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1. Introduction. Let 9t be an arbitrary variety of algebras over a field
K and let A = Koyn(z1,22,...,2,) be the free algebra of 9 with a free set of
generators X = {z1,22,...,2,}. As usual we denote by n-tuple ¢ = (f1,..., fn)
the endomorphism ¢ of A such that ¢(z;) = f;, 1 < i < n. In particular,
Id = (z1,...,2,) is the identity automorphism. Let Aut(A) be the group of all
automorphisms of A. An automorphism

(1) (.Tl,-..,xi_l,al'i+f,xi+1,u.,$n),

where 0 # a € K, f € Km(X \ {zi}), is called elementary. The subgroup
TAut(A) of Aut(A) generated by all elementary automorphisms is called the
tame automorphism group, and the elements of this subgroup are called tame
automorphisms of A. Nontame automorphisms of A are called wild.

An automorphism ¢ is called approximately tame [21] if it can be approx-
imated by a sequence of tame automorphisms {1, }r>0 with respect to the formal
power series topology (see exact definitions in Section 7). An automorphism ¢ is
called absolutely wild if it is not approximately tame.

In 1968 O. Chein [5] introduced a specific type of automorphisms of free
metabelian groups of finite rank n > 3, and proved that they are not tame when
n = 3. Nevertheless they are tame when n > 4 since all automorphisms of
free metabelian groups of rank n > 4 are tame by the well known Bachmuth-
Mochizuki-Roman’kov Theorem [2, 16].

Analogues of these automorphisms for free metabelian algebras were stud-
ied by V. Roman’kov and his coauthors [9, 18, 19] as well as by R. Nauryzbaev
[12, 14]. Let M be a free metabelian Lie algebra in the variables z1,...,x,. As
usual, the group of all linear automorphisms of M will be identified with the
group of all invertible matrices GL,(K). In 2015, Nauryzbaev [15] proved that
TAut(M) is generated by all linear automorphisms and the quadratic automor-
phism

(2) (x1+[x2,x3],w2,...,xn)

if either n > 4 and K is a field of characteristic # 3, or n > 5 and K is a field of
arbitrary characteristic.

A peculiar feature of metabelian Lie algebras is that they admit automor-
phisms of the form (1) that are not necessarily elementary; that is, f may also
involve x;. We call them Chein automorphisms as in the case of groups [8, 17].
Notice that, by our definition, all elementary automorphisms form a subset of
Chein automorphisms. These automorphisms move only one variable and fix the
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others. The subgroup ATAut(M) of Aut(M) generated by all Chein automor-
phisms will be called the almost tame automorphism group, and the elements of
this subgroup will be called almost tame automorphisms of M [12]. Thus

TAut(M) C ATAut(M) C Aut(M).

The automorphisms of the algebra M of rank n = 3 have been extensively
investigated by numerous authors. In 1992, V. Drensky [7] (see also [3]) proved
that the exponential automorphism

exp(ad[zy, z2]) = (z1 + [[x1, z2], x1], 2 + [[x1, 22], 2], X3 + [[21, T2], 3])

of M is wild. Moreover, this automorphism is not almost tame [12, 18]. Ev-

ery non-elementary Chein automorphism is also shown to be wild [12, 18]. The

defining relations for elementary automorphisms [13] and for Chein automor-

phisms [14] have also been determined. It was recently observed [21] that the

examples of wild automorphisms mentioned here are actually absolutely wild.
The first example of a Chein automorphism is

(3) (l’l—l-[[$2,$3],$1],$2,...,mn),

which is absolutely wild when n = 3 and plays an important role in the study of
Aut(M) for n > 4. In 1993 Bryant and Drensky [4] (see also [11]) proved that
every automorphism of M of rank n > 4 is approximately tame in characteristic
zero. Thus (3) is approximately tame in characteristic zero. Recently it was
shown in [28] that Aut(M,,) is generated modulo GL,(K) by (2) and (3) when
either n = 4 and the characteristic of K is not 3, or n > 5 and K is an arbitrary
field. It remains an open question whether (3) is tame or wild for n > 4.

This paper was motivated by the behavior of the Chein automorphism (3)
in free metabelian Lie algebras. Here we study automorphisms of free metabelian
anticommutative algebras. These algebras also admit Chein automorphisms.
First we describe all Chein automorphisms of free metabelian anticommutative
algebras. We show that every automorphism of a free metabelian anticommuta-
tive algebra of rank 2 is tame; that is, all such automorphisms are linear. We
also show that the analogue of the Chein automorphism (3) for free metabelian
anticommutative algebras of rank n > 3 is absolutely wild.

2. Free metabelian anticommutative algebras. Let K be an
arbitrary field. An algebra A over K is called anti-commutative if the identity

(4) 22 =0
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is satisfied. This identity implies

(5) ry = —ya.

An algebra A is called metabelian if it satisfies the identity

(6) (zy)(zt) = 0.

Let A be a free metabelian anticommutative algebra in the variables
x1,...,2n. The identities (4)-(6) imply that every element of A? = AA is a
linear combination of the elements of the form

(7) (((@iwj)wR) - - )hss

where i > j, 1 < k. <nforalll<r<s,and s> 0.

Let Y = A/A2 and denote by y; the images of x; in Y. Then Y is an
algebra with trivial multiplication and with a linear basis 1, ..., y,. Denote by
U the free associative algebra with identity and with free generators z; = R,,,
where 1 < i < n. In fact, U is the universal (multiplicative) enveloping algebra
of Y in the variety of all anticommutative algebras [25, 27] and z; = R,, is the
universal operator of right multiplication by y;. Notice that L,, = —R,, by (5).

Let T be a free right U-module with free generators t1,...,t,. Turn the
space Y & T into an algebra by

(a1 +m1)(az + m2) = miRa, — maRg,, a1,a2 €Y, my,mg €T.

Obviously, Y @ T is a metabelian anticommutative algebra.

Lemma 1. (1) The homomorphism p : A — Y @ T defined by p(x;) =
yi + t;i for all i is an embedding;
(2) The elements of the form (7) is a basis of A%

Proof. It is sufficient to check that the images of elements of the form
i Y @1 under p are linearly independent. In fact,
7)inY & T und li ly ind d In f

p(zix;) =tizj —tjz
and
p((((@izj)xg, ) - . Dak,) = (tizj — tj2i) 2k - - - 2k,
Let us introduce a deglex order on the set of all basis elements

tizil e 2y,
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of T' by setting t; < t; and z; < z; when ¢ < j. Then the leading monomial
of p((((wizj)ak,) .. )xk,) is tizjzk, ... 2k, Thus, the leading monomials of the
images of all distinct elements of the form (7) are different and therefore linearly
independent. O

By this lemma, we will identify A with the subalgebra of Y @T generated
by xz; = y; + t;, where 1 < i < n. Then every element a € A can be uniquely
represented in the form

a=y+tu +... +truy,

where y € Y and uy,...,u, € U.
Set

da
6:@ N

Uj

for all 1 < i <mn. Then da

T

are called the Fox derivatives of a [23, 24, 26]. Set

also
da da \'
_ t __
d(a) = (u1,...,up)" = (83:1"”’81’”) ,

where ¢ denotes the transposition. We have 9(x;) = e, where e; is the row vector
with a 1 in the ¢th place and zeros elsewhere.

Lemma 2. (1) If g € A? then the column 0g = (11,72, ...,m)" satisfies
the conditions

(8) 7 = szwj(-i), wj(-i) = —wl(j), wl@ =0,
j=1
for alli,j.

(2) If the column (ri,7a,...,mn)" € U™ satisfies the conditions (8) then
there exists g € A% such that dg = (ri,ro,. .. ,rn)t.

Proof. (1) Since 0 is linear, it is sufficient to check the conditions (8)
for an arbitrary element of the form g = (zsz)u, where s > k and u € U. We
have

(zszr)u = (tszk — trzs)u = tszpu — tpzsu = tsrs + tgT,
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where 75 = zpu = Zk’w;(:)ﬂ“k = zs(—u) = zswgk). Consequently, fw,gs) = —w!

wz(j) = 0 when {7, 5} # {s, k}. This proves (1).
(2) Suppose that ri,79,...,m, € U satisfy the conditions (8). Set g =

Z (zizj)w; ) Then

1<j<i<n

k) and

1<5<i<n

Ng)=0| D (rmjuw)’ | =0 ( (tizj — tjz)w'”

=0 Z tizjw](.i) - Z 7szZ =0 Z tizjwj(-i) — tzz]
1<j<i<n 1<j<i<n 1<5<i<n 1<z<j<n
n i—1 ] n
0 (ST =3 3 wel?) <0 (S| S~ 3
i=1 j=1 i=1 j=i+1 =1 j=it1
n i— n n
YOUIDDETTIRSD SIStILl N IRPTD oF i) I (zt )
=1 j=1 Jj=i+1 =1 j=1
7“1, T2,... ,Tn)t
Notice that if g = (ry,79,...,7,)" for some g € A, then r, is uniquely

n

determined by r1,79,...7,-1. In fact, if r;, = Z zjw](-i), then, by Lemma 2, we

=1
obtain
n—I1 '
(9) o= (—zwd)).
j=1

3. Jacobian matrices. The Jacobian matrix of an endomorphism ¢ =
(f1,---, fn) is defined as

a0) = |52

] 1<i,j<n

=[0(f1) ... 0(fn)]:

For any f € A, let f denote its image in Y = A/A2 Every endomorphism
¢ =(f1,..., fn) of A induces an endomorphism of Y = A/A? that sends y; to f;
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for all 2. This endomorphism can be uniquely extended to an endomorphism of
U that sends z; = Ry, to R 7, for all ¢. Denote this endomorphism of U by ¢. For

f € U, the image of f under ¢ will be written as f‘];.
If g is an arbitrary element of A, then it is easy to check that the following
form of the “chain rule” holds:

26(0) = 0o, fa) = X A (52)"
1<i<n !

Recall that the composition of endomorphisms ¢, ¢ of A is defined as
¢ov(a) =d(¥(a), a € A

The chain rule immediately implies that

(10) J($ o) = J($)(J(1))?.

Consequently, if ¢ is an automorphism of A, then J(¢) is invertible over
U. The converse of this statement is an analogue of the famous Jacobian Con-
jecture [10] for free metabelian anticommutative algebras [25, 27]. Following the
arguments in [24, 26], one can show that the following lemma holds.

Lemma 3. An endomorphism ¢ of A is an automorphism if and only if
the Jacobian matriz J(¢) is invertible.

We omit the proof of this lemma, as it is not needed in the present paper.

Denote by TAut(A) the group of all automorphisms of A that induces
the identity automorphism on Y = A/A% The elements of IAut(A) are called
IA-automorphisms. If ¢ € TAut(A) then the Jacobian matrix of ¢ has the form

J(¢) = In + R7

where I, is the identity matrix of order n and every column of R satisfies the
conditions (8). If ¢ € TAut(A) then ¢ = Id. Consequently, if ¢, 1) € TAut(A) then
(10) implies that

J(potp) =J(9)J(¥).

Corollary 1. The mapping

J : TAut(A) — SL,(U)

1s an embedding of groups.

It is obvious that J is one-to-one. Recall that SL,(U) denotes the set of
all invertible matrices over U whose constant part has determinant one.
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4. The structure of Chein automorphisms.

Lemma 4. Let f € A%. Then gj = 0 if and only if [ belongs to the
1

ideal of A generated by all x;x;, where 1,5 > 1.
Let f € A%, Then

f = Z (:):i:):j)uij, U5 € U.

1<j<i<n
Consequently,
)
a = ZiUi1 -
01 i=2
af . L . .
If I 0 in the free associative algebra, we immediately get ug; = ... = up1 =

]
0. Therefore

(11) F= ) (wj)uy,

2<j<i<n

satisfies the statement of the lemma. O
Consider the endomorphisms of the form

(12) 0= (z1+ f,x2,...,2), fe A%
Lemma 5. An endomorphism & of A of the form (12) is an automorphism
0
if and only if —f =0.
8.2131
Proof. We have
1+ 87f 0O ... 0
81‘1
o9f 1 0
J(O) =] O o
of
— 0 ... 1
L Oy, |
- . of . ... . o L
If J(6) is invertible then 1+ . right invertible in the free associative algebra
1
U. Since ﬁ belongs to the augmented ideal of U it follows that 8—f = 0. By

o1 or1
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Lemma 4, f has the form (11). Then ¢ is a product of endomorphisms
51'3' = (.%'1 + (x,;xj)uij,:cg, .. .,.%'n), 2<j3<1<n.

Since A is metabelian it follows that every d;; is an automorphism. O

5. Automorphisms of algebras of rank 2. If n = 1 then the group
of automorphisms Aut(A) is isomorphic to GL;(K) ~ K* = K\ {0}. If n = 2
then all elementary automorphisms are linear since A is anticommutative. Con-
sequently, TAut(A) ~ GL2(K). We show that A has no other automorphisms.

Lemma 6. Ifn =2 then Aut(A) ~ GLy(K).

Proof. It is sufficient to prove that TAut(A) = {Id}. Let ¢ = (a1 +
fi,x2 + f2) € IAut(A), where fi, fa € A?. Then

sy =t o) o] =ra+ |° 1.

By Lemma 2, we have
a = zh, c=—z1h, heU.

The first column of J(¢) is [I + 22h, —2z1h]". Since J(¢p) is invertible it follows
that [1 + z2h, —z1h]" is left unimodular, that is, there exist u1,us € U such that

(13) u1(1+ 22h) + ua(—21h) = 1.

For any u € U denote by w its highest homogeneous part of u in U with respect
@he deigree function in the variables z1,z2. If A # 0, then 1+ 29h = 29h and
z1h = z1h. Then (13) implies that

Uizoh — Ugz1h = 0,

that is, 2oh and z1h are left dependent. It is well known that in free associative
algebras this implies [6] that one of 29k or 21k belongs to the left ideal generated
by the other. They must be linearly dependent since they have the same degrees.
But they are linearly independent if A # 0.

Consequently, h = 0 and a = ¢ = 0. Similarly, b = d = 0. Then
fi=fo=0and ¢ =1d. O
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6. Divergence in free anticommutative algebras. To prove the
main result of the paper, we need the notion of the divergence of a derivation
introduced in [21].

Let B be a free anticommutative algebra over K in the variables = =
{&,...,&}. Let =% be the set of all (nonempty) nonassociative monomials in
the alphabet =. Recall that every u € Z* of degree > 2 can be uniquely written
as u = ujus for some uy,up € Z* [29]. Set & < & if i < j. For any u,v € Z* set
u < v if degu < degwv. If degu = degv > 2 and u = wjug and v = vyva, then set
w < v if either w1 < vy or w13 = v1 and ug < va.

A nonassociative monomial v € Z* is called reqular if it does not have
submonomials of the form vw, where v,w € Z* and v < w. The set of all regular
words is a linear basis of B [22]

The universal (multiplicative) enveloping algebra U(B) = Ugn(B) is the
free associative algebra with identity generated by all universal operators of right
multiplication R,, where uw runs over the set of all regular monomials in the
alphabet = [25].

Let

Qp=d&U(B) @ ... d&,U(B)
be a free right U(B)-module with free generators d¢y,...,d¢,. The linear map
D:B—Qp
defined by D(&;) = d¢; for all i and such that
D(ab) = aD(b) + D(a)b = —D(b)Ry + D(a)Ry

for all a,b € B, is called the universal derivation of B and Qp is called the
universal differential module of B [25, 27].

For any a € B there exist unique elements uy,us,...,u, € U(B) such
that

D(a) =d&uy + ...+ dépuy,.

0
The elements u; = % are called the Fox derivatives of a € B [25, 27]. Set also

Oa da \"
8(&): <a§1,,a§n> .
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Consider the natural grading

of B with respect to the standard function deg, that is, By is the linear span of
(non-associative) monomials of degree k.

Let L = Der(B) be the Lie algebra of all derivations of B. For any n-
tuple F' = (f1,..., fn) € B" there exists a unique derivation D of B such that
D(&) = fi for all 1 <4 < n. Denote this derivation by

For any derivation of this form define its Jacobian matrix by

0]}-]
9 |1<i j<n

We say that D from (14) is homogeneous of degree i if fi,..., f, € Bit1.
Let L; be the space of all homogeneous derivations of degree i. Then

J(D) = [ — 0. 0.

L:LO@Ll@...@Lk@..., [Li,Lj]gLi+j,

is a grading of L. Notice that Ly is isomorphic to the matrix algebra gl(n) with
the matrix units e;; = §0;, where 1 <14,5 < n.

The divergence div(D) of D is defined as the image of the trace of the
Jacobian matrix J(D) in the quotient space U(B)/[U(B),U(B)] [21]. This agrees
with the definition of the divergence given in [21, Definition 1], since the Jacobson
radical R = R(U) of the free associative algebra U is zero. It is shown in [21]
that the space

S=5®51®..5.D...,

of all derivations of B with zero divergence is a graded subalgebra of L and called
the special Lie algebra of derivations of B.

Let IE(k) = IE(B,k) be the monoid of all endomorphisms of B that
induces the identity automorphism on the factor-algebra B/ BFt1. Then we get
the descending series of monoids

E(1) DIE(2) D ... D IB(k) 2.
If ¢ € IE(¢) \ IE(i + 1) for some ¢ > 1, then

d= &+ fi+Fr,... ¢+ fut Fp),
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where f1,..., fn are homogeneous elements of degree ¢ + 1, with at least one of
them nonzero, and Fj € B2 for all 1 < j < n. Set

T(¢) = f101 + ...+ fnOn.

The derivation T'(¢) is referred to as the tangent derivation of the endomorphism
¢ (with respect to the power series topology) [21].
Consider the endomorphism

(15) o= (& + (§&)61, 62, ..., &)

Lemma 7. div(T(0)) # 0.
Proof. We have T'(0) = ((£3€2)&1)01. Then the first entry on the main
diagonal of J(T'(0)) is
9(€382)81)

o6

and all the other diagonal entries are zero. Consequently, the trace of the matrix
J(T(0)) is

%%%gh&@¢mmﬂw»

961
Therefore div(T(0)) # 0. O

7. An absolutely wild automorphism. In this section we show
that the Chein automorphism

(16) T = (21 + (x322)T1, T2, . . ., Tpy)

of the free metabelian anticommutative algebra A is absolutely wild for all n > 3.
First, we recall the precise definitions of approximately tame and abso-
lutely wild automorphisms from [21].
Let IA(k) = IA(A, k) be the set of all automorphisms of A that induces the
identity automorphism on the factor-algebra A/AkH. Consider the descending
central series

TAut(A) = IA(1) DIA(2) D ... DIA(K) D .

An automorphism ¢ € Aut(A) is called approrimately tame if there exists a
sequence of tame automorphisms {9 },>0 such that qbwk_l € IA(k). The topology
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defined by this definition on Aut(A) is called the formal power series topology [1].
An automorphism ¢ will be called absolutely wild if it is not approximately tame.

In 1981 Shafarevich [20] and in 1983 Anick [1] independently proved that
every automorphism of the polynomial algebra K[z, z9,...,x,] over a field K of
characteristic zero is approximately tame. In 1993 Bryant and Drensky [4] (see
also [11]) proved that every automorphism of M of rank n > 4 is approximately
tame in characteristic zero.

The following result is a part of Theorem 5 from [21].

(F) Let 9t be a Nielsen-Schreier variety of algebras and B is a free algebra
of M of rank n. Let 9 be any subvariety of 2 and let I C B be the ideal of
all identities of 91 in M in n variables. Suppose that an endomorphism e €
IE;(A) \ IE;4+1(A) for some i > 1 induces an automorphism ¢ of B = A/I and
the ideal I does not contain elements of degree < i+ 1. If div(7'(¢)) # 0 then ¢
is absolutely wild.

Theorem 1. The automorphism T from (16) is an absolutely wild auto-
morphism of the free metabelian anticommutative algebra A of rank n > 3.

Proof. We apply (F). Let 9t be the variety of all anticommutative
algebras. It is well known that 9t is Nielsen-Schreier [22]. Let B be the free
anticommutative algebra in the variables = = {&;,...,&,}. Let M be the subva-
riety of 9t defined by the identity (6). Then I is the ideal of B generated by all
elements of the form (uv)(wq), where u,v,w,q € Z*.

Notice that the endomorphism ¢ of B induces the automorphism 7 of
A = B/I. We have o € IE3(A) \ IE3(A). The ideal I does not contain elements
of degree < 3. Moreover, div(T'(c)) # 0 by Lemma 7. By (F), 7 is an absolutely
wild automorphism of A.

Note that, in general, all results in [21] are stated for fields of charac-
teristic zero. By carefully repeating the proof of Theorem 5 from [21] for these
specific varieties 91 and 91, we see that the assumption of characteristic zero is
not required. Thus, 7 is an absolutely wild automorphism of A of rank n > 3
over an arbitrary field. O
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