] + 5 n(l+w) € C.

Bearing in mind that n : (A,+) — (C,+) is a homomorphism of the Z-module
A = Z + Zw, one expresses

N = =25(1) + 2n(w) + 2wn(w) — w’n(w) + w?n(1) + w?n(1) + w?n(w)
= 2(1 4+ w)n(w) 4 2(w* = Dn(1) = 2(1 4+ w)[n(w) + w?n(1)],

=2 (222 n w2 (S5 Yy + (252 ) e+ (25 ) e
(52 nw+ (S5 a0+ (55 ) = ) - wnt)

The application of Legendre’s relation (10) to N and P yields

N =2(1+w)[(2w — 1)n(1) 4+ 27V —1], P =2rv/—1, whereas

g3 (eo) Nv _ e2(1+w)[(2w—1)7}(1)+2n’ﬁ]’u.
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g5 (eo)

One can view ©~—~ :  — P}(C) as an elliptic function on v + A € E without
€o
*
e
zeroes and poles, in order to conclude that M is a constant. That holds
€o

exactly when N = 0. In such a way, we obtain the explicit value

C2my/—1 2my/—1(14+2w?) (2w -—1
(21) M) = e T A+ ) ( 3 >2Wﬁ

of Weierstrass eta-function of A = O /=5 = Z + Zw at 1 € A and derive that
g3(ep) = ep, whereas eg € EExE(Bl)G3, e € EExE(Bg)G3.

There remains to be checked that the divisor (eg) of eg is of multiplicity
myp(eg) > —3 with respect to any singular point p of By or B. To this end,
note that by Corollary 1 (iv), the singular loci B = n3 (Co + C;)™ of B;,
1 < i < 2 coincide with the fibre B = 73 (pg) of the unramified G3-Galois

covering 3 : E X E — Y3 = E x E/Gs over the single singular point pg =
1 1 1 1

3 <3 + A, g + A) of Cy + C1 and Cy + Cs. Namely, if pgg := <3 + A, g + A> .

then

B™ = By" = Orbg, (poo)
' W2 W2 '
= {pm := g3(poo) = <3+A,3+A> ‘O <i §2}.
Bearing in mind that (eg)co = Z g3 (Boo), note that gi(poo) € g4 (Boo) is equiv-

alent to poo € g3 '(Boo), whereas

mg%(poo)(eo)oo = Myt (poo) Z gij’)(BOO) = Z Mgt (poo) (gg(BOO))

JEZL3 J€EL3
- Z Mpoo <g§_Z(BOO)> = Z Mpoo (g]?f(BOU))
JEZ3 keZs

k
= Mpgo Z 93(Boo) | = mMpoq(€0)oo-
keZs

Straightforward verification establishes that pgy belongs to (17), (18), (19), so
that

mgé(POO)(eO) - mgé(Poo)(eo)O - mgé(poo)(eo)oo z _mgé(Poo)(eo)OO = —Mpg, (€0)oo



466 A. Kasparian

= gy | D2 7 (Boo) | == | 3 e (6h(Bo0)) | = =3

JEZ3 JEZ3

. . sing Gs sing Gs
That justifies eg € LpxEg (Bl,BB1 ) , e0 € LpxE (Bg,3B2 ) and con-
cludes the proof of the proposition. O
The explicit value (21) of the Weierstrass eta-function n : (A, +) — (C, +)

of A = O 5 = Z+Zw at 1 and Legendre’s relation (10) allow to derive an explicit
formula for 7 at all the points of O, /=3.

Corollary 9. Weierstrass eta-function n : (A,+) — (C,+) of the ring
A =0 /= =7Z+Zw of the Eisenstein integers acts by the rule

(22) (V) = (1) = X (2“’3 1) 2my/—1, VA€ A.

2w—1

Proof. Recall from (21) that n(1) = >27T\/—1. Combining

this equality with Legendre’s relation (10), one concludes that

n(w) = w [(2“)3_ 1) 2mﬁ] oy 1= <1J?:°"> 2mv/—1.

An arbitrary A € A = O, /=3 = Z+Zw is of the form A = p+qw for some p, g € Z.
Therefore

n(A) = n(p + qw) = pn(1) + qn(w)

PR [regee

On the other hand,

(1) = (p— o) (2“’ L

)%ﬁ:

(¢—p)+ (2p+Q)w] 2w/ 1
3 )

whereas n(\) = Ap(1) for all A € A = 0 =.0

Proposition 10. In the notations from Proposition 8 let

23)  f(uv) :—U<u+v— (122“’))0(@6—“”)—g)a(uw%—;’).
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(24) e (u) =0 <u+;> o (u+°‘;> o (u-

+
27 SO 1 w? w
@ G (g)e(v-g)e(r+3)
Then:
y (T(ua U) . —
(i) fo(u,v) = =————= with ey (u,v) from (14) belongs to
eg (u,v)

LExE (Orng(BOD)7 2Biing> . LExE (OrbGS(Boo), 2B§ing) and g3(fo) = w* fo;

+ .
(ZZ) el(u) e €1 (U) belongs to EEXE <OI‘bG3 (Bl(]),Bilng) and

e (u
g3(e1) = —wex;
6;_ (U) sing
(1) e2(v) := () belongs to Lpx g <OrbG3(B20),32 > and
2
g3(e2) = —wes;

: G
(1v) the product fip(u,v) := fo(u,v)ei(u) belongs to Lpx g <B173Bimg) ?;

while fao(u,v) := fo(u,v)ea(v) is from Lpxg <Bg,33§ing)

Proof. (i) Towards the (A,+)-periodicity of fo(u,v) with respect to u,
one makes use of (11), in order to compute that

G3

fftutdv) _owtv— (F)+No(u-wo—5+N)o(utw’—5+))
fo(u,v) o (u+v— () o(u—wv—2) o(u+w—%)

3
= e(\)3eWutv—(Hg )+ 3]V (umwv=3+5 ) () (utetv—5 +3)

_ S(A)en()\)(Suﬂ-%—l—w).
Combining with (15), one concludes that

folu+Xv)  ffu+Av) e(uv) )
folu,v) fJ(u,v) ec (u+ A 0) =1, YA€A, V(u,v) e C-.

In order to check the (A, +)-periodicity of fo(u,v) with respect to v, one observes
that u 4+ w?v + ¢; = w* (w‘“’u +v+ of“ci) for 1 <i<2, ¢ €C, (u,v) € C*and
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exploits (9), in order to express

1+2 202 2
O O i e D

Then
fof (u,v + A)
fo (u,v)
U(u_Hj_(%)+)\)J(w2u+v—%+)\>U(—wu—i—v—i-w;—i-)\)
- o(utv— (H) a(w%ﬁ—v—%) o(—wu+v+%2)

= (Ao (52) 431" (wPutv=25743) mO) (—wutv+ 5 +3)

_ g(A)en(A)(BU—I—%—w)
and (16) imply
fo(U,U—FA) _ fJ(U,’U—}—)\) ea(uav)
folu,v) far(u,v) ey (u, v+ )

and conclude the verification of the (A x A, +)-periodicity of fy(u,v).
The pole divisor of fo(u,v) coincides with the zero divisor (ey)o of the
entire function e (u,v). In the proof of Proposition 8 we have established that

=1, VAeA, Y(u,v)eC?

(ea)o = Zgg(Boo) and for any singular point p = g5(pg) € B = B}"™® =
j=0

Orbg, (poo), poo = <; + A, é + A), the multiplicity mp(fo)eo = mp(eg)o = 3.

One needs to show that the zero divisor (fo)o = (f5 )o of fo is of multiplicity

Mgk (oo (fo)o = 1 with respect to any singular point g5 (poo) € By™® = By, in

order to conclude that mg§(poo)(f0) = mg§(p00)(f0)0 — mg§(poo)(f0)00 >1-3=-2

and to derive that

fo € LExE (OrbGB(BOO),2B§ing) for 1 <i<2.

Making use of ¢(z) = 0 if and only if 2 € A, one observes that (fo)o = (f; )o =

2
Z BY,; for
i=0

142
Bl :—{(u—l—A,U—i—A)EExE’u—l—v—( +3w> GA},
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B}, ::{(u—i—A,v—l—A)eExE)u—wv—gEA},

Bl = {(u—l—A,v—i—A)EExE‘u—i—wzv—gEA}.

3
: 1 1 , w2 w2
Straightforwardly, poo = 3T A, 3T A') € By, g3(poo) = 5t A, 5t A€
By, g?%(POO) = (‘% + A, —g + A) € B(;, whereas
2
!/
m9§(poo)(f0)0 = Mgk (poo) (Z BOi) =hishss
=0

and fo € Lpxp (OrbGS(Bog), 2B§i“g), V1<i<2.

Towards ¢5(fo) = w?fo, one makes use of (22), in order to express
n(1+w) = (1 — w?)n(1) and to reduce (20) to the form

55:(68) _en(l)(l—wz)[u—w%—(l"'—“)] _ n(l)[(2—w)u+(1—2w)v—%].

—e

On the other hand, (11) allows to compute that

§§(fo+)(uv):f0+(U+I+T”,w20): o(u+v+9) o(u—wv+i)

f(;r 7 far(uv) O'(U‘FU—(%))O'(U—OJ’U—%)
ot (52) ¢ o) o fu w3+ 1)
ol () o)

_ o (M422) +5] gn(0) (w2 4+4).

Due to n(w) = —w?n(1) by (22), there follow

.%*({J)(u 7}) _en(l){(—w [u—i—v ( ]—l—u wv——}
fo

_ en(l)[(2—w)u+(1—2w)v—%+2wﬁ_1] _ en(l)[(2—w)u+(1—2w)v—%] (2“’ 1) 27/ —1

= eD[@—wut(1-2w)o—3] =2 1 n()[@—whut(-20)v—3] 41
gi(fo) _gi(fo) _ G5(F) e _ a1 _ o
fo fo f& a3(eq) w
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That concludes the proof of (7).

+
(#7) and (4i7) According to Lemma (7) (i), the quotients e;(u) := ¢ Eu;
e (u
e3 (v)
and es(v) == = are elliptic functions on E and can be viewed as abelian

e (v)
functions on E x E. Bearing in mind that o(z) = 0 if and only if z € A, one
concludes that the pole divisors of e; and ey are

(e1)o0 = (€7 )0 = [<;+A> xE] + [(“;+A> xE] + [(—§+A) < B
(5 ) (o) e =3 ((54) <)

= Orbg, (Bio),

respectively,
(e2)s0 = (€5 )0 = [E x (; +A>] + [E X (“; +A>] + [E x (—g +A)}
= ii;E X w2 <?1) —i—A) = igg (E X <; +A>) = Orbg, (Bao).

1 1 ;
Since pog = (3+A,3+A> € Bjo for 1 < i <2 and ¢}(poo) & Bio for 1 < j <2,

1 <1¢ < 2, the multiplicities

1 for0<j=k<2
, kR, Y s > > 4
g4 poo) (93(310)) ™45 (pog) (Bi0) = 9k = {0 for 0<j #k<?2.

As a result, m ol (000) (Orbg,(Bip)) = 1 for all 0 < j < 2, which implies that the
multiplicities

M3 (o0) (€1) = Mg oy (€3)0 = Mg s (€i)oo = =g (Orbe, (Bio)) = —1

and e; belong to Lr«g (OrbG3 (Bio), Bfing> for 1 <i<2.
Towards the verification of g3(e;) = —we;, 1 <1 < 2, let us note that

el (u) = ef <u+1§w> —U<u+2gw>a<u+2;)a<u+;>,
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e =ei (w5 = (u Yo (ur 2) o (w152

and apply (11), (22), in order to observe that n(w) = —w?n(1) and to obtain that

BleD) )T e (04 ) s ) o5 1)
O S IR DR )

= M) 1) (-5 45) = [t e (uh8)] — D[t 5]

(er) Tt Do ) (=)o (i v

= o(u—g)olutiz?)  o(u-j3)  o(utiz?)

_ o (u= ) an)(u+ 55 ) ikt 42)] _ gn0fiz-wnu354]

As a result,
g§(€1> et g;(el) et gék(e_f) el_ = en(l)(2w371)
“ €1 ef  Giler)
(Qw—1) T — 1
—e 2Wﬁ_e_2F:—:—w,
w2

which concludes the proof of (7).
Similarly,

ot P22y 1O 2y 2w e, (L
3 3 ) 3 3

and (9) imply

B0 = ef o) = atwa (v+ 52 ) o (0= (F52)).

while

1 w w 1 w w2
2, — _, 2 w 2, * _ 2 - 2 w2 _
w v 3—(,4.) (v+3),wv 3—0.] <7J 3>,wv+3—w <’U 3>

and (9) suffice for

e )0) = e ) = o (v )0 (0= 1) o (v- 2 ) =50
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Making use of (11) and (22), one derives that

g3(e2) _ 3% (e2) _ ﬁgj(e;) €o _ gg(e;‘) _ 0'(/0_|_ HTW) o (v— (ITW))
2 e d Gle) o o(vrs) (vt

ot A ) oWt B 1) (o) ) (o 52 )
o(v+23%) o (v+ 32

() _

and verifies (7i).

(7v) is an immediate consequence of (7), (i7) and (iii). Namely, the prod-
ucts fio = foei, 1 < i < 2 of the (A x A, +)-periodic fy and e; are (A x A, +)-
periodic. The pole divisors of fio are (fio)oo = (fo€i)oo = (f0)oo + (€i)oo =
Orbg,(Boo) + Orbg,(Bip) = B;. The multiplicities of the divisors of f;p with
respect to a singular point

in in 1 1
¥ (poo) € B = B3 = Orbg, (o),  poo = (3 +A, 3t A)

are mgk o) (fi0) = Mgk (o) (fo€i) = Myi (o) (f0) + Mgy (€1) = =2 =1 = =3.

Finally, fio are Gs-invariant, according to g3(fio) = g3(foei) = g5(fo)g3(ei) =
(w?fo)(—we;) = foe; = fio. That is why, the elliptic functions fiy belongs to

sing Gs .
Loxp (Bi3B™) " for1<i<2.0

Proposition 11. In the notations from Proposition 8 let

(28)
o(u)o (u— 2 o(u)?o(u— 2 ;

fia(u) = ()(123), fia(u) = ngl)a fri(u) == H(g§)2(f{z)(U),

o (u—3) o (u—3) i=0
for1 <i<2,
(29) [0 F— ,

oo Do(r-F) o 3)
o(\v 20' v — 2 ;
(30) Fhal) = “(<)3” forlw) = [[(63) (o) ).
o\v—3 i=0
o G3 < G3

Then f11 belongs to LEx g <2B1, 2Bimg> , f12 belongs to LExE (3B1,3Bimg) ,

Gs

. \G )
fo1 belongs to Lpxg (Bg, B;mg) ’ and fog belongs to Lpxk (332, BB;mg)
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Proof.  According to Lemma 7 (i), the functions fi,, fia, f21, fao
of a single complex variable are (A, +)-periodic and descend to elliptic func-
tions on E. Thus, for any 0 < k < 2,1 < j < 2, A € A, u € C there

holds (g3)* (f1,)(u+\) = fi; (“ﬂ”*k (1?))) =11 <u+k <1§w>> B

2 2

(93)" (f1;)(w), whereas fij(u+ ) = [T (45" (Fi,)(w+ ) = [T (49" (Fi,)(w) =
k=0 k=0

f1;(u). Bearing in mind that w?A = w2(”)r = O=3 = A, one observes that

3
(93) () (0 + 2) = fo (w0 + X)) = fiz (0P0) = (63)* (f2)(v) for all 0 <
2
-+ =TT )+ =

k<2 XAe A v e C and derives that foo
k=0

2
H (gg)k (f}2)(v) = faz(v). In such a way, we have shown that f;; : C — PY(C),

# (2,1) are (A, +)-periodic and can be viewed as abelian functions on

By its very definition, fo; has divisor (fgl) = 3(E x A) — Orbg, (B20)
and belongs to Lpxg(B2). For any singular point g3 5(poo) € B3 = Orbg, (poo),

1 1
Poo = <3—|—A,3—|—A> 0 < k < 2, note that m k(poo)(E x A) = 0, as well as

mgg(poo) (gé(Bgo)) = 5kl =1 for 0 < k=1 < 2 and mgg“(poo) (gé(Bgo)) = 6kl =0
for 0 <k # 1 < 2. Thus, mg ) (Orbg, (B20)) = 1, whereas m ., (f21) = —1

93 (Poo)
and fo1 € LExE (B% BSH]g)-

Observe that for arbitrary v € {0,00}, 0 < k < 2, (4,5) # (2,1), the
equality v = (g3)* (fi)u+ A v+ A) = f; (glgf(u +A v+ A)) of points of P!(C)

is equivalent to the equality g5 ((g;: "

ZJ')>Z, = (fi;)v of the corresponding zero

2 2
or pole divisors. Therefore (fij), = (H (gg)k (fz’])) = Z ((gé‘)k (fz’])) =
k=0 L k=0 v
Z 93" ((fi;)v) = Orbg, (f;), and the complete divisors of f;; are (fi;) = (fij)o—

(fw)oo = Orbg, (fi;)0 — Orbay (fij)oe = Orbay ((fij)o — (fij)ee) = Orbay,(£5;)- By
their very definitions, the d1v1sors of fi; with (i) # (2,1) are
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i) =ax B+ | (5 +4) < E] 280,
(fl2) =3(A X E) —3B1o, (fy2) =3(E x A) — 3Bay.

2
Therefore (f11) = Orbg,(A x E) 4+ Orbg, ((3 +A ) x E) — 20rbg,(B1o),

(f12) = 30rbg, (AX E)— 30rbg, (B1o), (fa2) = 30rbg, (ExA)— 30rbg, (B2o).
The above considerations establish that fi; € Lgxg(2B1) and fi2 € Lpxg (3B;)
forl1<q¢<2.

The multiplicities of the complete divisors of f;; with respect to the sin-

Sin Sin 1 1
gular points g§(poo) € By" = B3™ = Orbg, (pon), poo = <3+A’3+A>,
0<k<2are

mgé“(poo)(fij) = Mgk (poo) (OrbGs(fiJ) = Mgk (poo) Z 93 f?,]

€73

o Z mgs (Poo) ( ) Z m93 (Poo) Z Mgl POO)

€73 €73 l€Z3

2

The elliptic curves A x E, (3 + A> x E and E x A are disjoint from the singular
loci Bi™ = B™ = Orbg,(poo). Moreover, mpy,(Bio) = 1 for 1 < i < 2 and
Mgt (pyo) (Bio) = 0 for 1 <1< 2,1 <4 <2, s0 that myg,.(fij) = Moo (fi;) for
all (i,7) # (2,1). In particular, m () (f11) = Mpgo (f11) = —2mpgy (Bro) = —2
and mglg(poo)(fig) = Moo (fia) = —3mpy, (Bio) = —3 for 1 < i < 2. In such a way,
we have justified that fi1 € Lpyp <231, QBii“g) and fi € Lpxp <3Bi,3B§i“g)
for 1 <i<2.

The Gs-invariance of f;; with (i,7) € {(1,1),(1,2),(2,2)} follows from

1

-z = (01 3),

2 1 2
w2v — % = w2 <’U — 3) , wzv + % = U)Q <Q} — w) and (9), there holds

their very definitions and from gg’ = Idgxp. According to w

G3(£21(v)) = far(w?v) = ) = fa1(v).

a(v—l—%)a(v—%)a(v—%2

That proves the Gz-invariance of all f;; and completes the proof of the proposi-
tion. O
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4. Explicit projective embeddings of Baily-Borel compacti-
fications by modular forms of weight 3. The present section establishes
the main results of the article — Theorem 14 and Theorem 15. They provide
regular embeddings ®; : B/T; — P°(C) by modular forms of weight 3 for the
Baily-Borel compactifications of the ball quotients B/T';, 1 < i < 2 with smooth

8 2
toroidal compactifications (B/I';)" and minimal Haar measure vol (B/T;) = i,
described by Di Cerbo and Stover in Theorem 1.1 from [4] - cf. also Theorem
5 from the present article. In both cases, the regularity and the injectiveness of
®,; are derived by the criterion from Proposition 4. That is why, we proceed by

counting the Gs-orbits of the generic fibres of the rational maps
fi = (eo, fio, fir, fi2) : E x E — fi(E x E) C P(C)*,

given by the Gs-invariant abelian functions from Proposition 8, Proposition 10
and Proposition 11.

Proposition 12. In the notations from Proposition 8 and (28) from

1
Proposition 11, the generic fibres of the <T <—gw + A)>—z’nvam’ant rational

map

(31) fi=(fu, h2) : E— fi(E) C P(C)?
consist of a single <T <1—|:;w + A> >—orbz’t.
1+w . .
Proof. Note that the <T <3 + A> >—1nvar1ance of f11(u), f12(u) :

1
E — PY(C) implies the <T (;w + A) >—invariance of all the fibres of (31).

Let us assume that the generic fibre f;*(x1,22) = f;1*(21) N f5 (22) of fi over
1
(x1,m2) € f1(E), x1,22 € Pl((C) consists of k& > 2 orbits of <T <—gw + A>>

1
Since all the fibres of the <T <—§w +A) >—invariant elliptic function fi1 :

1
E — P!(C) of order 6 consist of 2 orbits of <T <4?;w + A>> ~ (Zs,+), there

follows fﬁl(xl) = fl_l(azl,xg) = fl_ll(xl) N f1_21(ac2) C f1_21(:1c2). Let fﬁl(xl) =
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3
oo (u=3)o (u+ 52 o (ut 55%) 0 (u+ 22) o (u+ ¥)
3

1 —2w—1 2
has double poles at 3 +A, —% +A, WT +A= % + A. According to Lemma

7 (ii), for any x1 € P*(C) the fibre f;;'(x1) consists of six points with sum

A=2 [<;+A> (-5 +A)+ <°‘§+A>]
— Lzz;u(xl)ﬂ' <1gw> Zu (1) <1ng> +A]
= 3u

(1‘1) + 3u (1‘1) + A,

1
as far asz ( —Hu)—i—A:l—&—w—i—A:A. Thus, for a generic z; € PY(C)

there ex1sts )\(acl) € A with 3u(z1) + 3u/(x1) = A(z1). One can view u(x1) and
' (x1) as local holomorphic functions of z; € P*(C), in order to interpret A(zy) :
P!(C) — A C C as a local holomorphic function. The continuity of A(x1) and the

discreteness of A requires A\(z1) = X € A to be constant and u'(x1) = 3~ u(z1)

for generic and, therefore, any z; € P(C). As a result, the inclusion
Orb<7’(1+T“’+A)> (u(:nl) + A) H Orb(T(HT“—s—A» (u/(l‘l) —+ A) — fﬁl (IL'l) C f1*21 (:UQ)
for a generic point (z1,22) € f1(F) C P(C)? implies that

fr2(u(z1) + A) = fio(u'(z1) + A) = fio ( —u(z1) + A)

Note that the image fi(E) of E under f; = (fn,flg) projects onto f11(E) =
P(C) and for any z; € P}(C) there exists zo € P'(C) with (z1,22) € f1(E).
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That is why, the elliptic function

frou) == ﬁ <T (1?" + A)) (0<u>(20<u—1>>

=0

ot 159" (14 52 0 e 2 (o 252

o(u—3) 0 (ut§) o (ut 257)°

is subject to the functional equation

A
(32) Ji2(u) = fi2 <3 — u) .
. . 1 w? w
The set of the triple poles of fia(u) on E is Ay = 3 + A, 3 + A, —3 + A,
1 1
while the set of the double zeroes is A = {A, — <§w> + A, % + A} . The
elliptic function
AN eG-we(—u-)
f12 ST u) = 3
; Gud
A 14w\2 (A w—2 A 242w\2 _ (A 2w—1
o(3-ut3%) o(3-ut ) o (3 —ut ) o (3 —ut )
A w)3 A 2w+1Y)3 ’
o(3-ut$g) o(3—u+252)
A—1 A A+2 1
has triple poles at Al = {3 + A, J?:w + A, + ;+ +A} and double
1 242
zeroes at A/ = {;\ + A, At 3—|—w + A, At 3+ i A}. The functional equa-

tion (32) requires the coincidence A, = AL of the sets of the triple poles, as

well as the coincidence A = A’ of the sets of the double zeroes of fio(u) and

A A—1
J12 3~ u) . In particular,

following three cases:

+ A € Al = Ay, which holds in one of the

A—1 1
(33) Case 1: T—i—A: §+A’
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A—1 §
(34) Case 2: T—l—A:%—i—Aor
A—1
(35) Case 3: “—— +A=—— +A.
3 3
2 A p . - o
If (33) then 3 +A = 3 + A € A" = A is an absurd. Similarly, (34) implies

A
P4LA=24A¢e A = A and leads to a contradiction. Finally, (35) forces

3 3

w2

BEY + A= 3 + A € A’ = A, which is not the case under consideration. In such

a way, we have shown that the functional equation (32) does not hold and the

1
generic fibre of (31) consists of a single orbit of <T (—gw + A)> . O

The next proposition plays a crucial role in the proofs of Theorems 14
and 15.

Proposition 13. Let

paley (z —ai(t)) paley (z —a;(t
i ; i ; i
ai(t) =W+ 5 bilt) =Wt + % ci(t) = —w?it + %

2 2 2
Z)\i = Zui = Z%‘ € 3A,
i=0 i=0 i=0
Ais iy vi € A be elliptic functions on E = (C,+)/(A,+), A = O /=3, depending
A
on a parameter t € C. Suppose that 30 + A # % + A and the set

20 .
O {W+A)ogz’§2}
18 not contained in

2i o
21::{W+A‘ogi§2}.

Then for any e = +1 the rational map
U, = (Y1, ehn) : E— U (E) C PYC)?

18 injective.
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Proof. The cardinalities of the exceptional fibres of W, are bounded by
the ones of the generic ¥ (z1, z3), so that it suffices to show that }\Il (z1,22)| =
1 for a generic (z1,72) € U (E) C PY(C)% Let us assume that U '(zy,z0) =
Y7 (1) N(ehe) " (2) contains at least two points for a generic (21, $2) eV .(F)C
P(C)2. According to Lemma 7 (ii), any fibre of the elliptic functions ey;, 1 <

1 < 2 of order 3 with sum of the poles Z a;(t (Z Ai ) +A=Ais
=0
of the form '

(ehi) ™ (1) = {ui(ai) + A, ul(a) + A, —ug(x) — wl(z;) + A}, x; € PYC).

The points of 1, ! (1) can be labeled in such a way that uj (21)+A and u} (z1)+A
belong to W ! (x1,29) = 7 (z1) N (e2) M (z2) C (etho) ' (22). Therefore, the
third point —uy(x1) —u}(x1) + A of (exha) " (x2) is also common to 1 *(x1) and
(etho) " H(w2). Thus, U (21, 22) = ¢y (21) = (etho) *(22) for generic (21, 12) €
U (E) c PY(C)? and ¥, : E — ¥ (E) is (a possibly ramified) covering of degree
3. The canonical projections Pr; : P1(C)? — PY(C), Pry(z1, z2) = 1, ¥(21,22) €
P1(C)?, Pry : PH(C)? — PYC), Pro(xy,22) = xo, Y(z1,22) € PHC)? on the
factors satisfy the commutative diagrams

of surjective morphisms. Since W, ¥ and €y are of one and a same degree
deg(¥.) = deg(¢)1) = deg(eya) = 3, the restrictions Pri|y, (g) : Ve(E) — P!(C)
and Praly, () : We(E) — P!(C) are of degree deg (Pl“ﬂ\pé(E)) = deg (Prgl\pe(E)) =
1, i.e., bijective morphisms of W (E) onto P*(C). Denoting

h1 = PI‘Q (Prl‘q,e(E))ilt ]P)l((C) — Pl(C),

h2 = PI‘1 (PI‘Q“I,E(E))il : ]P)l((C) — Pl((C),

one observes that eo = hity, 1 = ha(erq), whereas 11 = hohii)y, €y =
hihy(ez). Due to the surjectiveness of ¥ : E — PY(C), epy : E — PL(C), that
suffices for hohy = Idpi(c), hihe = Idpi(¢). In such a way, we have established
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that hy : P!(C) — P(C) is a holomorphic automorphism with inverse h;' = hy
and hy € PGL(2,C). If h; lifts to a matrix

(36) < b > € GL(2,C)

then hivy = €ys is equivalent to

(37) AT
2 2

If = ( HO‘ z—a;(t 1!11 (z, t):HU(z— i(1)), ¢2(z t):HU(Z_Ci(t))
i=0 i=0

vt v} (1) o

then 1 (2,t) = wl_( L Pa(z,1) = 1,/12_(z, and (37) is equivalent to

+ +
poi (2, 1) + g (2,t) = relbl (2, )¢ (2,1) + se (2, t).

(2,1

Let us assume that r # 0. Then

vy (2 )¢5 (2,1)
¥ (2,1)

a2 ) 1= = Ll (2,t) + 4 (5. ) = 24 (1)

is an entire function on C2. By the very definition of ¥~ (2,t), there holds

v (anfe).0) = v (14 3P

and only if u € A, one observes that

A
T (t+3°,t>
:a<)\0;'u0>a<(2—w)t+)\O;m)J((l—f—w)t—i—)\O;'MQ) £ 0,

= 0 for all ¢ € C. Bearing in mind that o(u) = 0 if
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Ao — A
do not vanish identically for 0 3 Ko ¢ A. Thus, ¥s [t + 30, t | = oo, which is a

contradiction, establishing r» = 0 and reducing (37) to
(38) p1(z,t) + q = sepa(z,t) with p,s € C,

due to (36). By the very definition of 12(z,t), one has

U (colt),t) = v (—t " %t) —0,

(N 5, P~ ! 2, , Y0 — A2
" (t+3,t)—a< 2+ )a(wt+ . >a<wt+3 £ 0,

) - vy (t+ 9.1

whereas 19 (—t + @,t = 0. In such a way, (38) specializes

. 3 Y- (—t+ 2t
O
(39) Py (—t+ %Q + g (—t + %t) =0

Bearing in mind that o(u) = 0 if and only if u € A, one observes that the entire
functions

+(_ @): _ Yo — to _ o—mMm 2, o~ H2
zp1<t+3,t 0( 2t + >a< wt+ 2 )0<wt+ . )

and

_ Z A Yo — Ao Vo — A1 9, | Vo— A2
" <t+3,t)—a< 2t + )0( wt+ >J<wt+3

are not (A, +)-periodic, but their zero divisors

ST {toec‘lﬁl( to+3,to) 0},5. {toEClﬁ ( t0+3,t0) 0}
are (A, +)-invariant, due to —2, —w,w? € End(E) = {{ € C|[§A C A}. That
allows to consider the (A, +)-orbit spaces S;” := S7"/A S~ := S~ /A as subsets of
the elliptic curve £ = (C,+)/(A, +). More precisely,

S = KWGM)M) +E2mr] U{‘W”v W*A}7

_ 2 _ _
S~ = K”O - Ao +A) +E2—t°r} U {—“’ (’/03 A o, “(”03 A2) +A}.




482 A. Kasparian

It suffices to show the existence of a point to + A € S~ \ Sfr , because

b <—t0 + %,t()) =0 and py; (—to n ?,t(]) ecCt

contradict (39) and imply that deg(¥.) = 1. If S~ \ S = 0 then S~ C S},
whereas 25~ C 251+ for

A

_ _ w2i(1/0— 7,) .
257 1= {2t + M) [to+ A €57} = L0 A fo<i<ap =,

2
257 ::{2(t0+A)|to+AGSf}:{W+A‘0§i§2}:21,
22i _)\i 2 _>\i
W(V;)—FA—UJ(V%)—FAforl < i < 2. In such a way,

the inclusion S~ C Sf leads to ¥ = 25~ C 25’fr = Y1, which contradicts the
assumption % g 31 and concludes the proof of the proposition. O

due to —

In order to state and to prove the main results of the article, let us note
that the divisors B; = Orbg,(Boo) + Orbg,(Bio), 1 < i < 2 are effective, so that

Ly, (mlBi,nleing> C Ly, (szi,nzBfing>

for arbitrary natural numbers m;,n; € N, subject to the inequalities m; < mao,
n1 < no.

Theorem 14. Let Bl; : <X1 = (IB%/Fl)’,D(l)) — (Ys,Co+ C1) be the

blow down of the smooth irreducible rational (—1)-curves on Di Cerbo and Stover’s

8 2
smooth toroidal compactification of minimal Haar measure vol (B/T'1) = L, de-

scribed in Theorem 5, w3 : E X E — Y3 = E X E/Gs3 be the unramified Gs-Galois
1
covering of its bi-elliptic minimal model Y3, G3 = (g3), g3 = <T(?+A>,w2> ,

3
be the contraction of the toroidal compactifying divisor DWW .= X, \ (B/T1) =
Dy + Dy to the cusps k; = p1(D;), 0 <1i < 1. Consider the rational functions

Co = m3(B(1,1)), C1 = 7 <<1+A) x E> and p1 : X1 = (B/T1) — B/T;

©wo € Ly, (CO + C1,3(Co + Cl)sing) , 910 € Ly (Co + C1,3(Co + C’l)siﬂg) 7

P11 € Ly, (2(Co + C1),2(Co + C1)™™) , p12 € Ly, (3(Co + C1),3(Co + C1)*™8)



Invariants of group actions and modular forms for lattices of SU(2,1) 483

which pull back to the Gs-invariant abelian functions

ed (u,v . 5
73 (o) (u,v) = eo(u,v) = e% EU: v; € LexE <B1,3Bimg)G ’
m3(¢p10)(u,v) = fro(u,v) = ‘Z(:((Z:Z) ZTEZ; € LuxE (Bl,SBji“g)Gs,
2 o(u)o (u—2 . X
m(eu)(u) = fun(w) = ] ] (65 <()((1)23)> € Lo (2B1,2857)
=0 o\u—3
2 o(w)?o(u — , 5
mi(1z)(u) = fiz(u) = [ 163 (H((l)?’l)) € Lpvr (381,38
i=0 o\u—3

with ef (u,v) from (13), ey (u,v) from (14), fi (u,v) from (23), et (u) from (24),
e (u) from (25), the transfer 63 : Ly, (3(Co+ C1),3(Co+ C1)*8) — jz (M3(I'1))
of rational functions on Ys to I't-modular forms of weight 3 and a standard non-
cuspidal T'1-modular form w([)?’} € j3 (M3(T1)) \ 73 (M5(T'1)) with w([)3](/<;0) =1,
w([)g}(m) = 0. Then

(40) @1 = [05(1) : 63(0) : Ba(ip10) : Os(pn1) : Oa(o12) < b | - BJTT — P(C)

is a regular embedding of the Baily-Borel compactification IBB//E of B/T';.

Proof. Note that fi2 = m5(¢p12) has pole divisor (f12),, = 30rbg, (Bio),
so that @12 has a pole of order 3 along Cy = w3(Bjg). By the remark be-
fore Proposition 4, the transfer 85(¢12) € jz (M3(I'1)) \ 73 (M5(I'1)) has values
03(p12) (ko) = 0, O3(¢12)(k1) € C* at the I'1-cusps and gives rise to a standard

0
non-cuspidal modular form w?} = M Once 65(1), 03(@12)(/<c1)w£3}, w([)s}
O3(p12) (k1)
are homogeneous components of ®1, Proposition 4 (i) applies to provide the reg-

ularity of (40). According to Proposition 4 (ii), it suffices to establish that the
generic fibre of the G3-invariant rational map

(41) f1 = (eo, fio, fi1, fi2) : Ex E — fi(E x E) c P(C)*

consists of a single Gz-orbit, in order to conclude that (40) is a regular embedding.
Let us introduce the rational maps Y1 = (eq, fi0) : ExE — Y1(ExE) C PY(C)?,
Q= (f11,f12) : EXE > QUQ(EXE)C IEDl((C)Q7 in order to represent the fibre
of fi = (Y1,Q) over x = (x1,...,24) € fi(E x E) ¢ PL(C)*, z; € P(C)
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as an intersection f; '(x) = Y7 (x1,x2) N Q7 (x3,24). By Proposition 12, the

1
<T <—;w +A> >—invariant rational map Ay = (fi1, fi2) : E — A(F) C

P!(C)? has generic fibre A7t (23, 24) = Orb<T(1+7w+A)> (u(xs,z4) + A), which con-
3

1
sists of a single <7' <43—w + A> >—orbit. Thus,

QY23 24) = {(u+ A v+ A) €EE X E| fui(u+A) =3, fra(u+A) =24} =
2
— Al_l(.%'3,-%'4) X FE = Orb<7-(1+Tw+A)> (u($3,$4) + A) X FE = Hpi<$3,:(}4) x F
=0

1
with p;(x3,x4) := u(x3,24) +1 (?) + A is a disjoint union of three vertical

elliptic curves. As a result, one represents

2

(@) = Y7 g, 20) N QT (23, 24) = H [(pi(z3,24) X E) N Tl_l(aﬁl,a:g)] .
i=0

If Epi($3,x4) = (60 (pi(283,$4), )7f10 (pi(l'g,l';l), )) B — Epi($3,$4)(E) - PI(C)Q
2

then f;!(z) = Hpi(xg,au) X E;ix&m)(a:l,mg). It suffices to show the injective-
=0
ness of =) (2 04) B = Ep,(25,00)(F) C P! (C)? for all p;(x3,z4) € F, in order to
conclude that the fibres of the Gs-invariant map (41) are generically of cardinality
3 and constitute a single Gz-orbit. Note that for a fixed generic t + A € E the
degree of
Zn = <eg(t+A, ) fot+A) ef(t+A

(t+A)Y _
eg(t+ A, ) eg(t+A, ) er (t+A)> i E — Erya(E) C PY(C)?

coincides with the degree of
eg(t+A ) fft+A )
\I}IH‘A - — ) _
eg (t+A, ) e (t+A,)
= (60,f0) (t—i—A, ) E— \I/H_A(E) CPl(C)Q.

Combining t —w*z4¢; = —w* (z — Wl — w4ici) for0<i<2 ¢ €C,(t2)€ C?
with with (9), one represents

el (t,2) = —o (z 4t _32w) o <z — Wit — (“’;ﬂ)) o(z + wt),
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_ 9, wW—2 2 — 4w
ey (t,z) =—0o(z—t)o|z—w t+T ol|z+wt+ 5 :

Similarly, t +w?z +¢; = w? (= + wht + w4zcl) with 0 <i <2, ¢ €C, (t,2) € C?
and (9) provide

f0+(t,z)20'<z+t— <1+32w>>0<z—|—w2t—2(;2>J(z—wt+cf>.

DY
In order to apply Proposition 13 to W, 4, let us introduce a;(t) = w?t + 32,

bi(t) == w2it+%, ci(t) = —wZit—F%Wi‘ch AN =0 A =2—-w, Ao = 4w —2,
po=2w—4, p1 =w+4, po =0, vg =1+ 2w, v = 2w?, 1p = —w? and express
el (t, = 2 o(z—1b; fif(t, 2 2 o(z —c(t
SORICICE N 1 CUTC RV (CE B, F(EETT0I]
e 6.2) (g ol = i) 5 (1,2) :Oa(z_w))
2 2
Ao —w
Af T = 7 T — — 9
sarasZ)\ Z,u ZV 3we3A = BOF ZLA=A£— 3 +
= = =0 )
A= 'l;O—I—AandthesetZ {w(y(;_/\+A’0<z<2} {—u;—i-A}
21 — 1 1
is not contained in the set ¥ := W#—A‘Ogng}:{—?}—kA},

the assumptions of Proposition 13 hold for the rational map W o and imply its
injectiveness for all t + A € E. O

Theorem 15. Let Bly : <X2 - (B/FQ)I,D(2)> — (Ys,Co+ Cy) be the

blow down of the smooth irreducible rational (—1)-curves on Di Cerbo and Stover’s

8
smooth toroidal compactification of minimal Haar measure vol (B/T'y) = % de-

scribed in Theorem 5, w3 : E X E— Y3 = E X E/Gs3 be the unramified Gs-Galois

1
covering of its bi-elliptic minimal model Yz, G3 = (g3), g3 = (T(?—I—A) > ,

Co = ms(E(1,1)), Cy = 79 (E < (; +A)> and ps : X1 = (B/T3) — B/Ty

be the contraction of the toroidal compactifying divisor D@ := X5\ (B/Ty) =
Dy + Dy to the cusps k; = p1(D;), i € {0,2}. Consider the rational functions

w0 € Ly, (CO + C2,3(Co + C'Q)Sing) , P20 € Ly, (CO + Cy,3(Co + (;'2)Sing) :

p21 € Lyy (Co+ C2, (Co + C2)™) | 22 € Ly, (3(Co + C2),3(Co + C2)™"¢)
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which pull back to the Gs-invariant abelian functions

o i 3
5 (100) (u, 0) = eo(u, v) = ZOEZ Z; € Lixp <B2,3B§mg)G ,
0 ’
+ + )
m3(20)(u,v) = fao(u,v) = fo, (u,0) & (v) € LExE <B2, 3leng)G ;
eo (u,v) ey (v)
U(U)B Cs

W;(@Ql)(’l}) = fo1 (fU) =

€ LExE (32,Bsmg> ,

2
73 (022) (v) = faa(v) = [ (45) ( w-1) > € Lexp ?>Bg,3Bsmg)G3
=0

with ed (u,v) from (13), ey (u,v) from (14) f0 u,v) from (23), e 3 (v) from (26),
ey (v) from (27), the transfer 05 : Ly, (3(Co+ C2),3(Co + Cg)smg) — j3 (M3(T'2))
of rational functions on Ys to I's-modular forms of weight 3 and a standard non-
cuspidal To-modular form w([)g} € jzg (M3(I'2)) \ jz (M5(T'2)) with w([]g](/io) =1,
w([)g](/ig) = 0. Then

(42) @3 = [05(1) : 63(0) : Ba(sp20) : O(pm1) : Oa(022) : |+ BT — P(C)

1 a reqular embedding of the Baily-Borel compactification ]B//FQ of B/Ts.

Proof. Note that the modular form 65(p92) € j3sMsz(I'2) has values
03(p22) (ko) = 0, O3(p22)(k2) € C* at the cusps, as far as foo = 73(p22) has a
pole of order 3 along the divisor Orbg,(B2g) C EF x E, whereas (92 has a pole
of order 3 along Cy = m3(Bsgg). The presence of components 03(1), 03(¢22), w([)g}
of @5 guarantees the regularity of ®,, according to Proposition 4 (i). We claim
that the generic fibre of the Gs-invariant rational map

(43) f2 = (eo, fo0, fo1, f22) : E x E — fo(E x E) C P}(C)?

consists of a single G'3-orbit. To this end, let us consider the rational maps Yo =
(60,f20) ExE — TQ(E X E) - Pl(C)Q, Oy = (fgl,fgg) ExE — QQ(E X E) C
P(C)? and express fo = (Y2,0) : E x E = fo(E x E) ¢ PYC)*. All the fibres
fort(x3), x3 € PYC) of the (w?)-invariant elliptic function fo; : E — P'(C) of
order 3 consist of a single (w?)-orbit, i.e., f5;'(z3) = Orb,,2y (v(z3) + A) for some
v(z3) + A € E. The fibres of the (w?)-invariant rational map Ay = (for1, fo2) :
E — Ay(E) C P(C)? are contained and, therefore, coincide with the fibres of
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for,ie. Ay (w3,m4) = fy' (w3) = Orbyy(v(w3) + A) for all (z3,24) € Ag(E) C
P!(C)?. As aresult, the fibres of 0y are disjoint unions of horizontal elliptic curves
Oy (23, 24) = E x Ay (23,24) = E % Orby,2y (v(z3) + A). One can assume that
v(z3) + A does not belong to the fixed point group

Fixp(w?) ::{U+A|w2(v+A):v+A}:{i(lg‘”w\) jos¢§2}
1+w

=<3+A> ~ (Zs, +)

2
of w?, so that QQ_I(.Z'g, x4) = HE x pi(z3) with p;(z3) := w?v(z3) + A has three
i=0
irreducible components. As a result,

2

fy @) =5 (@, w2) Ny (s, 20) = [ [ [(B x pils)) N 5 (a1, 22)]
1=0

Let us denote Epi(l‘:;) = (60( 7pi($3))7 f20< api<x3)) B — E’pl(xg)(E> - Pl(C)Q
and observe that
2 2

ot (@) = [T U x pilea)) N Ty (an,02)] = [] 5, 00y (@1, 22) % pilas).
i=0 i=0
We claim that S p = (e (,t+A), fao (,t+A)) 1 E = Ea(E) C PH(C)? is a
rational map of degree 1 for all t + A € E, in order to conclude that the generic
fibre of the Gs-invariant rational map (43) consists of a single Gs-orbit. To this
end, let us observe that the degree of

=, = <eg( A+A) fo (L t+A) eg(t+A)
* eo (Lt+A) ey (,t+A) ey (t+A)

) :E — Z A (E) C PY(C)?

coincides with the degree of

Uy — (eé( A fo
+ e (t+A) e5 (,t+A)

] 2= ) ) )

After representing ey(z,t) = 11 o= m) fo(z,t) = 1 oz —m() by affine
i, i i i

linear functions a;(t) = w*t + 3 bi(t) == Wt + %, i(1) == —w™t + 7 with
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AN =0 A1 =24+2w, o = 14w, ygo = 4 —2w, pp = 0, 2 = bw — 1,
2 2

2
vg = 1+ 2w, 1 = w, 1o = 2, one observes that Z)‘i = Z,ui = ZW =
i=0 i=0 i=0

A 1
3 + 3w 62‘31\ =30, G HA=A# ;;“’JrA = £+ A and the set
N = {W—i—A‘OSiﬁZ} = {—CL;)—FA} is not contained in X»p :=
2,
{W+A‘O§i§2} = {%—FA}.Thus, Proposition 13 applies to pro-

vide the injectiveness of Wyppn = (eo(,t+A), fo(,t+A)) : E — U n(E) C
P!(C)? for all t + A € F and to concludes the proof of the theorem. O

5. Conclusion. By Di Cerbo and Stover’s Theorem 1.1 [4], formulated

above as Theorem 5, the isomorphism classes of the smooth toroidal compactifi-
2

cation X = (B/T")" with minimal Haar measure vol(X) = vol (B/T") = 8% have
five representatives X; = (B/T};)’, 0 < < 4. Proposition 17 from [16] provides
a regular embedding B//Fo — P5(C) by T'g-modular forms of weight 2 for Hirze-
bruch’s example Xy = (B/ FO)/ with abelian minimal model F x E. The present
article constructs regular embeddings I@E — P°(C) by modular forms of weight
3 for ¢ = 1 and ¢ = 2. This result is strongly related to the fact that the bi-elliptic
minimal model Y3 = E x E/G3, G3 ~ (Z3,+) of X; = (B/I';)’, 1 <i <2 has a 3-
torsion canonical bundle. Bearing in mind that X3 = (B/T'3) and X, = (B/T4)’
have bi-elliptic minimal model Y33 = E x E/G33, G33 ~ (Z3 x Z3,+) with a
3-torsion canonical bundle, we raise the following

Conjecture 16. Let X = (B/T)" be a smooth toroidal compactification
2

with minimal Haar measure vol(X) = vol (B/T") = %, which is not isomorphic

to Hirzebruch’s example Xo = (B/To)" from [10]. Then the Baily-Borel compact-

ification B/T of B/T admits a reqular embedding in P?(C) by T-modular forms of
weight 3.
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