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ABSTRACT. Nonlinear variational inequalities in Banach spaces are consid-
ered. A notion of (absolute) condition number with respect to the right-hand
side is introduced. A distance among variational inequalities is defined. We
prove that the distance to suitably restricted ill-conditioned variational in-
equalities is bounded from above by a multiple of the reciprocal of the con-
dition number. By using an analogous lower bound of the companion paper
[14], we obtain a full condition number theorem for variational inequali-
ties. The particular case of convex optimization problems is also considered.
Known results dealing with optimization problems are thereby generalized.

1. Introduction. The condition number theorem of linear algebra states
that, for a given non-singular matrix, the distance to the ill-conditioned (i.e. sin-
gular) matrices equals the reciprocal of its condition number (see [3, Theorem
1.7]). This is one of the simplest examples of a general property. To quote [2,
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Key words: variational inequalities, condition number theorems, conditioning in convex
optimization.
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p. 232]: “A very general theme in numerical analysis is a relationship between
the condition number of a problem and the reciprocal of the distance to the set of
ill-conditioned problems”. For scalar optimization problems, such a relationship
has been proved within several contexts in [8, 9, 10, 11, 12, 13]. For any opti-
mization problem @ of a given class, after defining in a suitable way its (absolute)
condition number cond ) and its distance d from the ill-conditioned problems,
the above relationship is expressed by a pair of inequalities of the form
C1 C2
(+) cond Q) sds cond Q)

for suitable positive constants ¢1, co. Such a couple of inequalities will be called
a condition number theorem for the given class.

Here we consider variational inequalities on Banach spaces, defined by
nonlinear operators acting on a fixed closed set, with right-hand side from a
given region. Aim of this paper is to find a proper setting in order to obtain a
partial version of the condition number theorem, namely an upper bound as in
(*). Coupling it with the main result of the companion paper [14], we obtain a
full condition number theorem for suitably restricted variational inequalities, in
analogy with the above quoted known results about optimization problems.

To this aim, we need a definition of (absolute) condition number, and a
notion of distance within variational inequalities. First we define here the (possi-
bly infinite-valued) distance between two variational inequalities as the uniform
distance between the corresponding operators, plus the Lipschitz norm of the
difference between them. Next we consider the condition number of a variational
inequality with respect to its right-hand side as the upper limit, when the per-
turbations vanish, of the ratio between the output and the input errors in the
solutions due to small perturbations of the right-hand side. This definition fol-
lows a standard procedure in numerical analysis. Then we identify a suitable set
of variational inequalities, within which an upper estimate as in (x) holds true.

Such a new result on a condition number theorem is of interest in the
analysis of computational complexity (see [2] and [3]) and of the stability and
sensitivity for variational inequalities, moreover in the evaluation of the perfor-
mance of numerical methods.

The paper is organized as follows. In Section 2 we collect notations and
basic assumptions. Section 3 describes the class of variational inequalities we
consider, the smoothness assumptions we require on the Banach space, and deals
with an upper bound on the distance to ill-conditioning and on the condition
number. An upper bound of the distance in terms of the reciprocal of the con-
dition number is thereby obtained. In Section 4 we treat the particular case of
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convex optimization. In Section 5 we state a full condition number theorem by
coupling the main result of this paper with the one obtained in the companion
paper [14]. Section 6 collects the proofs. Moreover we present there a new proof
of a known necessary condition for the Aubin property of a set-valued mapping
in terms of the Lipschitz character of its distance function.

2. Notations, basic definitions and assumptions. We consider
a real Banach space X with topological dual X™, a closed set K C X, and a
set 2 C X™, both containing 0 as a cluster point. We consider the set of all
single-valued functions

(1) A K - X*.

For every A as in (1) and p € Q we consider the variational inequality, to find
u € K such that

(2) (A(u),z —u) > (p,x —u) for every x € K

where (-,-) denotes the duality pairing between X* and X. Given A, we denote
by Q@ = (A, K,Q) the set of all inequalities (2) as p € Q, and by B = B(K, Q)
the set of all such variational inequalities Q). For each p € £ we denote by S(p)
the (possibly empty) set of all solutions of (2). The set-valued mapping

S: Q=K

will be called the solution mapping of (). We first need a notion of distance among
variational inequalities. Given Aj, A2 as in (1) with corresponding variational
inequalities @1, Q2 € B, we consider

A=Ay — A

and define the distance between )1 and ()2 as

(3) dist(Q1,Q2)
JA(z") — A(2)||

[ — a']]

:sup{||A(:1:)||:x€K}+sup{ :a:’,:z:”EK}.

In this way we obtain an extended real-valued distance on B.
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Next we need a notion of (absolute) condition number of any variational
inequality ) € B with solution mapping S. We define the condition number of

Q as

/! /
(4) cond Q = lim sup haUSd[kj (» );S ()]
p’,p”—>0 Hp _p H

i

where of course p/,p” € , and hausd denotes the Pompeiu-Hausdorff distance
(see [6, p. 48] for the definition). The variational inequality @ will be called
well-conditioned iff cond @ < 400, ill-conditioned iff cond @ = 4oc0. The set
of well-conditioned variational inequalities will be denoted by W, and that of
ill-conditioned by IC. Thus Q € WC iff @) has solutions for each sufficiently
small p € €, and its solution mapping is Lipschitz near p = 0, according to the
standard notion of Lipschitz continuity of set-valued mappings, see [6, Definition
1.40 (iii)]. The condition number of @ is then the Lipschitz modulus at p = 0
of its solution mapping. We have @ € IC if its solution mapping S(p,) = 0 for
some sequence p, €  with p, — 0, or if S(p) # 0 for each sufficiently small
p € Q and S is not Lipschitz near p = 0.

Example 1. Suppose that X is Hilbert, A : X — X™ is Lipschitz on the
convex set K, and strongly monotone with constant «, namely

(A(z) — Ay),z —y) > allz —y|?

for every z,y € K. Then S(p) is a singleton for each p € Q = X™ (see [1, Teorema
3.2]), and (as well-known)

1S(@") = SE)II < (/)" =PI,

hence Q € WC with cond @ < 1/a.

Example 2. Let X = R, Q@ = K = [0,1], A(z) = 2. Then, as easily
checked, S(p) = {\/p} for every p, hence Q € IC.

3. Upper bound. In this section we obtain first an upper estimate
of the distance from ill-conditioning in terms of the reciprocal of the condition
number. In the next result we need the following condition:

(5) 0€int, 0 € int K
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where int denotes interior. Moreover we shall employ smoothness assumptions
about the space X, as follows:

(6) X is reflexive with strictly convex norm, which is Gateaux differentiable
off the origin with derivative j(u) € X™* at u # 0;

there exists a constant o > 1 such that the single-valued function D :

K — X* given by

(7) D(0) = 0, D(u) = [[ul|*j(u) if u # 0

is Lipschitz on every bounded set.

Conditions (6) and (7) are fulfilled if X is Hilbert, since then
j(u) = u/llul|. In order to match with the lower bound from [14], and to prove
a sharper upper bound of the form discussed above, we need to suitably restrict
(in accordance with [14]) the class of variational inequalities we consider. Having
fixed K and €2, a given class D of variational inequalities @ = (4, K, Q) with solu-
tion mapping S fulfills property Z if the following conditions are satisfied for each
@ € D. First, S(p) is nonempty and closed for every sufficiently small p € Q.
Moreover, writing

K={ueK:|ul| <}

we require that there exists a sufficiently small 6* > 0 such that

(8) A(K) C &
furthermore
(9) S~1is a single-valued function on K.

Finally, for every pair Q; = (4;, K,Q) € D with solution mapping S;, i = 1,2 we
have A;(0) = A2(0) and there exists a ball P of center 0 and positive radius such
that

(10) Sl(P)USQ(P) CK.

Example 3. Let X be Hilbert, K = X, let €2 be a ball centered at 0
with positive radius, and let D be a set of variational inequalities corresponding
to the unconstrained minimization of the convex quadratic forms

1
x— §<A$7$> - <p7$>7 pe Q,
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where A : X — X™ is a linear, bounded and self-adjoint operator such that, for
a fixed a > 0,

(A(2) - Aly).z —y) > alle —y| for every z,y € X.

Then D fulfills property Z if the set of all linear operators A corresponding to
the elements of D is bounded, see [14, Example 3.5] for details.

Simple examples show that there are variational inequalities @) both in
WC and in IC such that {Q} fulfills property Z. Let X = R, Q@ = K = [-1,1].
If Aj(x) = =, then @1 = (A1, K,Q) € WC and {Q,} fulfills property Z. If
Ay(z) = 23, then Q3 = (A, K,Q) € IC and {Q,} fulfills property Z.

Given @ = (A, K,Q) € B with a bounded set K we shall also consider
(11) L = sup {[|(a + 2)[|z[| D(z) — A(x)]| : z € K};
moreover

Ko =sup{|jz|| : z € K};

Az — A(z!
te = s [IACD = AGD )
=" — 2’|
D(z") — D('
PN L-COEL R
and
(12) M=A+ (a+2)(ng —I—K()Dl),

where o and D are given by (7); of course 0 < Ay, L < +o00. In order to obtain an
upper bound, we start with an upper estimate of the distance to ill-conditioning,
as follows. Given K and €2 let Z* C B denote the set of all variational inequalities
which satisfy property Z.

Theorem 4. Let K be bounded and convex. Assume (5), (6) and (7).
Then for every Q = (A, K,Q) € B we have

(13) dist(Q, IC) < dist(Q,IC N Z*) < L+ M,

where L is given by (11) and M by (12).
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The last step is to obtain an upper bound of the condition number. Let
@ € WC be with solution mapping S. We need the following assumption. There
exists a positive constant C* such that for every p €  sufficiently small, every
u € K, every w € S(p) such that

lu— | < distlu, S(p)] +1

and every h € X* with ||h|| < 1, there exists a (single-valued) selection z of
t — S(p+th), t > 0 and sufficiently small, such that

(14) 2(0) = w, ||z(t) —w| < C*t for every t.
We assume, without loss of generality, that if 0 < L, M < +o0o, L given by (11)
and M by (12), then C* > 1/(L + M).

Remark 5. A particular case of assumption (14) about the existence of
C™ is related to Assumption 2.2 (ii) in [4], see also (i) of Remark 2.3 there, where
it is shown that such condition has to do with differentiability properties of the
solution mapping.

Example 6. Suppose that X is Hilbert and A : X — X* is strongly
monotone on K with constant o, namely

(A(x) — A(y),z —y) > aflx — y||2 for every x,y € K.

If K is convex and A is Lipschitz on K, then the corresponding variational in-
equality (2) has exactly one solution S(p) for each p € X* (see [1, Teorema 3.2]).
Given p € Q = X", h € X with ||h|| <1 and w = S(p), we consider

2(t) = S(p +th),t > 0
and we get, for every x € K,
(Alz(D)], =z — 2(t)) = (p+ th,x — 2(1)), (A(w),z —w) > (p,z —w)

hence
(A[z(t)] = A(w), w — 2(t)) = t(h,w — z(t))

whence
al|z(t) —w[* < t]2(t) — w]|

so that (14) is fulfilled with C* = 1/a.



40 T. Zolezzi

Example 7. Let
X =R?, K ={(x1,22) € R*: |z1| < 1,|wa| <1}, Q={(p1,0) : Ipa| < 1},

and let A : R — R? be the linear operator corresponding to the matrix

10

0 0)°
Then, given p; € [—1,1], (2) is equivalent to find u; € [—1,1] such that
(u1 —p1)(x1 —uq) > 0 for every z1 € [—1,1]. Thus

S(p1,0) = {(p1,x2) : |22| < 1}

for every p € Q. Therefore, given p € Q,u € K,w = (wy,ws) with w; = p; and
h = (h1, ha), we see that ho = 0 if p + th € 2, and

2(t) = (p1 + thy, ws)

fulfills (14) with C* = 1.

The required estimate about the condition number is given in the next
result.

Theorem 8. Let Q € WC. Assume (6), (14) and let 0 € int Q. Then
(15) cond@Q < C*

Remark 9. Strict convexity of the norm is not needed in Theorem 8, as
we shall see in its proof.

Summarizing, the upper bound we obtain is the following. Let @@ =
(A, K,Q) be with M given by (12) and L by (11).

Corollary 10. Suppose that K is bounded and convez, let QQ € WC and
assume (5), (6), (7) and (14). Then, if cond Q > 0, we have

(L + M)C*

. “ -
dist(Q,IC N Z*) < i

Corollary 10 follows immediately from Theorems 4 and 8.
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4. Convex optimization. In this section we assume that K is bounded
and convex in the reflexive Banach space X. Denote by T the set of all real-valued
functions f defined on some open set containing K, which are lower semicontin-
uous and convex on K, and Gateaux differentiable. For each f € T we consider
the optimization problems @, to minimize f(z) — (p,x) on K for each p € Q,
with solution mapping S. So we consider tilt perturbations of f constrained by
K. As well-known, u € S(p) iff u solves (2) with A = V f the Gateaux gradient
of f. Therefore the set of these optimization problems can be considered as cor-
responding to a subclass By, of B. We keep the previous definitions (3) and (4)
of distance and condition number within B,,. Let us write

WChy = By N\WC,ICy, = By NIC, Z% = By, N Z*.

Then we get the following

Theorem 11. Let Q = (A, K,Q) € WC,, N Z*, where A=Y f for some
feT. Assume (6), (7) and (14). Let 0 € int K and let Q be a ball centered at
0. Then, if cond Q > 0, we have

. . (L+M)C
< < T M)e
s <dist(Q.IC, N Z;,) < ond 0

M given by (12) and L by (11).

5. A condition number theorem for variational inequalities.
We recall here the main result of the companion paper [14] about a lower bound of
the distance to ill-conditioning in terms of the reciprocal of the condition number.
By coupling such a result with those of the present paper we end up with a full
condition number theorem for variational inequalities of the form discussed in
the introduction.

According to Corollary 3.9 of [?], we have the following lower bound.

Theorem 12. Assume that € is a ball of center O with positive radius.
Let Q e WC N Z* be such that cond Q > 0. Then

1
i I 7% > .
dist(Q,IC N Z*) > ond Q

Corollary 10 and Theorem 12 we obtain immediately the following con-
dition number theorem.
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Theorem 13. Let Q € WCNZ*, let K be bounded and convez, and let §)
be a ball with center 0 and positive radius. Assume (5), (6), (7) and (14). Then
if cond Q > 0 we have

(L+ M)C*
cond@Q

1
< di I 7)<
condQ = dist(Q,IC N Z*) <

6. Proofs and auxiliary results. The proof of Theorem 4 requires
the following example.

Example 14. Assume (5), (6) and (7). Let K be convex. Given p € 2
we minimize on K
fla) = l2]|*** = (p,)
with « given by (7). This function is strictly convex and, by standard reasoning,
has a unique minimizer u € K. Moreover the Gateaux gradient of f is V f(u) =
(a+2) u||D(u) — p, where D is given by (7), hence for every p the corresponding
minimizer u is the solution of the following variational inequality (), namely

(16) (a + 2)(||u|]|D(u),z —u) > (p,z — u) for each x € K.

We want to show that Q € IC. Denote by S the solution mapping of Q. Arguing
by contradiction, suppose that @ € W('. Then there exists a constant ¢; > 0
such that if u = S(p) we have

(17) [[ull < ellpll

for each p sufficiently small (remembering that S(0) = 0). Then by (16), (7)
and (17)

{0,z —u) < (a+2) Jull [D@)]| |z = ul| < ezllz—ul [p]**

for some constant ¢y, hence if x # u, p # 0,

(18) () < el

Pl |z = u]

As well-known, given z € K with = # 0 there exists p € X™ with [[p|| = 1 such
that (p,x) = ||z||]. Then consider p, = p/n, so that p, € Q by (5) for every
sufficiently large integer n. Let u, = S(p,), then by (18)

T — Up C2
L W
<p’ ||x—un||> = e
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Letting n — +o00 we get u, — 0 by (17), hence the contradiction

whence Q € IC. Now we prove that Q = (A, K, Q) fulfills the conditions required
for property Z. By (5) there exists r > 0 such that p € X*, ||p|| < r imply p € Q.
Then, if 6* > 0 and |Ju|| < 0%, we have

AW < (a+2)(@E)** <7

if §* is sufficiently small, hence (8) is fulfilled. If v € K and p,q € S '(u),
then u = S(p) = S(q) and if §* is sufficiently small, then by (5) u is an interior
minimizer corresponding to both p and ¢, hence A(u) = p = ¢, thus (9) holds.
Finally, if u € S(p) then f(u) < f(0), whence ||lu]|*™" < ||p||, so (10) holds
provided the radius of P is < (6*)*"!. Summarizing,

(19) QelICnz*

Remark 15. In Example 14, the assumption 0 € int K of (5) cannot be
omitted to get Q € Z*. Consider X =R, K = [0,1], Q = [~1,1], then if p < 0
we have 0 € S(p), hence (9) fails. Of course, different choices of the variational
inequality Q € IC N Z* may lead to different conditions on problem’s data, and
to different estimates of the distance to ill-conditioning.

Proof of Theorem 4. We consider Q of Example 14, so that by (19)
we need to prove that

(20) dist(Q, Q) < L + M.
Consider A(z) = (a + 2)||z||D(x),x € X, then by (3) and (16)

ist(Q, Q) = sup{[|A(@) — A(w)| : w € K} )
roup {JAZ D) =D, o )

[ — a']]

where, by (11), the first term is bounded by L. Now we compute
(A= A)(") = (A - A)()]
< [JA@") = A@)| + (@ +2)|| [|2"][D(2") — [l D(z)]
< [|A(=") — A
+ (@ +2)[[ 2"l = l2"[l | D" + 2"l |1 D(z") — D(a")][]-
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Dividing by ||z” — /|| and remembering (7), we get

ap {JA =D = U= BE 1 v )

|2 — |
Az — A(z!
coup {LAE) A 0 )
2" || = [
+ (a + 2) sup {WHD(JJH)H . .’El7$// c K
|D(z") — D(a')||
+(a+2)sup{||:1:’\| | a2 e K

<A1+ (a+2)K§ + (a+2)KogDy = M (by (12))
since
D) = ll=[[*]li ()] < K¢
for every x € K. So (20), hence Theorem 4, is proved. O

The proof of Theorem 8 requires the following known necessary condition
for the Aubin property of a set-valued mapping [6, Theorem 1.41]. Let S : E — F
be a set-valued mapping acting between the Banach spaces E, F'. Let z, § be given
such that z € S(y), and consider

pz,y) = dist[z, S(y)],z € F,y € E.

See [6, Definition 1.40 (ii)] for the definition of the Aubin property.

Theorem 16. If S has the Aubin property at y for T, then p is Lipschitz
with respect to y, uniformly in x, near (y,T).

We present a proof of Theorem 16 which is different from that of [6], and
similar to the one of [5, Theorem 3E.5| for the finite-dimensional setting.

Proof of Theorem 16. Let lip(S;y|z) be the infimum of those con-
stants k > 0 such that for some neighborhoods U of z,V of ¢, we have

(21) Sy)NU c S +k|ly — /|| B for every y,y/ € V;

we denote by B(u,r) the closed ball of center u and radius r, and let B = B(0,1).
Fix k > lip(S;y|z). Then by (21) there exist positive numbers a, b such that

(22) S(y) N B(z,a) C S') + k||y' — y||B for every y,y' € B(y,b).
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Moreover S(y) N B(Z,a) # 0 for each y near g, see [5, Proposition 3E.1]. We can
assume that a/4k < b. Let y € B(y,a/4k),x € B(Z,a/4). Given € > 0 there
exists u € S(y) such that

(23) llu — z|| < e+ distz, S(y)].

By the Lipschitz property of dist [-,S(y)], (23) and (22) with y = y we get,
denoting by e the excess,

o —ull <&+ dist [z, S(y)] < & + |l — 7] + dist[z, S(y)

etz =2l +e[S@) N B(z.a), S e+ T+klT—yl <=+ 3
hence
_ _ a a
fu—2l < Ju—al + e~ 7] <ct 2+ <a
provided € < a/4. Then by (23)
(24) dist[z, S(y) N B(Z,a)] < ||z — ul| < e+ dist[z, S(v)].

Let y' € B(y,a/4k), then by (22) and (24)
dist[x, S(v') + k|ly' — y||B] < dist [z, S(y) N B(Z,a)] < ¢ + dist[z, S(y)].
Since € is arbitrarily small, this yields
dist[z, S(y') + klly — ¢/[| B] < dist[z, S(y)],
so that
dist[z, S(y)] = klly — o'l| < dist[z, S(y') + klly — /|| B] < dist[z, S(y)],

hence
dist[z, S(y")] < klly — o[l + dist[z, S(y)]-

The roles of y,% are symmetric, hence
| dist[z, S(y")] — dist[z, S(y)] | < klly — ¢/

for every v,y sufficiently close to 4 and x sufficiently close to z, thus proving the
theorem. O
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Proof of Theorem 8. Since Q € W(, its solution mapping S is
Lipschitz on some open ball H of center 0 and radius d;. Then if ¢’,¢"” € H, we
have for some constant 7' > 0

(25) S(q") < S(¢")+Tlld" — ¢"|B,

where B denotes the closed unit ball of X. Let p’' € H,u € S(p'). By (25), S has
the Aubin property at p’ for u. Write

p(u, p) = dist[u, S(p)].

From Theorem 16 it follows that p(u, ) is Lipschitz in some open ball V' of center
p’ and radius d;. By the results of [7] (remembering (6)), p(u,-) is Gateaux
differentiable in some set D dense in V', and the mean value theorem holds. Thus
if ¢, ¢" € V we have

(26) p(u,q") = p(u,q') < |l¢" = ¢ sup{||Vp(u,p)| : p € D},

where Vp denotes the Gateaux gradient of p(u,-). Let now p € D,0 <t < 1,0 <
e < 1 and let w € S(p) be such that

(27) lu —w| < dist[u, S(p)] + et.

We know that S(p + th) # 0 if ||h| < 1 and ¢t > 0 is sufficiently small since
Q € WC. For every such h we have

(28) S+ th) — plus )] = (Vp(u,p), B s £ =5 0+
Then by (26), (27) and (14), if ||| < 1,
p(u,p+th) — p(u,p) = dist[u, S(p + th)] — dist[u, S(p)]
<||lu — w| + dist[w, S(p + th)] — dist[u, S(p)]
< et +distfw, S(p + th)] <et+ |Jw—z(t)| < (e+ C*)t
provided t > 0 is sufficiently small. By (28) we obtain
(Vp(u,p),h) <e+C*

hence ||V p(u, p)|| < C* for every p € D. Let § < min{dy,d2/2}, let p’, p" € X* be
such that ||p’|| < 6, ||p”|| < 6. Then p',p” € V, hence by (26) with ¢" = p", ¢’ = p/,

p(u,p") = p(u,p’) = p(u,p”) = dist[u, S(p")] < C*[]p" = p"|,
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whence the excess

elS(p"), S(")] < C*|lp" —p"|l

and similarly for e[S(p"), S(p")]. It follows that

hausd[S(p'), S(p")] < C*[lp" — p"||

for every sufficiently small p’, p”, thus (15) is proved. O

4.1].
(20)

Proof of Theorem 11. The lower bound comes from [14, Theorem
We consider @ of Example 14, then Q € B,,, N IC' N Z* by (19), so that by

dist(Q, ICy, N Z5) < L+ M.

Then, remembering Theorem 8, we obtain the upper bound, completing the
proof. O

1]
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