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ABSTRACT. An [n,k,d], code is a linear code of length n, dimension k and
minimum weight d over F,. A fundamental problem in coding theory is to
find ny(k,d), the minimum length n for which an [n, k,d], code exists for
given k,d and q. We introduce a new notion “s-locally w-weight (mod ¢)”
in the usual geometric method for linear codes over IF,. We give some nec-
essary conditions for w = 3 with s = 1,2. As an application, we prove
the non-existence of some linear codes attaining the Griesmer bound, which
determines ng(4,d) and ngy(4, d) for some d.

1. Introduction. Let Fy be the vector space of n-tuples over Fy, the
field of ¢ elements. A linear code C of length n and dimension k, or an [n, k],
code is just a k-dimensional subspace of Fy. C is called an [n, k,d], code if the
minimum Hamming weight min{wt(c) | ¢ € C,c # (0,...,0)} is d, where wt(c)
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is the number of non-zero entries in the vector c¢. We only consider linear codes
having no coordinate which is identically zero.

A fundamental problem in coding theory is to find ng(k, d), the minimum
length n for which an [n, k, d], code exists. This problem is sometimes called the
optimal linear codes problem, see [7, 9]. An [n, k,d], code satisfies the inequality
called the Griesmer bound [4, 24]:

T
I

n = gq(k7 d) = [d/tﬂ )

i

Il
o

where [z] denotes the smallest integer greater than or equal to x. The values of
ng(k,d) are determined for all d only for some small values of ¢ and k. For k = 3,
ng(3,d) is known for all d for ¢ < 9. See [3] for the updated linear codes bound.
As for the updated tables of ng(k, d) for some small ¢ and k&, see [21]. We mainly
deal with linear codes of dimension k = 4. The following results are known for
ng(4,d) and ng(4, d).

Theorem 1.1 ([13, 17)).
(a) ns(4,d) = gs(4,d) + 1 for d = 279,280, 399, 400, 407, 408;

(b) ng(4,d) = gs(4,d) or gs(4,d) + 1 for d = 278,398, 406.

Theorem 1.2 ([14, 15]).
(2) n9(4,d) = go(4,d) + 1 for d = 584, 585,809, 810;

(b) ng(4,d) = go(4,d) or go(4,d) + 1 for d = 583,808.
(c) no(4,d) > go(4,d) + 1 for d =197,198;

See also [2] and [20] for ng(4, d). We prove the non-existence of [gg(4, d), 4, d]s
codes for d = 278,398,406 and of [g9(4,d),4,d]9 codes for d = 196, 583, 808, giv-
ing the following.

Theorem 1.3.
(a) ng(4,d) = gsg(4,d) + 1 for d = 278,398,406,

(b) ng(4,d) = go(4,d) + 1 for d = 583,808;
(c) ng(4,d) > gg9(4,d) + 1 for d = 196.

The weight distribution of C is the list of integers A;, where A; is the
number of codewords of weight ¢, 0 < ¢ < n. The weight distribution with
(Ag, Ag,...) = (1,0,...) is expressed as 0'd® - -.
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Definition 1.1. A linear code C over Fy is w-weight (mod q) if there
exists a w-set W C Zg = {0,1,--- ,q— 1} such that every non-zero codeword ¢ of
C satisfies wt(c) = v (mod q) for some v € W.

The code obtained by deleting the same coordinate from each codeword
of an [n,k,d]; code C is called a punctured code of C. If there exists an [n +
1,k,d+ 1], code C" which gives C as a punctured code, C is called extendable and
C' is an extension of C. Hill and Lizak [10] proved that every [n, k, d], code with
gcd(d, q) = 1 whose weights (i’s such that A; > 0) are congruent to 0 or d (mod
q) is extendable, see also [8]. As a consequence, we get the following.

Theorem 1.4. Every [n, k,d|, code with d = —1 (mod q), whose weights
of codewords are congruent to 0 or —1 (mod q), is extendable.

As for 3-weight (mod ¢) linear codes over Fy, the following result is known.

Theorem 1.5 ([19, 27]). Every [n,k,d], code with ¢ > 5, d = —2
(mod q), whose weights of codewords are congruent to 0, —1 or —2 (mod q),
is extendable.

In this paper, we introduce a new notion “s-locally w-weight (mod ¢)”
in the usual geometric method for linear codes over F,. We give some necessary
conditions for the s-locally 3-weight (mod ¢) property for linear codes over F, as
the main theorems. The structure of this paper is as follows. In Section 2, we
recall the usual geometric method through projective geometry and we state the
main theorems (Theorems 2.3-2.6). In Section 3, we prove Theorem 1.3 using
the results in Section 2. Finally in Section 4, we prove our main theorems by the
dual version of the usual geometric method.

2. The geometric method and main theorems. In this section,
we first recall the usual geometric method [1, 6, 7] to investigate linear codes over
[F, through the projective geometry. Denote by PG(r, ¢) the projective geometry
of dimension r over Fy. A j-flatis a projective subspace of dimension j in PG(r, ¢).
The 0-flats, 1-flats, 2-flats, (r — 2)-flats and (r — 1)-flats are called points, lines,
planes, secundums and hyperplanes, respectively. We denote by 6; the number of
points in a j-flat, i.e., §; = (@ =1)/(qg—1).

Let C be an [n,k,d], code with generator matrix G having no all-zero
column. Then, the columns of G can be considered as a multiset of n points
in ¥ = PG(k — 1,q) denoted by M¢. A point P in ¥ is called an i-point if it
has multiplicity m¢(P) = 7 in M¢. Denote by 79 the maximum multiplicity of
a point from ¥ in M¢ and let P; be the set of i-points in 3, 0 < ¢ < 7. For
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any subset S of X, the multiplicity of S with respect to C, denoted by m¢(S), is
defined as

0
me(S) =Y me(P) =Y i|SNPi,
i=1

PesS

where |T'| denotes the number of elements in a set T'. Then we obtain the partition
0

Y= U P; such that n = m¢(X) and
i=0

n —d =max{me(n) | T € Fr_o},

where F; denotes the set of j-flats in ¥. Such a partition of X is called an
(n,n — d)-arc of ¥. Conversely an (n,n — d)-arc of ¥ gives an [n, k,d], code in
the natural manner. A line [ with ¢ = mg¢(l) is called a t-line. A t-plane, a
t-hyperplane and so on are defined similarly. For an m-flat IT in X, let

v;(I) = max{m¢(A) | ACII, A e F;}, 0<j<m.

We denote simply by v; instead of v;(X). It holds that y4_2 =n —d, y4—1 =n.
When C is Griesmer, the values vg,71, ..., 7x—3 are also uniquely determined ([18])
as follows:

j
(2.1) 7j—ZL1k_dl_A for 0<j <k—1.
u=0

Denote by [hi,...,hg] the hyperplane of ¥ defined by a non-zero vector h =
(hi,...,hg) € ]F]; as {P(p1,...,pr) € X | hip1 + -+ + hgpr = 0}, and by a; the
number of i-hyperplanes in 3. Note that

(2.2) a; =An_i/(g—1) for 0 <i<n-—d.

The list of a;’s is called the spectrum of C. We usually use 7;’s for the spectrum
of a hyperplane of ¥ to distinguish from the spectrum of C. Simple counting
arguments yield the following [16]:

n—d

(2.3) Zai = Qk,l,

1=0

(2.4) Ziai = nﬁk,g,
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n—d Yo
(2.5) i(i—Da;i = n(n—1)0_3+¢" 2D tt— 1)\,
s=2

||
N

)

where \; denotes the number of ¢-points, i.e., Ay = [P;|. When vy = 1, one can
get the following from (2.3)—(2.5):

(2.6) n;zd: <” _g - Z) 0 = <” ) d) Bk 1 —n(n—d—1)0 s+ (;L) O .
Lemma 2.1 ([25]). Put e = (n —d)q—n and po = |(w +€)/q|, where

|| denotes the largest integer less than or equal to x. Let II be a w-hyperplane
through a t-secundum 6. Then t < (w + €)/q and the following hold.

(a) aw =0 if an [w, k —1,dpl, code with dy > w — py does not ezist.
(b) Yk—s(II) = po if an [w,k —1,d;]q code with di > w — po + 1 does not exist.

(c) Let hj be the number of j-hyperplanes through § other than 11. Then Z hj =

J
q and

(2.7) Z('yk_g —J)hj =w+e—qt.

J

The condition “A; = 0 for all j # 0, —1,—2 (mod ¢)” in Theorem 1.5 can
be written as “a; = 0 for all i Zn,n+ 1,n+ 2 (mod q)” by (2.2). We introduce
a new notion “locally w-weight”, which is a little bit different from that in [14],
as follows.

Definition 2.1. Let C be an [n, k], code with k > 4 and let w be an
integer with 2 < w < q—2. Let o be a (k — 4)-flat and let Hy, Ho,...,Hs be s
distinct hyperplanes through o in ¥ = PG(k — 1,q) satisfying me(H;) = n + u;
(mod q) with w <wu; < qg—1 for 1 <i<s. We say that C is s-locally w-weight
(mod q) at o if

me(Il)=n,n+1,....n+w—2o0orn+w—1 (mod q)

for any hyperplane I (# Hy, ..., Hs) through o.

The following theorem shows that s-locally 2-weight (mod ¢) codes do
not exist for 1 < s < g —1 with ¢ > 3.
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Theorem 2.2 ([14]). Assume q > 3. Let Hy,Hs,...,Hs be s distinct
hyperplanes through a (k —4)-flat o in 3. Assume me(IT) =n orn+1 (mod q)
for any hyperplane II (# Hy, ..., Hs) containing o. Then, me(H;) =n orn+ 1
(mod q) for 1 <s<gq-—1.

In this paper, we consider s-locally 3-weight (mod ¢) codes for s = 1,2.
Assume C is an [n, k], code with ¢ > 4. Let Iy be a hyperplane of ¥ with
me(Ilp) = n+ u (mod ¢q) with 3 < u < ¢ —1 and let A be a secundum of ¥
contained in Ily. Let IIy,...,II, be the hyperplanes through A other than IIj.
We say that A is of type (po, p1,- - -, pg—1) if the number of hyperplanes II; from
Iy, Iy, . . ., 11, satisfying me(11;) = n+ i (mod q) is p;. A is also called of type
(pos P15 pt) if pry1 =+ =pg—1 = 0. Let 0 be a (k —4)-flat o in IIy. We first
assume that C is 1-locally 3-weight (mod ¢) at o, that is, m¢(II) =n, n+ 1 or
n+ 2 (mod ¢q) for any hyperplane II (# Ily) containing o.

Theorem 2.3. Let o be a (k — 4)-flat in a hyperplane H with me¢(H) =
n+u (mod q) with3 <u < ¢q—1 and let Ao, A1, ..., be the (k—3)-flats in H
containing o. Assume C is 1-locally 3-weight (mod q) at o and let ¢, ,, be the
number of secundums from Ao, ..., Ay of type (po, p1, - - ., pu) With po+p1+p2 = ¢
and py, = 1. Then, one of the following holds:

(a) wis even and c;y—2; = 0 for 0 <i < u/2—1, (cy2,05 Cug—u) = (u—1,q+2—u);
(b) Ciu—20=0 for 1 <i<u/2, cou=1u, co2=q—1u;

(c) g+ u is even with 5 < u < q¢—2, co2 = cou = 0 and (cl7u_2,c(u+q)/270) =
(u,60p —u).

Example 2.1. Let Fy = {0,1,a, a?}, with a® = a + 1. Here, we denote

a and o by 2 and 3, respectively. Let Cy be the [21,4,11]4 code with generator

matrix
100011111111111111000

010000112233012311110
001010000000132122311
000111200000102313022

Then, Co has weight distribution 01112129131214%15%%16561736183619'220° with
spectrum

Gy =

((11, az, as, a4, as, ag, a7, ag, ayg, alO) = (27 47 ]-27 127 227 ]-67 67 47 37 4)

Take a 0-point P and an 8-plane H in PG(3,4) as P = (0,0,1,3), H = [1,1,0,0].
Then, every plane § (# H) through P satisfies m¢(d) =n,n+1 or n+2 (mod 4).
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Hence, C; is 1-locally 3-weight (mod 4) at P. Let £y, {1, ..., ¢4 be the lines on H
through P as

l = [1,0,3,11 N [0,1,3,1], ¢, = [1,0,0,0] N [0,1,0,0], €5 = [1,0,2,3] N
[0,1,2,3],
(3 =1[1,0,1,2]N[0,1,1,2], & = [1,1,1,2] N [0,0,1,2].

Since me,([1,0,3,1]) = me,([0,1,3,1]) =2=n+1, me,([1,2,2,3]) =6 =n + 1,
me,([1,3,1,2]) =3 =n+2, {y has type (0,3,1,1). In this way, one can see that
¢ and ¢y also have type (0,3,1,1) and ¢35 and ¢4 have type (3,1,0, 1), satisfying
(b) in Theorem 2.3.

We also consider 2-locally 3-weight (mod q) codes. Let Hj, Hs be hyper-
planes with m¢(H;) =n+u; (mod q) for i = 1,2 with 3 < w3 <wus < ¢—1 and
let Ag = H; N Hy be a (k — 3)-flat of type (po, p1,- -, Puy)- The index of Ag
is defined as a € {0,1,2} satisfying 2p9 + p1 = u1 + u2 — 2+ (1 — a)g. For a
(k —4)-flat o contained in Ay, the type of o is defined as the pair of non-negative
integers (vg,v1), where v; is the number of hyperplanes H containing o with
me(H) =n+1 (mod q) for i =0, 1.

Theorem 2.4. Let Hy, Ha be hyperplanes with me(H;) = n+wu; (mod q)
fori=1,2 with 3 <wu; <wuz < q—1 and let o be a (k —4)-flat of type (vo,v1)
contained in the (k — 3)-flat Ao = Hy N Hy with index «. Let Agi), e ,Afj) be
the (k — 3)-flats (# Ao) in H; containing o for i = 1,2. Assume uj(u; —2) +
us(ug — 2) < ¢* — 4q and that C is 2-locally 3-weight (mod q) at o. Let d®

£0,P1
be the number of secyndums from {A(()l), Agl), .. .,Al(]i)} of type (po, P15, » Puy)-
Let 7, = Z dgfo)m for i =1,2. Then, it holds that u; — 3 < 7,, < u; for
2po+p1=u;
i =1,2. either

(a) 29+ 11 = 9%—|—u—|—v—3, both of ui and ug are even and 7,;, = u; — 1 — «
fori=1,2;

(b) 2vp+1v1 =02 +u+v—3—eq and 7y, = e+ u; —« for i = 1,2 with
0<efg+a—mw.

Theorem 2.5. In the case (b) of Theorem 2.4, assume u(u —2) 4+ v(v —
2) < ¢® —4q for a = 0,1 and that u(u—2) +v(v —2) < ¢*> —2q for a = 2. Then,
e=0.

Combining the above theorems, we get the following.
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Theorem 2.6. Let Hy, Hy be hyperplanes with me(H;) = n+w; (mod q)
fori=1,2 with 3 < u; <wuy < q—1 and let o be a (k — 4)-flat contained in
the (k — 3)-flat Ao = Hy N Hy. Let Agi), . .,A((Ii) be the (k — 3)-flats (# Aog) in
H; containing o for i = 1,2. Assume ui(u; — 2) 4+ ua(up — 2) < ¢° — 4q and

that C is 2-locally 3-weight (mod q) at o. Let d%m be the number of secundums

from {A((]l)a Agz)a ceey A((]Z)} Of type (p07 P1y ’pu2)' Let Tu; = Z dEJiO),pl fOT’

2po+p1=u;
1 =1,2. Then, it holds that u; —3 < 7,, < wu; fori=1,2.

We prove Theorems 2.3, 2.4 and 2.5 in Section 4.

3. Proof of Theorem 1.3. As applications of Theorems 2.3-2.6, we
prove the non-existence of [gs(4, d), 4, d]s codes for d = 278,398, 406 and the non-
existence of [g9(4,d), 4, d]g codes for d = 196,583, 808. The following two lemmas
are obtained from Lemma 4.9 in [13].

Lemma 3.1. The spectrum of a [28, 3, 24]s code is (ag,as) = (10,63) and
the set of 0-lines form a 10-arc of lines no three of which are concurrent.

Lemma 3.2. Every [27,3,23]s code is extendable and its spectrum is
(ao, a3, as) = (10,9,54).

Lemma 3.3. There ezists no [319,4,278]g code.

Proof. Let C be a putative Griesmer [319,4,278]s code. Then,
(v0,71,72) = (1,6,41) from (2.1), and an i-plane through a fixed ¢-line in
Y = PG(3, 8) satisfies

t+9

(3.1) <

by Lemma 2.1. If there exists a 2-plane d2, it follows from (3.1) that there exists
no 2-line on d,, a contradiction. If there exists a 11-plane, it corresponds to a
[11,3, dp)s code with dy > 11 — [20/8| = 9, which does not exist, see [3]. Thus,
a11 = 0. In this way, one can get

a; =0 for all 7 ¢ {0,1,7-10, 15, 23-28,31-33, 39-41}.

This procedure to rule out some possible multiplicities of hyperplanes using the
known results on ny(k — 1,d) and Lemma 2.1 and the possible spectra for an
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(n — d)-hyperplane is called the first sieve [15]. The equality (2.7) gives

(3.2) > (41— j)h; =w+9 -8t

with Z h; = 8. Suppose a; > 0 and let ¢; be an i-plane. Note that v;(d;) = 4 for

J
i = 26,27,28 from (3.1). Suppose agg > 0 and let P be a 1-point on dag. Then,
all the lines on d2g through P are 4-lines. The possible solutions of (3.2) with
(w,t) = (28,4) are

(33) (h39’ h407 h41) = (27 17 5)3 (17 37 4)7 (07 5> 3)a

giving ca1 +c13+co5 =9, and C is locally 3-weight (mod 8) at P. This contra-
dicts that co; = ¢13 = 0 and ¢p5 = 5 from Theorem 2.3(b) with v = 5. Hence,
asg = 0. Similarly, applying Theorem 2.3 with u = 4, one can prove ao7y = 0.

Suppose agsg > 0 and let P be a 1-point on d9g. Then, the lines on dog
through P consist of either seven 4-lines and two 3-lines or eight 4-lines and one
2-line. For the former case, one can apply Theorem 2.3 with u = 3 to get a
contradiction since the RHS of (3.2) with (w,t) = (26,3) is 11. For the latter
case, we apply Theorem 2.6 to get a contradiction when possible solutions of (3.2)
with (w, t) = (26, 2) (resp. (26, 4)) are (hg@, hgg, h40, h41) = (1, 2, 0, 5), (1, 1, 2, 4)
or (1,0,4,3) (resp. (hsg, hao,hs1) = (1,1,6),(0,3,5)). Thus, age = 0. One can
also prove ajp = 0 applying Theorem 2.3 with u = 3 since every line through a
1-point on a 10-plane is a 2-line.

Now, we have A; =0 for all ¢ # 0,—1,—2 (mod 8) from (2.2). Applying
Theorem 1.5, C is extendable, which contradicts Theorem 1.1 (a). This completes
the proof. O

Lemma 3.4. There ezists no [456,4,398]g code.

Proof. Let C be a putative Griesmer [456,4,398]g code. Note that
(v0,71,72) = (1,8,58) from (2.1). An i-plane through a fixed t-line in ¥ =
PG(3,8) satisfies

1+ 8

(3.4) t< g

by Lemma 2.1. Then, one can get

a; =0 for all i ¢ {0,1,8,9,10,24-28, 32, 33, 40,41, 42, 48,49, 56, 57, 58}
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by the first sieve. The equality (2.7) gives

(3.5) > (58— j)h; =w+8— 8t
j

with » " h; =8,
J

Suppose agg > 0 and let dog be a 28-plane. Then, v1(d28) = 4 from (3.4)
and dag has spectrum (79, 74) = (10,63) by Lemma 3.1. Hence, for any 1-point P
on dog, all the lines on dsg through P are 4-lines. Since the possible solutions of
(3.5) with (w,t) = (28,4) are

(h567 h577 h58) = (07 47 4)7 (17 27 5)7 (27 07 6)7

giving cp4 + c12 + c20 = 9, where ¢; ; denotes the number of lines through P
of type (i,7,8 — i — 4,0,1). Thus, C is locally 3-weight (mod 8) at P. On the
other hand, Theorem 2.3 with u = 4 yields that co4 + c12 + 20 = 3 or 4, a
contradiction.

Next, suppose as7 > 0 and let do7 be a 27-plane. Then, do7 has spectrum
(10,73, 74) = (10,9,54) by Lemma 3.2. For any 1-point P on Ja7, the lines on
097 through P consist of eight 4-lines and one 3-line. Since the possible solutions
of (3.5) with (w,t) = (27,4) are (hse, hs7, hss) = (1,1,6) or (0,3,5) and since
the RHS of (3.5) with (w,t) = (27,3) is 11, we have ¢11 + ¢o3 > 8, and C is
locally 3-weight (mod 8) at P. This contradicts Theorem 2.3 with v = 3. Hence,
asy = 0.

Now, we have A; =0 for all i Z 0,—1,—2 (mod 8) from (2.2). Applying
Theorem 1.5, C is extendable, which contradicts Theorem 1.1 (a). This completes
the proof. O

Lemma 3.5. There ezists no [465,4,406]g code.

Proof. LetC be aputative Griesmer [465, 4, 406]g code. Then, (v, v1,72) =
(1,8,59) from (2.1). An i-plane through a fixed ¢-line satisfies t < (i + 7)/8 by
Lemma 2.1, and one can get

a; =0 for all i € {0,1,9,10,25-28, 33, 41,42, 49, 57, 58, 59}
by the first sieve. The equality (2.7) gives

(3.6) > (59— j)hj=w+7—8t

J
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with Z hj = 8. From (2.6), we have
J

(3.7) > (592_ Z) a; = 3045.

1<57

Suppose ag > 0 and let §p be a 0-plane. Setting w = ¢t = 0, the maximum possible
contribution of h;’s in (3.6) to the LHS of (3.7) is (hs7, hsg, hsg) = (3,1,4). Hence
we get

(LHS of (3.7)) < 36, + (529> = 1930,

a contradiction. Hence ag = 0.

Suppose asg > 0 and let dog be a 28-plane. For a 1-point P on dog, all
the lines on dog through P are 4-lines since 71 (d2g) = 4. The possible solutions of
(3.6) with (w,t) = (28,4) are

(hs7, hss, hsg) = (1,1,6) or (0,3,5),

giving c11 + cp3 = 9, and C is locally 3-weight (mod 8) at P. This contradicts
that ¢1,; = 0 and ¢; 3 = 3 from Theorem 2.3 with u = 3. Hence, ags = 0.

Now, we can apply Theorem 1.5 and Theorem 1.1 (a) to get a contradic-
tion. O

As an application of Theorems 2.3 and 2.6, we prove the non-existence of
[99(4,d),4,d]g codes for d = 196, 583, 808.

Lemma 3.6. There ezists no [222,4,196]9 code.

Proof. Let C be a putative Griesmer [222,4,196]9 code. Then, an
i-plane through a fixed ¢-line in ¥ = PG(3,9) satisfies

t§z+12

(3.8) 5

by Lemma 2.1. Then, by the first sieve, we get
a; = 0 for all i & {0, 1,6-10, 15, 16, 17, 24, 25, 26}.
The equality (2.7) gives

(3.9) D (26— j)hj =w+12 -9t
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with Zhj =9. From (2.6), we have
J

(3.10) > <262_ Z) a; = 6760.

i<17

Suppose ag > 0 and let dy be a 0-plane. Setting w = ¢t = 0, the maximum possible
contribution of h;’s in (3.9) to the LHS of (3.10) is (his, hos, hog) = (1,1,7).
Hence we get

(LHS of (3.10)) < <121>02 4 (226> _ 5330,

a contradiction. Hence ap = 0. One can show a; = 0 similarly.

Suppose a9 > 0 and let P be a 1-point on a 10-plane §19. Then, there
are nine 2-lines and one 1-line on 419 through P. Since the possible solutions of
(3.9) with w = 10 satisfy hg = hjg = 0 for ¢t = 1,2, one can apply Theorem 2.3
with u = 4 to get either cp4 = c12 = 0 and cp = 3 from (a) or ¢12 = 20 =0
and cp4 = 4 from (b). On the other hand, the possible solutions of (3.9) with
w =9 is (h24,h25,h26) = (1,2,6) or (h24,h25,h26) = (0,4, 5) for t = 2, which
implies that c;2 4+ coa > 9, a contradiction. Thus, a9 = 0. One can similarly
prove ag = 0.

Now, applying Theorem 1.5, C is extendable, which contradicts Theorem
1.2 (c¢). This completes the proof. O

Lemma 3.7 ([22]). The spectrum of a [48,3,42]g code is (ap,as,as) =
(3,16,72).

Lemma 3.8. There ezists no [657,4,583]9 code.

Proof. We give a sketch of the proof. Let C be a putative Griesmer
[657,4,583]9 code. Then, an i-plane through a fixed t¢-line in ¥ = PG(3,9)
satisfies t < (¢ +9)/9 and we have

a; = 0 for all i ¢ {0,1,9, 10,27, 28, 36, 37, 45-48, 54, 55, 63-65, 72-74}
by the first sieve. The equality (2.7) gives

(3.11) D (14— j)hj=w+9-9t

J



Locally three-weight property for linear codes and its application 231

with Z hj = 9. Suppose asg > 0 and let P be a 1-point on a 48-plane d45. Then,

J
as we see in the proof of the previous lemma, there are at most one 48-plane

(# d048) through P. Since the possible solutions of (3.11) with (w,t) = (48,6) is
(hr2, hrs, hya) = (1,1,7) only, we have ¢;; > 9, which contradicts Theorems 2.3
and 2.6 with v = 3. Hence, asg = 0.

Applying Theorem 1.5, C is extendable, which contradicts Theorem 1.2
(a). O

Lemma 3.9 ([26]). Let C be a Griesmer [n, k,d], code, where q is a power

of a prime p. If q divides d, then C is p-divisible.

Let C be a Griesmer [102, 3,90]g code. Then, the multiset F = 2PG(2,9)—
M forms a (80, 8)g-minihyper. Hence, we get the following from the classification
of (80, 8)g-minihypers by Hill and Ward (Theorem 43 in [11]).

Lemma 3.10. The possible spectra of a [102,3,90]y code are (as,ag, ag,
a12) = (8,0,0,83), (0,9,6,76), (0,8,8,75), (0,1,22,68), (0,0,24,67).

Lemma 3.11. There exists no [910,4,808]g code.

Proof. Let C be a putative Griesmer [910,4, 808]9 code. Then, (vo, 71,
v2) = (2,12,102) from (2.1), and an i-plane through a fixed ¢-line in ¥ = PG(3,9)
satisfies

1+ 8

(3.12) t<

Ne}

by Lemma 2.1. Hence, i > 93 — 8 = 19 by Lemma 3.10, and we have
a; = 0 for all 7 & {46,47,48,73-81,91, 100, 101,102}
by the first sieve. The equality (2.7) gives

(3.13) D (102 = j)hj = w+8— 9t

J

with Zh]- =9. From (2.6), we have
J

102 — i
(3.14) 3 ( ) Z)ai = 81y — 4030.

1<100
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Suppose ag; > 0 and let dg; be an 81-plane. Then, the spectrum of dg; is (70, 79) =
(1,90) [5]. Setting w = 81, the maximum possible contribution of h;’s in (3.13) to
the LHS of (3.14) is (h46, h73, hloo, h107) = (1, 1, 2, 5) for t =0 and (hl()O, hlog) =
(4,5) for t =9. Hence we get

(LHS of (3.14)) < <526> + (229> +2+ 419 + <221> = 2518,

whence Ay < 80, which contradicts that Ao = 90 + Ag > 90. Hence ag; = 0. One
can similarly prove agy = azg = 0. We also have ag; = 0 since a putative 91-plane
has only 10-lines, which do not appear in a 102-plane.

Next, suppose arg > 0 and let §7g be a 78-plane. Let P be a 1-point on d7g

and let b; be the number of j-lines through P in é7g. Since (3.13) has no solution
for (w,t) = (78,6), the possible b;’s are (bg,bg) = (3,7) or (bs,bg) = (1,9). Note
that the possible solutions of (3.13) with (w,t) = (78,9) are (hioo, k101, h102) =
(2,1,6), (1,3,5), (0,5,4). Assume (bg,bg) = (3,7). Then, there is no 76-, 77-
or 78-plane through P other than d73 and we have ca1 + ¢1,3 + co5 > 7, which
contradicts that ca 1 + ¢1,3 + co5 = 5 by Theorem 2.3.
Assume (bg, bg) = (1,9). Then, c21 + c13+ co5 > 9. If there is no 76-, 77- or
78-plane through P other than g, then we get a contradiction again. So, we may
assume that the solutions of (3.13) with (w,t) = (78, 6) satisty hzg+h77+hrg = 1.
Assume there is a 78-plane (# d7g) through P. Then, c21 + c13 + co5 < 5 by
Theorem 2.6, a contradiction. Next, assume there is a 76- or 77-plane (# d7s)
through P. Setting (u,v) = (3,5) or (4,5), Theorem 2.6 yields that ca1 + ¢1,3 +
co,5 < 5, a contradiction again. Thus, a7g = 0.

Similarly, one can prove a7; = ar¢ = 0. Applying Theorem 1.5, C is
extendable, which contradicts Theorem 1.2 (a). This completes the proof. O

Now, Theorem 1.3 follows from Theorems 1.1, 1.2 and Lemmas 3.3-3.6,
3.8, 3.11.

4. Proof of Theorems 2.3-2.5. Let C be an [n, k,d], code with a
generator matrix G = [g;;] whose i-th row is g;, 1 <4 < k. In this section, we
prove Theorems 2.3-2.5 by the dual version of the geometric method in Section
2, that is, the columns of G are considered as hyperplanes of ¥ = PG(k — 1, ¢q).
For P =P(p1,...,pr) € X, the weight of P with respect to G, denoted by wg(P),
is defined [27] as

k k
wa(P) = {j | Y gijpi # 0} = wt(d_ pigi)-
i=1 i=1
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For:=0,1,2,...,9g— 1, let
N, ={P e X | wg(P)=—i (mod q)}.

For a line £ = {Py, P1,--- , P,} in ¥, it holds that

q

(4.1) > we(P) =0 (mod q),
=0

see [27]. £ is called of type (po, p1,p2,---+pg—1) if pi =[N N;| for 0 <i<gqg-—1
in what follows. Let 0 be a plane with v; = |[N; N 4] for 0 < i < g—1. It is known

that Z v; > qif vy 4+ 11 < 09 as follows.
1>2
Lemma 4.1 ([14]). Assume q¢ > 3 and vy + v > ¢*> + 2. Then, it holds
that vy +uv1 = 92.

Next, assume ¢ > 4 and vy + v1 + 19 > 0y — 2. We first consider the
possible lines of type (po, p1,...,pq—1) in 6. Let S be the set of possible (pg, p1)’s
when pg + p1 + p2 = 01. Then,

(42) S={(i,qg+2—2)|1<i<]|q/2]+1}U{(1,0),(0,2),(6:,0)}

from (4.1). Let S, be the set of possible (pg, p1)’s when pg + p1 + p2 = ¢ and
pu = 1 for some 3 < u < ¢ — 1. Then, from (4.1), we get S, = T, U T, with

Tu = {(iu—2i)|0<i<[u/2]},
(4.3) .5 = {(,u+q—2i)|u<i<|(qg+u)/2]}.
Indeed, for (i,j = u+ q —2i) € T,F, we have i = (¢ —i — j) +u > u, giving

u <1< (q+u)/2since j > 0. Note that 2py + p1 = u (mod q) if (pg, p1) € Su,
which yields the following.

Lemma 4.2. SNS, =0 for3<u<gq-1.

For two integers u,v with 3 <u < v < ¢q—1, let D,, be the set of all
possible (po, p1)’s when pg + p1 + p2 = ¢ — 1 with either p, = 2 if u = v or
pu = py =1 if u <v. Then, from (4.1), we get Dy = Ty U T, U T, with

Tow = {(i,u+v—2—2i) | max{0,u+v— 0} <i < [(utv)/2] —1},

Ty = {iut+v—2+q—2i) Jut+v—1<i<|[(u+v+q)/2] -1},
(44) Ty = {(lutv—2-¢=2i) [ 0<i< [(utv—q)/2] -1}



234 S. Kawamoto, A. Kato, T. Maruta

For a line m of type (po, p1, - .., pv) With (po, p1) € Dy, the index of m is
defined as the integer « satisfying 2pp+ p1 = u+v—2+ (1 —a)gq, i.e., a =0,1,2
if (po, p1) is in 7;‘;, Tuws Ty s respectively.

For (po, p1) = (i,u+v —2—2i) € Ty, ,, we have pg+ p1 + 2 < 6, giving
i>u+v—0. Wegeti>u+v—1for (i,u+v—2+q—2i) €T, similarly.

Lemma 4.3. Dy, = Tow U T, UT,, satisfies |Dy,| =1 and
(a) [Tuhol =0 if u+v > 01;
(b) [Toul =0 if u+v <61;
(¢) TowNS=0ifg#u+v—4and T,,NS ={(0,2),(1,0)} if g = u+v —4.

Note that (po,p1) € D, satisfies 2p9 + p1 = v+ v — 2 (mod q). We
consider the following three cases.

e Case 1: V0+V1+V2:q2+qandl/u:1With3§u§q—1;
e Case 2: V0+l/1+l/2:q2+q—1anduu:uvzlwith3§u<v§q—1;
e Case 3: yp+ 1 +mm=q¢+q¢—1land v, =2 with3 <u<gqg—1.

We note that no two lines of different types in SUS, US, UD,,, have the
same (po, p1) except for the case ¢ = u+v —4 in Lemma 4.3(c). Let Ay = SUS,
for Case 1; Ay = SUS,US, UD,, for Case 2; Ay = SUS,UD,, for Case 3. We
denote by ¢; ; the number of lines of type (po, p1, ..., pg—1) With (4,7) = (po, p1)
in §. Such lines are called (i, j)-lines. Then we have the following equalities which
are similar to (2.3)—(2.5):

(4-5) Z Cm’ = 92,

(4,5)EAL

(46) Z ici,j = 91V0,
(L])EAI

(4.7) Z jci,j = 91V1,
(iuj)eAl

7 140

(4.8) Z <2>Ci’j = <2>,

(i’j)eAl

= (O - ()

(4,4)€A
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(4.10) 3 <i;j>ci7j = (Vo;r”).

(Z).])GAl

From (4.8)—(4.10), we also get

(4.11) 3 ijey = (VO;V1> - <’/2°> - <V21> = wo1.

(Zvj)eAl

4.1. Case 1. We first consider the case when there is only one exceptional
point.

Lemma 4.4. Assume ¢ >4, vy +vi +1vo = ¢ +q and v, = 1 for some
3<u<qg—1. Let c:= Z Ci,j:ZCi,u—%- Then, 2vg+v1 —u+1=05+¢q

(4,5)€Tu i
or 0. Moreover,

(a) w is even and (vp,v1) = (uby — (g),(q—u)(q—u+2)), c=cyp0=u—1,

c10 = Co2 = Ciu—2i =0 fori < u/2, cp 0 =1u, cyg—u = ¢ — u+ 2 when
2+ —u+1=02+gq;

(b) When 2vg 4+ v1 —u+ 1 = 03, it holds either

(b-1) (vo, 1) = ((3) . (;‘) +u,2q + u(u — 2)), iz = 0 for i > 0,

€= Cou = U, C10 = Co,0 =0, co2 =q—u, or
(b-2) ¢+ u is even with 5 < u < ¢ — 2 and (vo,v1) = (u+ (61 —u)(q +

u)/2,u(u—2)), cg;0 =1, co2 = cou = 0, C1u—2 = U, C1,0 = Clutq)/20 =
91 —U.

Proof. For ¢ = 4, the only possible plane § with 3 = 1 satisfies
(vo,v1,1v2) = (6,11,3) with (¢1.4,¢22,¢02,¢03,¢31) = (6,9,1,3,2) from Table 3.3
in [23], which yields (b-1).

Assume ¢ > 5. Let R be the unique point of N, in X. Note that

Y cij =01 and that (¢+2)6y = 67 + 1. Calculating Y (2i+j—q—2)ci,

(i.7)ESu (i-j) €M
> i2i+j—q—2cjand D j(2i+j—q—2)ei; by way of (4.5)-(4.11),

(i,5)€M (4,4)€A

we get

(4.12) 01 2vo+v1 — 07 —u+2)—1 = —q(c10+co2—co0+c),
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(4.13) V0(21/0 ‘v — 0y —u-+ 1) = —q(CLo — 91091,0 + Z ici,u—Qi),

)

(4.14) nQuo+v — 07 —u+1) = —q(2c02+ Z(u — 20)Ciu—2),

7

respectively. Tt follows from (4.12) that 2vg + v — 07 —u+2 =1 (mod ¢). Since
the RHS of (4.14) is non-positive, we have 2vg + 11 < 67 +u — 1.

Assume 21y + 11 = 9% +u — 1. Then, co2 = ¢jy—2; = 0 for 0 < i < u/2
from (4.14). Suppose u is odd. Then, we have ¢ = 0. Considering the lines
through R, we have

2vp + 11 = Z (2i+j)cij = (u+q)bh =0 +u—1,
(L.)ETa"

giving u = 1, a contradiction. Hence u is even. It follows from (4.12) that
€10 — €0 tC= -1
with ¢ = ¢, /99, whence ¢y, o > 0. Considering the lines through R, we have
209+ =uc+ (u+q)(0; —c) =07 +u—1,
giving ¢ = u — 1. Suppose ¢1,9 > 0 and let £y be a (1,0)-line. Then ¢y, g =c+1+
c10 > u+ 1, and the (61,0)-lines meet ¢y in the point of Ny, which contradicts

that there are u — 1 (u/2,0)-lines through R. Thus, ¢190 =0, cg 0 =c+1=u.
It follows from (4.13) that

vo = O1cg,0 — (u/2)cy 00 = uth —u(u —1)/2,

giving v; =07 +u —1—2uy = (¢ —u)(q — u+2). Since v; = (¢ —u)(0; — ¢), we
get Cyq—u = q —u+ 2. Thus, we obtain (a) when 2vg + v = 67 +u — 1.

Next, assume 21y 4+ v = 02 +u — 1 — ge for some non-negative integer e.
Then, the equalities (4.12)-(4.14) are replaced by

(4.15) bre+q = c1,0 +¢co2 — Co 0 T+ G,
(4.16) ve = c10—bico 0+ Z 1Ciu—2i
i

(4.17) vife+1) = 2002+ Y (u—20)ciu 2.

1
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It follows from (4.15) and our assumption that 2x(4.16)+(4.17) gives
(418) v —qe* + (¢ —q+u—2)e= (u—2)c+2q(1 —cy o).
Counting the number of points in the lines through R, we get

2u0 + v =uc+ (@+u)(bh —c) =02 +u—1—qe,
giving ¢ = e+ u, and e < g — u + 1 since ¢ < ;. Hence, (4.18) gives
(4.19) v1+q(g—1—e)e=2q+u(u—2)—2qcy, o-

We shall prove e = 0. For 1 <e < g—u-+1, we have ¢(¢—1—e)e > 2q+u(u—2)
for3<u<g—2and

vi+qlg—1—-e)e>01+q(qg—1—e)e>2q+u(u—2)

for u = ¢ — 1 with even ¢ since every line through R contains a point of N; when
u is odd, both of which contradict (4.19). Suppose u = ¢ — 1 with odd ¢. For
e =1, (4.19) gives v + 2qcy, o = 3, whence ¢, o = 0 and v = 3. Then, one can
take a line in § containing at least two points of Ny but none of Ny U N,,. This
contradicts (4.2). For e = 2, we have ¢(q — 1 — e)e > 2¢ + u(u — 2) for ¢ > 5,
which contradicts (4.19). Hence, we obtain e = 0, ¢ = u, and (4.19) yields

v = 2q 4+ u(u — 2) — 2qcy, 0.

Assume cg, o > 0. Then, cp2 = cp, = 0 since every line contains a point of Nj.
From (4.17), we have v; = Z(u — 24)¢; y—2i, which implies that ¢; y44—2; = 0 for

u<i<(qg+u)/2, and C(q+:)/2,0 =61 — u. Hence, g+ u is even, and u < g — 2.
Suppose cg, 0 > 2. Then, (4.15) yields that c19 = cp, 0 + ¢ —u > 3. Let ¢y be a
(1,0)-line and let P be the point of Ny on £y. Then, every (6;,0)-line meets ¢
in P. Since ¢y, o > 2, all of (1,0)-lines and (6;,0)-lines in ¢ are on the point P.
Take a ((¢+u)/2,0)-line meeting ¢ in a point of Na, say Q. Then, any (i, j)-line
through @ other than (P, Q) and (Q, R) satisfies 2i + j = 2+ ¢. So, counting the
number of points in the lines through @, we get a contradiction as

o +1v1=(2+¢q)(g—1)+2+ (¢ +u) = ¢*+2q +u.

Thus, ¢g, 0 = 1 and v; = u(u — 2). Then, (4.15) gives ¢10 = 61 — v and (4.16)
gives Zic@u_gi =u =c= ch_gi, which yields ¢14—2 = u, and vy =
- -

)
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u+ (01 —u)(q+u)/2. Let L be the set of ¢ + 4 — u lines consisting of the (61, 0)-
line, the (1,0)-lines and any two of the (1,u — 2)-lines. Counting the number of
points in the lines through each point as above, one can show that £ forms a
(¢ +4 — u)-arc of lines. For u = 3 with odd ¢ > 5, £ forms a (¢ + 1)-arc of lines.
This contradicts the fact that any g-arc is contained in the unique (g + 1)-arc
(see Theorem 10.28 in [12]) since there are three (1,u — 2)-lines. For u = 4 with
q = 2", h > 3, one can take a line ¢ with [¢ N Ny| = 1, for v; = 8, which is
impossible from (4.2). Hence (b-2) holds.

Finally, assume cg, o = 0. Then, v1 = 2¢ 4+ u(u — 2), vy = (> —q—u?+
3u)/2. We also get ¢10 = ¢jy—2;i = 0 for 1 < i < wu/2 from (4.16), ¢, = ¢ = u,
and (4.15) gives cp2 = q — u, giving (b-1). O

Theorem 2.3 follows from Lemma 4.4. We continue the investigation for
the Cases 2 and 3 in the following subsections.

4.2. Case 2. Now, we consider the Case 2 with N, = {R,}, N, = {R,},
3<u<wv<g—1. Assume (R, R,) is a (pg, p1)-line with index «, i.e., a =0, 1,2
when (po, p1) is in 7,5, Tuw, T,y respectively. Recall from Lemma 4.3 that the
condition u + v < ¢+ 1 (resp. u+ v > ¢+ 1) is needed when o« = 0 (resp.
a =2) and that « = 1 if u + v = ¢+ 1. Calculating Z (2i+j—q—2)cy,

(i,)€M
> i(2i+j—q-2c and > j(2i+j—q—2)ci; using (4.5)-(4.11) again,
(4,5)€AL (4,9)€M
we get the following equalities:

(4.20) 61(2v0 +v1 — 07 —u—v+4) —1 = —q(c10+ co2 — oy 0 + tu + ty + @),
(421) V0(2V0 + v — 92 —Uu—v+ 3) = *Q(CI,O — 9169170 +to + Oépo),
(4.22) vi(2uo+ v — 07 —u—v+3) = —q(2c0 +t1 + ap1),

where t,, = Z Cij,ty = Z Ci,j, to = Z icij and iy = Z Jcig

(4,5)€Tu (1,5)€Tv (4,5)ETuUTy (i,4)€TuUTy
It holds that

(4.23) 2w+ —0 —u—v+4=1 (modq)
and

(4.24) 20 +v1 <03 +u+v—3
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from (4.20) and (4.22), respectively. Counting the number of points through
R, € N,, we obtain

2w+ = uty+(g+u)(g—ty) tut+v—2+(1—a)g
(4.25) = utv—2+q(qgtu+l—a—t,).

Lemma 4.5. Assume 2vy+ v = 9%+u+v —3. Then, u and v are even,
co2 =c10 =0, tu = cy20, tv = Cyy2,0, (tustv,co,0) = (u—1—a,v—1—a,u+
v—1—a)and a <1.

Proof. Assume 2vy+v; = 03+u+v—3. Then, it follows from (4.25) that
tu =u—1—oand we get coo = ap1 = ¢;; =0 for all (i,5) € TuUTyUTuwUT,,
with j > 0 from (4.22). Substituting 2vg + v1 = 6% +u + v — 3 to (4.20), we also
obtain

(4.26) co,0=clottut+ttyv+tat+l=cp+tut+v—a—-1>uv,

since v > 3 and o < 2. If v is odd, then ¢, = 0, and we get v = a+1 < 3
from (4.25), giving a contradiction. If v is odd and v is even, then t, = 0, and
u=a+1<3, givingu =3 and a =2 with u +v > g+ 1, (po,p1) € T, So,
v =¢q— 1since v < g — 1. Then, (pg,p1) = (0,0), which contradicts the fact
that there exists a (61,0)-line. Hence, u and v are even, v > 6 and t, = Cu/2,05
ty = Cyj2,0- Suppose 19 > 0 and let P be a point of Ny on a (1,0)-line. Since
(01,0)-lines are on P, a (v/2,0)-line must contain P and R,, which contradicts
(4.26) as t, =v—1—a > 3. Thus, ¢ =0.

Now, assume « = 2. Then, p; = 0, and the existence of a (61, 0)-line from
(4.26) implies that py > 0, whence

(4.27) u+v>q+4
From (4.21), we get

vo = bhicg 0 —to—2p0
= qut+v—2)—1—u(u—3)/2—v(v—3)/2

since t, =u—3, po = (u+v—2—¢q)/2 and ¢, 0 = v+ v — 3. Then, from the
equality 2y0—|—1/1:0%+u+v—3, one can get

vi = ¢ —2q(u+v—3)+ulu—2)+ovv-—2)
(4.28) = (g+1-u?+(g+1-v)*—¢*+2¢—2.
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From (4.27) and (4.28), v; takes the largest value when (u,v) = (6,¢ — 2) or
(¢ — 2,6) with ¢ even since v and v are even. But 14 = —8¢ + 32 < 0 when
(u,v) = (6,9 — 2) with ¢ > 8, a contradiction. Hence av # 2. O

From (4.23) and (4.24), we may assume that 2vg+v; = 6y +u+v—3—eq
with non-negative integer e when 2y + v < 9% +u+v—3.

Lemma 4.6. Assume 2vy+vy =0 +u+v—3 —eq with e > 0. Then,
(a) ty=e+u—a,ty,=e+v—a withe < qg+a—v.
(b) e =0 ifu(u —2) +v(v—2) < ¢*> —4q when a =0 or 1.
(¢) e=0 ifu(u—2) +v(v—2) < ¢ —2q when a = 2.

(d) Ife=cp0=0anda=0orl, thencig=0, v =u(u—2)+v(v—2)+2¢
and
(Cou, Cow,C02) = (U — 0, v — a,qg —u—v+ ). In addition, pg = 0 when
a=1.

(e) If e = cg 0 =0 and o« = 2, then c19 = co2 =0, 11 = u(u —2) +v(v — 2),
g=u+v—2 and (cou,Cow, po) = (u—2,v—2,0).

Proof. We get (a) from (4.25) since t, < q. Since 2vy + 11 = 09 +u +
v — 3 — eq, the equalities (4.20)-(4.22) can be written as

(4.29) bre+q = 10+ co2 — oo+ tu+ 1ty +
(4.30) vpe = c1,0 — B1ch, 0+ to + apo,
(4.31) vife+1) = 2co2+t1+ api,

respectively. From (4.29), 2 x (4.30) 4 (4.31) gives

v —e2qgte(@® —qrutv—4) = (u—2)t,+ (v—2)t, +2q(1 —cg,0)
+a(u+v—4+(1—-a)g).

Hence, using the equalities in (a), we obtain
(4.32) m+eqlg—1—e)=u(u—2)+v(v—2)+2q(1—co0)
for « = 0,1 and

(4.33) vit+eq(g—1—e)=u(u—2)+v(v—2)—2qc p-
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for v = 2. Assume a = 0 or 1 and u(u — 2) + v(v — 2) < ¢* — 4q. If e > 0, then
1<e<g—2from (a), and u(u —2) +v(v—2)+2¢ < q(qg—2) <eqlqg—1—ce),
which contradicts (4.32). Hence, (b) holds. One can prove (c) similarly.

Finally, assume e = ¢g, o = 0. Then, from (4.30), we have ¢1 9 =¢;; =0
for all (i,75) € T, U T, with i > 0, giving ¢, = cou, tv = o, apo = 0. We also
get cp2 =q—ty —ty, —a=q—u—v+afrom (4.29) and (a). When a = 2,
the condition u 4+ v > ¢ + 2 is needed, giving cp2 =0 and ¢ = u+v — 2. vy is
obtained from (4.32) and (4.33). Hence, our assertion (d) and (e) hold. O

It could be possible that 2vy + 1 = 0 + © + v — 3 only when both of
u and v are even by Lemma 4.5. Now, we consider the case when 21y + vy =
02 +u+ v — 3 — eq with integer e > 0. We determine the value e for all ¢ > v+ 1
with 3 < u < v < 8 so that one can apply our result to the optimal linear codes
problem for v < ¢ < 9.

Lemma 4.7. Let (u,v) = (3,4). Then,
(a) Forq>T7,21p+vi=02+4 andts3 =3 —«, ty =4 — a.
(b) For q=5, 2vp+ 11 =30 or 35 and t3 < 4, t4 < 5.

Proof. Assume g > 7 (or ¢ = 5 with (po,p1) € 7})_4) Then, e = 0,
t3 =3—qa,ty =4—« and 21y + 11 = 05 + 4 by Lemma 4.6. Assume ¢ = 5
with (po, p1) € T3.4 U 7?;1 Then, (4.32) gives v1 + 5e(4 —e) = 21 — 10cy, 9. From
Lemma 4.6 (a), we have t3 + o = e 4+ 3 with e < 2. If e = 2, then ¢y, o = 0 and
v1 = 1, which contradicts that 1y > t3 > e+ 2. Hence e < 1. O

From Lemma 4.6, one can prove the following similarly.

Lemma 4.8. It holds that t, = u—a, t, = v—a and 2vy+1v1 = Oo+u+v—3

for
(a) (u,v) = (3,5), (4,5), (3,7) for all ¢ > v+ 1;
(b) (u,v) = (3,6) for q=38;
(c) (u,v) =(4,6), (5,6), (4,7), (5,7) for ¢ = 9;
(d) (u,v) = (6,7), (3,8), (4,8), (5.8), (6,8), (7,8) for ¢ > 11.
Lemma 4.9. It holds that 2vg+ 11 = 0 + u+v —3 —eq withe =0 or 1
for

(a) (u,v) =(3,6),(4,6),(5,6) forq="7;
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(b) (u,v) = (4,6),(5,6),(4,7),(5,7),(6,7) for ¢ =8;
(¢) (u,v) =(6,7),(3,8),(4,8),(5,8),(6,8),(7,8) for ¢ =9.

4.3. Case 3. Here, we consider the Case 3: vy + 11 + 15 = q2 +qg-—1
and v, = 2 with 3 <u < ¢g— 1. Let N, = {R, R'}. Assume (R, R') is a (po, p1)-
line with index . Let 2 (resp. tf') be the number of (i, )-lines through R
(resp R') with (i,5) € T,. Note that t, = Z cij = th + t® . From the

(1.1)€Tu
equalities (4.20)-(4.22) with u = v, we have 21y + 11 = 67 + 2u — 3 (mod ¢) and
2 + 11 < 0% + 2u — 3. Then, Lemmas 4.5 and 4.6 can be rewritten as follows.

Lemma 4.10. Assume 2vy + 11 = 9% +2u — 3. Then, u is even, cp2 =
c1,0 =0, tu = ¢y 2,0, (tf,cel,o) =u—-1—-a,2u—1—a) and a < 1.

Proof. Assume 2uy + vy = 67 + 2u — 3 with (pg, p1) € Dyu. Then,
as in the discussion for Case 2, we have that t? = u — 1 — o and that co2 =
apy = ¢;j =0 forall (i,j) € TuUTp U Ty UT,, with j > 0. Also, (4.26) can be
rewritten as

(4.34) 09170:cl,o—i—tf—i—tf/—l—a—&—l:cLO—I—Qu—a—lZu,

since u > 3 and a < 2. If w is odd, then £, =0, and we get 3<u=a+1 <3,
giving o = 2 and v = 3. Then, p; = 0, ¢ = 4 and pg = 0, which contradicts
(4.34). Hence, u is even and t, = ¢,/20. Suppose c19 > 0 and let P be a point
of Ny on a (1,0)-line. Since (#;,0)-lines are on P, a (u/2,0)-line must be (P, R)
or (P, R'), giving tI' = 1, and py > 2u — « from (4.34). Hence, o = 0 and u = 2,
a contradiction. Thus, ¢; 9 = 0. One can prove a # 2 similarly to the proof of
Lemma 4.5. O

Lemma 4.11. Assume 2vg 4+ v = 0 +2u — 3 — eq with e > 0. Then,
(a) tR =tV tfl — et u—a withe<q+a—u.
(b) e =0 ifu(u —2) < ¢*/2 — 2q when a =0 or 1.
(c) e=0 or (qg,u,e) = (4,3,3) if u(u —2) < ¢*/2 — q when a = 2.
(

d) Ife=cp0=0anda=0 orl, then cig=0, t, = cou, 1 = 2u(u —2) + 2q
and
(tR co2) = (u,q—2u) when o = 0; (t2,co9, po) = (u—1,q—2u+1,0) when
a=1.
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(e) If e = cp 0 = 0 and o = 2, then q is even, u = ¢/2+ 1, 11 = /2 -2,
U =q*/4+q+1, ty = cou, c1,0 = coz =0 and (py, p1) = (0,0).

Proof. One can sce (4.29)-(4.31) as t, = & and ¢, = t& for Case 3,
whence (4.32) and (4.33) can be replaced by

(4.35) vi+eq(g—1—e)=2u(u—2)+2q(1—cypo)
for « = 0,1 and
(4.36) v +eq(qg—1—e) =2u(u—2) — 2qcyp, o

for &« = 2. So, (a) and (b) are straightforward. Assume a = 2 and u(u — 2) <
?/2—q If1 <e<q—2, then 2u(u —2) < q(q —2) < eq(q — 1 — ), which
contradicts (4.36). If e = ¢—1, we have u = 3 from (a), and ¢ = 4 since 2u > ¢+2
is needed for v = 2. Hence, (c) holds.

Finally, assume e = ¢, o = 0. Then, from (4.30), we have ¢1 9 = apy =
cij =0 for all (4,5) € T, UT, with i > 0, giving t& = = cou/2. We also get
coo =q— 2t —a = q—2u+ o from (4.29) and (a). v is obtained from (4.35).
Hence we get (d) for « =0, 1. When « = 2, the condition 2u > ¢ + 2 yields that
co2 =0 and ¢ = 2u — 2. Hence, ¢ is even, u = ¢/2+1, v; = ¢*/2 —2 from (4.36),
giving (e). O

Now, Theorem 2.4 follows from Lemmas 4.5, 4.10, and Theorem 2.5 fol-
lows from Lemmas 4.6, 4.11. We investigate more detail for all ¢ > w + 1 with
3<u<8.

Table 1: (vg,v1) and ¢; ;’s for ¢ =4

g Vi1 | €4 C22 €30 Cio0 Co2 Cs50 Co,3 €11 €31 Coo €20 C1,2
3 6 3 3 6 2 6 1

5 6 1 4 2 1 4 8 1
5 6 6 1 2 3 2 6 1

7 6 1 6 3 2 6 2 1
7 6 8 2 1 1 2 4 2 1

9 6 9 3 2 6 1

9 6 1 8 2 1 4 4 1

Lemma 4.12. Assume ¢ >4, vy+vi +vo=¢>+q—1 and v3 = 2. Let
N3 = {R,R'} and let m be the line (R, R') of index . Then, one of the following
holds.
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(a) Forq>1, (vg,11) = ((g) - 172Q+6>, €10 = C2,0 = C1,1 = C12 = Cg, 0 =
0 and either

(a-1) (co2,c03) = (g — 5,4), t{ =2 and m is a (0,4)-line if a = 1 or

(a-2) (co2,c03) = (¢ —6,6) and tF =3 if a = 0.
(b) For q =5, it holds either

(b-1) (vo,v1) = (14,6), c60 = c10 = c12 = 1, (c1,1,¢10,¢32) = (4,4,2)
and the lines through each point of N3 consist of two (1,1)-lines, two
(4,0)-lines, one (3,2)-line and the (1,2)-line m, or

(b-2) (vo,v1) = (9,16), cop = c10 = c20 = c11 = c12 = cg0 = 0,
(co3,¢32,¢c04) = (4,6,1) and the lines through each point of N3 consist
of two (0, 3)-lines, three (3,2)-lines and the (0,4)-line m.

(c) For q =4, the possible (vp,v1) and c;;’s are as in Table 1.

Proof. When a = 2, the condition ¢ + 2 < 2u = 6 is needed, which
implies ¢ = 4. For ¢ = 4, all the possible (vp,v1,12) and ¢; ;’s are known, see
Tables 3.1-3.4 in [23], giving (c). So, we assume ¢ > 5 with a = 0 or 1.

We may assume that 21y + v1 = 05 + 3 — eq with integer e > 0. Assume
q > 7. Then, e = 0, t:f“ =3 —«aand 2vy + v; = 0 + 3 by Lemma 4.11. Assume
q =5 with (po, p1) € T3.4 U T5';. Then, (4.35) gives

(4.37) v1 +5e(4 —e) =16 — 10cy, 0.

From Lemma 4.11 (a), we have t& + o = e + 3 with e < 3. If ¢ = 2, then
5e(4 —e) = 20 > 16, which contradicts (4.37). If e =1 or e = 3, then ¢y, 0 =0
and v; = 1 by (4.37), which contradicts that v, > t3R =e+3—a > 3. Thus,
e =0 for all ¢ > 5.

Now, we have v1 = 6 + 2g — 2qcp, o from (4.35). For even ¢, the lines
through R other than m have a point of N1, and we have 11 > ¢, which yields that
cg,,0 = 0. Assume ¢ is odd and that cg, o = 1. Then, vy = 6 and vy = (¢*+q—2)/2,
co2 = €03 = co4 = 0. Suppose a = 0. Then, one can take a point P € Ny of m
which is not on the (61, 0)-line. Since any line through P contains a point of Ny,
we have 11 =6 > g+ 1, giving ¢ = 5, which contradicts that 7?% = () for ¢ = 5.
Thus, a = 1, t5 = 2 and (po, p1) € T3.3 = {(1,2),(2,0)}. Then, one can take an
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(i, j)-line £y through R with (i,7) € 75", j > 2. Considering the lines through a
fixed point of Ny on £y not on the (61, 0)-line again, we have 11 > q—1+2, giving
g = 5. We also obtain ¢ 9 = pg = 1 from (4.29) and (4.30). Hence, ¢;2 =1, and
(b-1) holds. Finally, assume cg, o = 0. Then, we obtain ¢ = ¢1,1 = apy = 0,
t =3 —aand ¢ps = ¢ — 6 + a by Lemma 4.11 (d). Hence, m is a (0,4)-line
when a = 1, giving (a) and (b-2). O

From Lemma 4.11, one can prove the following similarly.

Lemma 4.13. It holds that tf =u—a« and 2vg + v1 = 03 + 2u — 3 for
(a) u=4,5 for all g > u+3;
(b) u="7 forq>11;
(¢) u=6,8 for allq>u+5.

Lemma 4.14. [t holds that 2vy +v1 = 02 +2u — 3 — eq withe =0 or 1
for

(a) u=05 forq="7;
(b) u=6,7 for q=38,9;
(c) u=8 forqg=11.

Lemma 4.15. It holds that 2vy + 11 = 02 + 2u — 3 — eq with e = 0,1 or
2 for

(a) u=4 for q=25;
(b) u=6 forq=71;
(c) u=8 forq=29.
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