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ABSTRACT. We investigate the convergence of double Legendre series whose
coefficients belong to classes of bounded and generalized bounded varia-
tion. Under these assumptions, we establish pointwise, uniform, and L"-
convergence for 0 < r < 1. In addition, we study Cesaro and de la Vallée
Poussin summability and obtain Tauberian-type results linking summability
to ordinary convergence. The results extend known one-dimensional conver-
gence theorems to the setting of double orthogonal expansions.

1. Introduction. The study of convergence of orthogonal series has
long occupied a central position in classical and modern analysis. Fourier series,
in particular, play a fundamental role in harmonic analysis, approximation theory,
and the solution of partial differential equations. It is well known that the Fourier
series of an integrable function may diverge everywhere (see, e.g., [5, p. 164, last
paragraph]), which naturally leads to the problem of identifying conditions on
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the coefficients that guarantee various modes of convergence such as pointwise,
uniform, and L"-convergence. The fundamental theorem in the theory of the
uniform convergence of sine series is due to Chaundy and Jolliffe [4], which is as
follows.

Theorem 1.1. Let {a,},~; be a non-negative non-increasing sequence.
o0

Then the sine series (S) := Zan sinnx converges uniformly on [0,27] if and
n=1
only if na, — 0 as n — co.
For the cosine series, we highlight the following obvious fact.

Theorem 1.2. Let {a,}.2 be a non-negative sequence. Then the cosine

1 oo
series (C) = §ag + Zan cosnx converges uniformly on [0,27] if and only if
- n=1
Zan converges.

n=1

Beginning with the classical theorem of Chaundy and Jolliffe, a vast litera-
ture has developed around coefficient conditions weaker than monotonicity, most
notably conditions involving bounded variation and its generalizations. These
ideas have proven to be powerful tools in understanding convergence behavior
while remaining flexible enough to encompass a wide class of series. Several
authors gave conditions on the coefficients weaker than monotonicity to obtain
similar results. For instance, many generalizations consider coefficients as a se-
quence of bounded variation. Let us recall the definition of a sequence of bounded
variation.

Definition 1.3. A real sequence {a,}y> is said to be of bounded varia-
tion (BV) if

o
Z |Aay| < oo,
n=0

where Aay, = an — an+1, n=20,1,2,....

Remark 1.4. If {a,} is a non-negative non-increasing sequence, then it
is of bounded variation. This is because if {a,} is such a sequence, then {a,}
converges, say, to a, and hence for any N € N,

N
> |Aan| = |Aag| + [Aar| + -+ + [Aay]
n=0
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=ap—a1+ar —ax+- - +aN — an41
=ap —anN+1
— ag — a,

as N — oo. Therefore, {a,} is of bounded variation.

From the above remark, the following theorem gives information about
pointwise and uniform convergence of sine and cosine series with coefficients of
bounded variation, which form a null-sequence, that is, a,, = o(1) as n — oo, (see
[5, 7.2.1]), generalizes Theorem 1.1.

Theorem 1.5. For a real sequence {ay, }p—q, suppose a, = o(1) asn — oo
and is of bounded variation. Then
(a) (S) is convergent everywhere;
(b) (C) and (S) are uniformly convergent for 6 < |x| <7 for any 0 <6 < .
The following class BV™ (m € N) of sequences was defined by Garret et
al. [6], which is wider than the class BV.

Definition 1.6. A null-sequence {ay}neq is said to belong to the class
BV™ for some integer m > 1, that is, it is said to be of bounded variation of
order m, if

(1) > 1A a,| < oo,
n=0

where
A"a, = A" ta, — A" g, meN,
and Aa, = a,, forn=0,1,....

Remark 1.7. For m = 1, Ala, = a, — any1, SO Z|A1an] < oo is
exactly the bounded variation condition of Definition 1.3. The only difference is
that Definition 1.6 additionally requires {a,} to be a null sequence. Actually,
BV alone does not force a,, — 0; but in the context of Theorem 1.8 and later
results, we need null sequences.

The classes BV increases with m, and inclusion relation is proper (see
[6, p. 424]). Stanojevic (see [24, p. 371]) extends Theorem 1.5 to trigonometric
series with (complex) coefficients of bounded variation of order m.
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Theorem 1.8. Let {ay}nez be a null-sequence of complex numbers. If
for some integer m > 1, (1) holds, then the pointwise limit of

Snp(t) = Z a;je'!

j=-n
exists in T — {0}, where T = R/27Z.

Later, Chang-Pao Chen [2] considered a condition for some non-negative
integer m

An
2 lim li A"ar| =0
2) A TH0 ey Z [A™ax| =0,
|k|=n
weaker than (1), where \,, = [An], integral part of An, and studied the pointwise
and uniform convergence of trigonometric series. Here Sy, (¢p) (defined as in The-

orem 1.8) denotes the n-th partial sum and o,,(tp) denotes the n-th Cesaro mean

. 1 ¢
of the series, i.e., o, (tg) = ] jz_% Sj(to).

Theorem 1.9. If {ay}nez is a null-sequence of complex numbers satisfied
(2) for some non negative integer m, then, for 0 < |to| < w, Sp(to) and on(to)
converges together to the same limit, or they both diverge. Furthermore, let E be
any subset of T bounded away from 0, i.e.,

Ec{t:6<|t|<m} for some & > 0.

Then, Sy (t) converges uniformly on E if and only if o,(t) converges uniformly
on E. Whenever m = 0, the conditions ‘0 < |tg| < 7’ and ‘E is bounded away
from 0’ can be eliminated.

Parallel to the theory of trigonometric Fourier series, orthogonal polyno-
mial expansions, the Walsh-Fourier series (see [23, 12, 13, 15, 16]), the Vilenkin-
Fourier series (see [1, 26, 20]) have been extensively studied by numerous re-
searchers. Legendre polynomials appear prominently in boundary value problems
for elliptic partial differential equations, potential theory, spectral methods for
numerical approximation, and mathematical physics.Consequently, Legendre se-
ries arise naturally in a wide range of theoretical and applied contexts. Legendre
polynomials arise as solutions of the Legendre differential equation

(1 —2%)y"(z) = 229/ (z) + n(n+ 1) y(z) = 0,
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where n is a non-negative integer, and may be defined explicitly by Rodrigues’
formula

3) Por) =

onn! dam

(22 — 1)".

1
In particular, Py(z) =1, Pi(x) =z, Pa(z) = 5(3332 — 1), etc. Classical develop-
ments and expansions in Legendre polynomials were studied many authors, for
example, by A. L. Rabenstein [18], E. D. Rainville [19], and M. H. Stone [25].
The recurrence relation of the Legendre polynomials is given by
(n+1)Puyi(z) = Cn+ 1)aPy(x) — nPp_1(z).

The Legendre polynomials are simply orthogonal over the interval —1 < x < 1
(see, e.g., [18, Section 6.7]), that is, for m # n we have

/1 Py (z)Py(x)dx = 0.
-1

Here we mention some representations and properties of Legendre polynomials
(see [19, Chapter 10]). The Legendre polynomials P,(z), by the generating rela-
tion, is given by

(1—2at+¢*)"2 = ZPj(a:)tj,

_1
in which (1 — 2xt + t2) 2 denotes the particular branch which — 1 as ¢t — 0.
Hence P,(—x) = (—=1)"P,(x), so that P,(z) is an odd function of x for n odd,

an even function of x for n even. Laplace’s first integral form of Legendre poly-
nomials P, (z) (see [19, Chap. 10, Sec. 97, (5)]) is of the form

(4) P,(z) = E /07T |:.CU + (2% — 1)% cosd)] db.

s

Definition 1.10. Let P,(x) be the Legendre polynomial of degree n nor-
malized so that P,(1) = 1. A series of the form

(5) Zajpj(x)ﬁ YIS (_L 1)1
=0

with coefficients a;, is called a Legendre series. If the coefficients a; of the above
series, for a function f € Ll[ 1,1], are given by

a; = a;(f) <]+ >/ f(z)Pj(z)dz, j=0,1,2..
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then the series (5) is called the Fourier-Legendre series of f and coefficients a;(f)
(j=0,1,2,...) are called the Fourier-Legendre coefficients of f.

While the convergence theory of single-variable Legendre series has been
studied extensively, the behavior of double Legendre series remains comparatively
less explored. Double orthogonal expansions arise naturally when approximating
functions of two variables, particularly in problems involving coupled systems,
bivariate data approximation, and multidimensional spectral methods. Unlike the
one-dimensional case, the analysis of double series introduces new challenges due
to the interaction between summation indices and the need for suitable notions
of regular convergence.

Motivated by earlier work on double trigonometric Fourier series (see
[11, 9, 17, 8]), Walsh-Fourier series (see [14, 3]), and Vilenkin—Fourier series
(see [22]), the present paper investigates the convergence of double Legendre
series whose coefficients belong to classes of bounded and generalized bounded
variation. These coefficient conditions provide a natural multivariate extension
of classical bounded variation assumptions and allow one to derive convergence
results without imposing restrictive monotonicity hypotheses.

The main objective of this paper is threefold. First, we establish point-
wise, uniform, and L"-convergence (0 < r < 1) of double Legendre series under
bounded variation assumptions on the coefficients. Second, we study summability
methods such as Cesaro and de la Vallée Poussin means and obtain Tauberian-
type results linking summability to ordinary convergence. Finally, our results
extend known one-dimensional theorems to the two-variable setting, highlighting
both the similarities and the essential analytical differences that arise in the study
of double orthogonal series.

The results presented here contribute to the broader program of un-
derstanding convergence phenomena for multidimensional orthogonal expansions
and complement existing work on double Fourier, Walsh, and Vilenkin series.

If g is an integrable function on I* (I := [—1,1]), then the Fourier-
Legendre series of g is the series

where
1 1 1 1
a]k’(g) = (] + 2> (k + 2) /l/lg(u,v)Pj(U)Pk(U)dudv, ja k = 07 1727 ceey

is the (jk)" Fourier-Legendre coefficient of the function g.
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Definition 1.11. For m,n > 0, the rectangular partial sums Spmn(z,y),
the first arithmetic (or Cesaro) means omn(z,y) and generalized de la Vallée

Poussin means T{}Ln(w, y) of double Legendre series

(6) SN apPi(@)Pely), @,y € (—1,1),

§=0 k=0
where {aji} is a sequence of real (or complex) numbers, are defined as

m

mn 33 y Zzajkp )

7=0 k=0
Omn(T,Yy) = m
and

T?i\"m(xﬁy) = (>\m _ Z Z S]k x y

] m—+1 k=n+1

respectively, where X\ > 1, A\, = [Am], and [r] denotes integral part of the real
number r. If aj, are the Fourier coefficients of some g € Ll(—l, 1)2 with respect
to Legendre systems {Pj(x)Py(y)}i5-0, we shall write Spmn(g;7,v), omn(g;T,Yy)
and T),.(g; z,y) instead of Sy (z, 1), Cmn(x,y) and 7)), (x,y) respectively.

Following Hardy [7], series (6) is said to be regularly convergent if it
converges in Pringsheim’s sense (see, e.g., [27, Vol. 2, Ch. 17]), and, in addition,

each “row series” of (6) (i.e., when we delete Z in (6) and the summation is

k=0
done only concerning j for each k) as well as each “column series” converges in

the ordinary sense of convergence of single series. F. Moéricz [10] rediscovered the
notion of regular convergence by the following equivalent condition: the sum

(7) SR =3 S anP @ RG)

j=mk=n

tends to zero as max(m,n) — oo, independently of the choices of M (> m) and
N(>mn), where R={(j,k) :m<j<Mandn<k<N}.
We introduce the following three sums for A > 1, m,n € N and z,y €



164 J. B. Shingod, B. L. Ghodadra
(—1,1):

A n
U A +1
Shim,may)= > > = —J S Py() Phly),

j=m+1 k=0 Am
m A
- )\n kE+1

Sgy (myms; x, y) Z Z ang( z) Py(y),

7=0 k=n+1

Am

a —]-l-l)\ —k+1

SN (m,n; z,y) Z Z N —n a;kPj(z) Py (y)-

j=m+1 k=n+1

Also we have

o Qn —JjH+1N —k+1
511(7””90?;/ Z Z A —n a;k P () Pr(y)
j=m+1 k=n+1
A A
1 = . N A —k+1
s W—— Z (Am —37+1) Z ﬁajkpj(ﬂf)Pk(y)
m j=m+1 k=n+1 "
m+1 m+2 Am An
1 A—k+1
m j=m+1  j=m+1 j=m+1]) k=n+1 m
1 A S A —k+ 1
v D DIED DN I Dl el M1 CORAC)
m u=m+1j=m+1 ) k=n+1 n
1 AL (R & Ay — k41
=1 2 (221 2 T B@Ry)
m u=m+1 \ j=0 j=0 k=n+1 "

R S 3 D=L

u=m+1 j=0 k=n+1
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Similarly, we get

1
(9) Sf\l(mvn;x>y) = Z {S{\O(m,v;x,y)—Sﬂ)(m,n;x,y)}.

That is, S7y is the average of

Sy (u, s, y) — Sy (my sz, y) (m < u < Ap)
or

Sty (m, vy z,y) — Sjo(m,nsz,y) (n<v < \).
Also, we have

2 sup \Sél(u,n; z,y)l,

(10) Sti(m,nyz,y)| < { TEE
2 sup |S{(m,viz,y)|.
n<v<Ap,

Definition 1.12. A double sequence {a;i}5—o is said to be a null se-
quence if

(11) ajr — 0 as max(j,k) = oo.

Definition 1.13. Let {a;}73,—¢ be a double sequence of complex numbers.

Then for non-negative integers p and q, the finite order differences Apqaji are
defined by

Aooajr = aji;
Apgajr = Dp—1,0a5k — Dp_1,4aj+16 (p > 1);
Apgaji = Apg-1aji — Dpg-1ak+1 (g = 1),

and the sequence {a;ji}35—o is said to be of bounded variation if

(12) ZZ ’Alla]‘k| < 00.

=0 k=0

2. Main results. Our first theorem concerns the point-wise, uniform,
and L" (where 0 < r < 1) convergence of double Legendre series with coefficients
of bounded variation. For one variable similar result proved in [21, Theorem 1].

Theorem 2.1. Let {ajk}73,—0 be a null sequence of bounded variation.
Then the series (6) converges regularly to some function g for all x,y € (—1,1).



166 J. B. Shingod, B. L. Ghodadra

Also, for 0 < r < 1, ||Smn —gll, = 0 as min(m,n) — oo, where ||f||, =

1 el o)
([.],

Our second main result is as follows.

Theorem 2.2. (i) Let E C (—1,1)%. Assume that the following condi-
tions are satisfied:

(13) lim limsup sup )S?o(m,n;xvy)’ =0,
A—1+ m,n—00 (;c7y)EE'

(14) lim limsup | sup }Sél(m,n;x,y)’ = 0.
A—14+ m,n—00 (;c,y)EE

If T\ (z,y) converges uniformly on E to f(x,y) for every X\ > 1, then so does

Smn (2, y)-
(ii) Assume that the following conditions are satisfied for 0 < r < 1:

)=
)=

IfHT;‘m - er — 0 as min(m, n) — oo, then ||Syn — f||, = 0 as min(m,n) — oco.

(15) lim lim sup (HSi‘O(m, n;T,y)

A=1+ mn—oco

(16) lim lim sup (HSS‘I(m, n;T,y)

A=1+ mn—oco

Remark 2.3. (1) The conditions (13) and (14) involving /\hI{l are strict-
—1+

ly weaker than assuming the limit superior is zero for a single fixed A > 1.

The )\lir? condition is a direct double-sequence analogue of the optimal
—1+

Tauberian condition introduced by Chen [2] for single sequences.

(2) Furthermore, in view of Lemma 3.2, the assumption regarding the uniform
convergence of T,,?\,m in Theorem 2.2 can be equivalently replaced by the
uniform convergence of the Cesaro means o, (x,y). This provides a more
flexible criterion, as the uniform convergence of o,,, is often easier to verify
directly in practical applications.

(3) Here the limit superior of a double sequence {a;;}5%—o of extended real
numbers is defined as

lim sup @y, = inf sup aji | = lim sup  aji | -
m,n—00 mn20 \ j>m k>n M=00 \ j>m, k>m
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The following Theorem generalizes Theorem 2.2.

Theorem 2.4. Let E C (—1,1). Assume that a null sequence {ajk}5%=o
satisfies following conditions:

oo
(17) Z |Avroajilis finite for each k and tends to 0 as k — oo,
j=0
o
(18) Z |Aorajk|is finite for each j and tends to 0 as j — oo,
k=0
R W
19 lim li o |Apajg| =0
(19) i limsup ) D, =5 [Anag] =0,
7=0 k=n+1
and
20 lim i A =0.
Then

(i) Let E C [=1,1 — 6)% for some § > 0. If )\, (x,y) converges uniformly on
E to f(z,y) as min(m,n) — oo, then so does Spn(x,y).

(i) IfHT,i‘m - fH — 0 for 0 <r <1, then ||Spn — f||,, = 0 as min(m,n) — oo.
T
For one variable similar result proved in [21, Theorem 2].

3. Lemmas. We required the following lemmas for the proof of our
results.

Lemma 3.1. Let x € (—1,1) and Dy( ZP ,n€N. Then

| Dn(2)] <

1-—

Proof. Letz € (—1,1), n be any positive integer, and 1 < j < n. Then,
from Laplace’s first integral form (4), of the Legendre polynomial, we have

Pj(aﬁ):lf7r [x—i— x2—10080}jd9=1/ﬂ- [ac—i—z'\/l—chosH]jdH.
0 0

s s
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Summing both sides over j from 0 to n, we get

(21) / Z x+i 1—$2C089] de.
For—1<x<1and0<9<7r,wehave
|z 4+ i1 — 22 cosf] = /22 + (1 — 22) cos? 0

:\/cos2¢9+ac25in 0

(22) :\/1—(1—x2)sin29< 1.

Therefore, we have

zn:[x—FiMCosﬂj _ 1= o+ 1—m20059]”+1.
o 1—[z+iV1—22cosb]

Using this in (21), we get
:| n+1

de.

n 1 wl—{eri\/l—chosO
P _ -
]z:% () /0 1— [x—l—i\/l—:chosH}

Therefore, we have
] n+1

de

n 1 (7 1—[;U+i\/1—:c2c059
Sr@|<s [k -
=0 T Jo 1—|z+iv1—22cosf
L 1—[m+i\/1—x2c089]n
7T/0 ’1— -x+i\/1—x2c059-

n—l—_l

+1

do

IN

db

™

1 /TI' 1+ ’x—l—i\/l — a2 cosf
0 ‘(1 —z) — V1 —9320050‘
n41
1 /7r 1+ [2% + (1 — 2?) cos? 0] 2
TJo [(1—2)?+ (1—2?)cos? 9]%
Since (1 — %) cos®# > 0 and from (22), we have

" 1 (™ 14 17t! 2
z)| = (x — df =
)= (XA </ e

de.

[SIE
—
|

8
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This completes the proof. O

Lemma 3.2. If {omn(x,y)} converges pointwise, uniformy or in L'-
quasinorm, (0 < r < 1), to ¢(z,y), then so does {T/,(x,y)}.

Proof. By definition of o,y (z,y) and 7}, (2, y), we have
(/\m + 1)()‘71 + l)UAm,)\n (x,y) + (m + 1)(” + l)Umn@:v y)
— (m+ 1D + Do, (2,9) = (Am + 1)(n+ D)ox,, n (2, y)

Am An m

Am An m n m  An m n Am N m n
AEEEE-(EE£5) - (EE-£5) fse
j=0k=0 j=0 k=0 j=0k=0 j=0 k=0 j=0k=0 j=0 k=0
Am An m n m An Am n
- PO DD DD DD By ETCE)

m >\7l
= 7 Sip(@y) = Am — m)(An — n)m (2, 7).
j=m+1 k=n+1

Hence, we have

An+1 Ap+1 m+1 n+1

A —m : A, — namn(way)

Am+1 n+1
A —m Ap—n

/\m—m‘/\n—n
_ m+1 A, +1
A —m A\p—n

o, (o

— = A) asm — oo (n— 00). Also,
n

(23) o-ma)‘n (1’" y) - U>\77L7n (':L" y) *

For fixed A > 1, we have

Am — 00 (A, = 00) if m — oo (n — 00). Given that {0 (z,y)} converges to
¢(z,y), we get

: A
ol Tn (2:9)

B AN 1 A A
B {<A—1><A—1> TO-D0-D T G-D0-D) <A-1)<A_1>}¢<w=y>

Convergence in above depends on convergence of {o,,(z,y)}.
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Also, for z,y € (—1,1), we have

T (2,Y) — ¢(x,y)‘

1
e G p——T g w——y {(Am + D 1) lox,x (2,9) — ¢, 9)|

+ (m + 1)(” + 1) ’Umn(l‘a y) - ¢(x7y)‘ - m()‘n + 1) |O-m,>\n(x7y) - qb(ﬂ?,y”
Gt D+ 1) Jor,n@,9) — 6, ) }

For any fixed A > 1 and 0 < r <1, {oymn(z,y)} converges to ¢(x,y) in L"-norm,
we have

|

i [ [ hae0) - ole)ldody o

m,n—o0 [q Jo

This completes the proof of the lemma. O

Lemma 3.3 ([14, Lemma 2]). Let {cjk};j—0 and {d;i};5—¢ be two double

m n

sequences of numbers and Dy, = Z Zdjk (m,n=20,1,...) be the rectangular
§=0 k=0

partial sums of {djr}. Then, for all0 <m < M and 0 <n < N,

M N M N M M
Z Z Cikdjr = Z Z Aqicjp D + Z Ajocj N1 DN — Z A1ocinDjn—1
j=mk=n j=mk=n j=m j=m
N N
+ Z Aorear+1, kD — Z Ao1CmkDm—1% + vy, N+1 DN
k=n k=n

- CM+1,nDM,n—1 - Cm,N—l—le—l,N + Cmanfl,nfl-

Lemma 3.4 ([14, Lemma 1]). If {aj}{5—o satisfies the condition (11)
and for p,q > 1,

oo o)
(24) Cpq = Z Z | Apqaji| < o0

=0 k=0
then

oo
Z ‘Ap,q—lajk’ S Cpq (k = O, 1, 2, c. )7
7=0

o0
E |Ap.g—1ajk] = 0 as k — oo,
=0
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o
sup Z |Ap g—1ak] = 0 as m — oo.
j=m
Analogous statements hold for A,_1 gaji, under the same conditions (11) and (24)
if the roles of j and k are interchanged.

Lemma 3.5 ([14, Lemma 3]). Let {c]k}” o be a null sequence and

{djk}ij=o be a sequence of numbers and Dy = Z Zd]k (m,n=1,2,3,...) be
7=0 k=0
the rectangular partial sums of {djk}. Then for all0 <m < M and0<n <N,

m
Z Cikdjr = Z AqicjpDjp — Z A10¢jnt1Djn

Rmn Rmn Jj=0

n
- Z AOlcm—‘rl,kDmk: - Cm+1,n+1Dmn7
k=0
where Ry = {(j, k) € Z4 U{0} x ZL U{0} : either j > m+1ork>n+1} and
Z stands for Z Z . Where Zy denotes the set of the positive integers. We

Rmn (],k) ERmn
note that the definition Ry, already allows j = 0 (when k > n+1) and k =0

(when j > m + 1), since the "or” condition requires only one index to exceed the

threshold.

The following lemma, for trigonometric series, can be found in [8, Lemma
3.1]; here we give a different proof of the lemma.
Lemma 3.6. For m,n > 0, we have the following representation
Tonn (2, 9) = San (2, y) = S (m, 5, y) + Sy (mym; 2, y) + Sy (m,m; 2, y).
Proof. By definition of 7\, (z,y) and Sy, (z,), we have

o (2, Y) = Smn(2, )

j =m+1 k=n+1

= A —m zm: Z Z Zallbph )P, (y)

j =m+1 k=n+11;=012=0

- Z Z a1, B, (2) Py (y)

11=012=0
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zz{i SRS ISR IS

(A )\ —n)
j=m+1k=n+1 \li=m+1lo=n+1 [1=0lc=n+1 [1=m+112=0
+ E Z} al1l2Pl1 PlQ Z E :al1l2Pl1 Plz )
11=012=0 1= 012 0
'm >\n >\n m k
= -m) 3> D
o A el IDORDD )3 Z )
j=m+1 k=n+1li=m+1ls=n+1 k=n+1101=01l2=n+1

)\m m n
+Aa—n) > Z 24-()\ YA —=n) > fan, Py () Py (y)
11=013=0

j=m+1l1=m+113=0
- Z Z a1, B, (2) Py (y).
11=015=0

Therefore, we get

o (2,y) = S (2, y)
Am An j
- ()\ )\ -n Z Z Z Z allbljh ]Dlz( )
m j=m+1 k=n+1l1=m+1lo=n+1

)
m
)\ “n Z Z Z a1, B, (2) Py (y)
k=n+111=01lz=n+1

n

2.

ZZ

] =m-+11l1=m+112=0
(25) =Jy+ Jo + J3, say.

alllzpll Plz )

Now, by interchanging the order of summation, we get

An k
1= (Am )\ —n) Z Z A Z Z alllzplz(y)
j=m+1li=m+1 k=n+1las=n+1
An
" (O A —n) Z Z Py (@ {Z (An—k+1)%kpk(y)}
Jj=m+1li=m+1 k=n+1

Ty zmj 5 (o — 3+ D00 = b D) i)

= O |
j=m+1k=n+1
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A
'm n _] + 1 )\ k 1

Z Z X, —n ajiPj(x)Pi(y) = Siy(m,n; z,y).
j=m+1 k=n+1

Similarly, we have
An

“ A —k+1
Z D 5 S B @R = Sm i)
=0 k=n

n

and

A n .
- Am —J+1
Jy= 3 D> S —apPi(@)Pi(y) = Sio(m, i @, y).
j=m41k=0 "~

Hence, from (25), get

Tr)r\m(xay) - Smn(x,y) = Sf\l(mﬂ n;xay) + S())\l(mvn;mvy) + S?O(m7n;x7y)' .

The following lemma for trigonometric series can be found in [8, Lemma

3.4].
Lemma 3.7. For m,n >0 and X\ > 1, we have the following representa-
tion:
A it
Sho(m,niz,y) = > ZAiAH%kD () D (y)
Jj=m+1 k=0
A .
N Adm—J+1
+ Z ﬁﬁmaj,nﬂl?j(l’)l)n(y)
j=m+1 T

Z ZAmangD ) Dy (y)

j =m+1 k=0

n
Z j11,011D5(2) Dy (y) = > Ao1ams1,6 D () Di(y)
j =m+1 k=0

- am+1,n+1Dm(x)Dn(y)‘

Proof. By the definition of Sjy(m,n;z,y) and using summation by
parts, we have

()\m - m)Sf\O(ma n;x, y)
Am,

— Z{ Am — 7+ 1)ajkPj(w)}Pk(y)
k=0 \j=m+1
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n Am
= Z{ ' Z [(Am —J + Dajr —{An — (G + 1)+ 1} aj41%] Dj(2)
—(Am—(m+1)+ 1)am+17kDm(x)}Pk(y)

n Am
- Z{ Z (Am —J +1)Aypa;Dj(x)

k=0 \j=m+1
Am
+ Z aj+1,6Dj () = (Am — m)aerl,kDm(w)}Pk(y)
j=m+1
Am n Am n
= ) Qm—J+1Di(2)) AwapPr(y) + Y Di) > aji1xPe(y)
j=m—+1 k=0 j=m+1 k=0

— (Am —m) Dy () Z am-i—l,kpk(y)

Am
— Z ()\ — 7+ 1) {Z Ana]ka( ) + Al()aj,n+1Dn(y)}

j=m+1 k=0
Am n
+ Z Dj(x) {Z Aoraj1,6Dr(y) + aj+1,n+1Dn(y)}
j=m+1 k=0

— (Am —m) D () {Z Ao1@m11,kDi(y) + am+1,n+1Dn(y)}

k=0

Z Z m = J + DA1aeD; () Dy(y)

j=m+1 k=0

+ Z m = J + 1) A10ajn41D;5(x) Dn(y)
j=m+1

+ Z ZAOI@HMD Z aj41n+1D;(x) Dn(y)
j =m+1 k=0 j =m-+1

— (A =m) Y A1 11,5 Din (2) Di(y) — (A — M)am 41011 D () D (y).
k=0

Hence, by dividing both the sides by (A, — 1), we get the required representation
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of S7y(m,n;z,y). This completes the proof of the lemma.
Similarly we can have representation for Sé‘l(m, n;x,y). O

4. Proof of theorems.
Proof of Theorem 2.1. Let 0 < m < M and 0 < n < N. Using the
notation (7) and Lemma 3.3, we have

S(R;x,y)

M N M
= Z Z Anajij(x)Dk(y) + Z Aloaj,N+1Dj(x)DN(y)

j=mk=n j=m
M N
— " AvpajnDj(@)Dn1(y) + Y Aorarsr,xDas(x) Di(y)
j:m k=n

N
- Z A1k Dm—1(2) Dy (y) + arr1,v+1Dn(2) Dy (y)

k=n
— apm+1,0Dr (%) Dn—-1(y) — am,N+1Dm—1(2) DN (y) + amnDim—1() Dp-1(y).
By using Lemma 3.1, for z,y € (—1,1), we have

47 1 -2)(1 —y) |S(R; z,y)|

M N M M N
<> Anal+ D 1Awa; v+ Y [Awail + Y [Aoank
Jj=m j=m k=n

j=mk=n
N
+ Z |Aotamk| + |av+1,N+1] + lav+1n] + |am N41] + |amn]-
k=n
With the help of (12), Lemma 3.4 (for p = ¢ = 1), and (11), the right-hand side of
the above inequality tends to 0 as max(m,n) — oo. Therefore, for z,y € (—1,1),
S(R;z,y) — 0 as max(m,n) — oco. Hence, the series (6) converges regularly to
some function g.
The series (6) converges to the function g(z,y), that is,

j=0 k=0
for all z,y € (—1,1). Therefore

9(x,y) = Smn(x,y) = D ajiPi(2) Pe(y),
Rmn
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where Z is defined as in Lemma 3.5. The use of Lemma 3.5 gives
Rmn

Z ajkPj(x) Py(y) = Z AvajpDj(x) Di(y) — Z A10ajn+1D5(z) Dp(y)
Rmn Rmn Jj=0

n
— Z Ao1am1 1,k Dm () D (y) — amt1,n41Dm () Dn(y)-
k=0

In view of Lemma 3.1, for xz,y € (—1,1), we get
471 = 2)(1 = y) g(2,y) — Smn(@,y)]
m n
< Z |Allajk| + Z |A10aj,n+1| + Z ’A01am+1,k| + |am+1,n+1\ .
Rmn j:0 k=0

The right-hand side of above inequality is of o(1) as min(m,n) — oo, (that is,
tends to zero as min(m,n) — o), by virtue of (12), Lemma 3.4 (for p = ¢ = 1),
and (11). Now, for z,y € (—1,1) and 0 < r < 1, we obtain

|9(2,y) = Smn(z,y)|" < {o(1)}" {M‘M}T

and hence

1 1 . . 1 1 47’
/_ 1 / [9() = S )" dady < {o(1) / 1 / T
o4
~ o) =

1
r

1 gl
Hence, we have </ / lg(z,y) — Spmn(x,y)|" dzdy | — 0 as min(m,n) — oo.
—1J-1

That is, for 0 <7 < 1, ||Spmn — g/, = 0 as min(m,n) — oco. This completes the
proof of Theorem 2.1. O

Proof of Theorem 2.2 Proof of (i). With the help of (10), we find
that (13) (or (14)) implies

lim limsup( sup ‘Si‘l(m, n;x,y)‘) =0.
(

A=1+ mn—oo \ (z,y)€E

Assume that 7, (x,y) converges uniformly on E to f(z,y). So we have

(26) sup ‘Tﬁm(fﬂ, y) — f(z, y)‘ =0
(z,y)EE
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as m,n — co. By Lemma 3.6, we get

lim sup ( sup ‘Tj‘m(a:,y) — Smn(xay)‘>
(

m,n—00 z,y)EE

< limsup ( sup )S())‘l(m,n;x,y)D —i—limsup( sup ’Sf‘o(m,n;m,y)D
( (

mn—oo \ (z,y)€E m,n—oo \ (z,y)€E

+limsup< sup )Sf‘l(m,n;x,y)D.
(

mn—oo \ (z,y)EE

After taking lim , we have
A—=14

(27) lim limsup ( sup ’Tﬁm(x,y) - Smn(x,y)o =0.
(

A=1+ mn—oo z,y)EE

We have the inequality

m,n—00 (%Z/)GE

lim sup ( sup  [Smn(z,y) — f(x,y)\)

< lim sup ( sup ‘Tr’,\m(x,y) — Smn(%l/)‘)
(

m,n—00 \ (z,y)€E

+ lim sup ( sup ‘Tr’,\m(x,y) — f(x,y)’)
(

m,n—00 x,y)GE

By using (26), (27), and as A\ — 14, we have

lim sup (( sup |Smn(z,y) — f(x,y)\) =0.

m,n—oo \ (z,y)€E

That is, Sp,n(z,y) converges uniformly on E to f(z,y).
Proof of (ii). By (9) (or (8)), for 0 < r < 1, we have

|shm.niz )|

R
< > {[|stom.vizy)
1

))

+||stom.niz,y)
,

g

n<v<Ap,

< 2( sup (HS{‘O(m,U;%y)
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Thus, (15) implies

)=

We replace sup by |||, in the proof of (i) above. Then the preceding arguments
(z,y)€EE
verify (ii). This completes the proof of Theorem 2.2. O

[Proof of Theorem 2.4] Proof of (i). Using the Lemma 3.7, we can
write the expression for S{\O (m,n;z,y) as

lim limsup (HSi\l (m,n;z,y)
A—=1+ mn—oco

Am n

+1
Sh(m,niz,y) = > Z ™ —J Alla]k’D< )Di(y)
J=m+1 k=0
A A —j+1
+ j_%:ﬂ o 8100041 (%) Da(y)

Z ZA()la]-i-lkD (z) D (y)

] =m+1 k=0

Z aji1,n+1D;(2)Dy(y)

] =m+1

n
- Z A01m41,k D () Di(y) — amt1,n+1Dm(2) Dy (y)
k=0

(28) =)+ 10+ 13 + I + Is + I, say

Now by using (11), Lemma 3.1, (17), (18), (20), and noting that for
E C [~1,1 - §)%, we have the following estimates:

‘11‘ S A Z Z IAn%k\

] =m+1 k=0

First take supremum and then use (1 — z)(1 —y) > 6% > 0, we get

sup ‘If"_ Z Z ™ !A11a3k|

(z.y)eB j=m+1 k=0

Am 00

g% Z Z ™ |A110gk|

j=m+1 k=0
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Now taking lim sup and then hI{l we get
+

m,n—o0
lim limsup [ sup ‘Il ’ < —2 lim limsup Z Z ]Anajk\
A—=1+ mn—oo (z,y)eE 0% A—=1+ mmn—oo . Z00 1T Am

Now using (20), We have /\lim lim sup < sup ‘Il ‘) =0.

=1+ mn—oo \ (z,y)cE

Similarly, we get

A .
4 N A —J+1
’12)\’ < > = |A10ajn41
(1—-2z)(1—-y) P Am —m
4 al
< Z |A1005,n41]
(L=2)(1—y) 4=

— 0 as min(m,n) — oo.

Thus lim limsup( sup ‘Ié\D =0.
(

A=1+ mn—oo \ (z,y)€E
Similarly, we get
Bl< i z >~ Boraei
~(1=-2)(1-y) ’

=m+1 k=0
- Zm |
ST~ ., Sup 01541,k

(=)0 =) mejirn =0

— 0 as min(m,n) — oo.

So lim hmsup< sup ‘Igo =0.
(

A=1+ mn—oo \ (2 y)EE
Similarly, we have
Am

4 1
‘Ij‘ < > lajintl
1—2)1—y) A — m L=

4
< ——/——~ Ssup |aji1n1l
(1—2)1=y) mejorm "

— 0 as min(m,n) — oo.
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We have lim limsup( sup ‘Ll\’) =0.
(

A=1+ m,n—o0 z,y)EE

4 n
)Ié“ < m kzo |A01am+1,k

— 0 as min(m,n) — oo.

Thus lim limsup( sup ‘Ig“) =0.
(

A=1+ mn—oo \ (z,y)€E
Similarly, we get

4
IA) <
‘ 6| = (1 —33)(1 — y) |am+1,n+1

— 0 as min(m,n) — oo.

We have lim limsup( sup ‘Ié\D =0.
(

A=1+ m n—oo z,y)EE
Thus, combining all these estimates, we have

(29) lim limsup [ sup ‘Sf‘o(m, n;x,y)‘ =0.
A=1+ m n—oo (z,y)EE

Similarly, (11), Lemma 3.1, (17), (18), and (19) gives

(30) lim limsup | sup ‘Sé‘l(m, n;azjy)‘ =0.
A=1+ mn—oo \ (z,y)€E

Thus, by (29) and (30), the first part of the theorem follows from Theorem 2.2.
Proof of (ii). Assume that ’
0 <r < 1. We have

||Smn - f”: < HSmn - T%n

Tai\m - er — 0 as min(m,n) — oo for some

r

9
r

T
+ HTri\mn - f
r

mn

,
and so it suffices to show that HS’mn — 72 |l = 0as min(m,n) — co. By Lemma
T

3.6, we have

r

" A
. < HSlO(m,n;x,y)

" A
+ ||Stum, m3 2, )
,

A " by
T

r

r

| . |12

, we first find HI{\

T ' T
Now in order to estimate HSi‘O(m,n; x,y) , , ,
T T ' T
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HLE\ :, 125l |1 76|, see (28). For 0 < r < 1, we have
HI? T < (1:470)2 Z:szo o !An%k\
leA :S (1:47,)2 j;f;lmmamlr ,
bl = ot (om, 3o )
Il < i e
ng\ : < m <kzn:0m01am+1,k|> ;
and

T 4
D<= :
6l = a2 (lam+1,n411)

By (11), Lemma 3.1, (17), (18), and (20), we conclude that

) —0.

Similarly by conditions (11), Lemma 3.1, and (17)-(19), we get

) —0.
) —0.

— 0 as min(m,n) — oo, and the desired result follows. This

lim limsup | sup HSlO m,n;z,y)
A=1+ mn—oo \ (z,y)€E

lim limsup | sup HSOl m,n;x,y)
A—=1+ mn—oco (z,y)eE

Also by (10), we have

lim limsup [ sup HSf‘l(m,n;$,y)
A=1+ mn—oo \ (z,y)€E

)\
Tmn

Thus HSmn —
completes the proof of Theorem 2.4, O
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