


Serdica Math. J. 49 (2023), 49–76

DOI: 10.55630/serdica.2023.49.49-76

Serdica
Mathematical Journal

Bulgarian Academy of Sciences
Institute of Mathematics and Informatics

RELATIONS BETWEEN RISK-AVERSE MODELS IN

EXTENDED TWO-STAGE STOCHASTIC OPTIMIZATION∗

Darinka Dentcheva
†

Communicated by M. Krastanov

Abstract. We consider an extended two-stage risk-averse stochastic op-
timization problems in several formulations. Risk-aversion is reflected by
risk constraints in form of stochastic-order relations, which are imposed in
a time-consistent manner. The problem is analyzed under convexity as-
sumptions. The main goal of this study is to establishing relations between
the extended two-stage problem with stochastic-order constraints on the re-
course function on the one hand and the two-stage problems with alternative
models of risk such as utility functions, distortions, or coherent measures of
risk on the other hand.

2020 Mathematics Subject Classification: 90C15, 90C25, 91B05, 91B16.
Key words: stochastic dominance, coherent measures of risk, dual utility, distortions,

stochastic programming.
∗This paper is dedicated to Asen Dontchev, with gratitude for his mentorship and in ap-

preciation of his fundamental contributions to the theory of optimization and control.
†The support of the Office of Naval Research under grant N00014-21-1-216 is gratefully

acknowledged.



50 D. Dentcheva

1. Introduction. The two-stage stochastic optimization problem for-
mulation is one of the most popular model in the area of optimization under
uncertainty. In its risk-neutral (expected-value) formulation, it has been thor-
oughly investigated under various assumptions. Here, we consider an extended
version of the two-stage problem, which involves two decision stages and two ob-
servation stages. This type of model is a version of a sequential decision problem
presented in [12]. In that paper, the emphasis is put on the time-consistency of
the relation and the numerical method for solving the decision problem. Here,
we present more thorough analysis of the model and establish its connection to
sequential preferences reflected via utility functions, distortion (also called rank-
dependent or dual utilities), and coherent measures of risk. The relation to utility
functions was also announced in [12] for a similar problem formulation.

The problem in its risk-neutral formulation is constructed as follows. At
the first decision period, we take a “here and now” decision x in an appropriate
decision space space. In the next stage, we observe the uncertain data involved
and take a decision y, depending on the observations. That process concludes the
risk-neutral version of the problem formulation. When risk-aversion is involved,
then another stage of the process is pertinent. At that final stage, we make
a new observation and evaluate the performance of our decision policy without
further decisions. More, precisely, let the random data involved in the model be
comprised in the random sequence ξ1, ξ2, where ξ1 is a random vector defined
on a probability space (Ω,F1, P ) and ξ2 is a random vector defined on the space
(Ω,F2, P ) with F1 ⊂ F2. The support of the distribution of ξt is denoted by Ξt,
t = 1, 2, and ξ[2] denotes a path of the process {ξ1, ξ2}. We consider the following
risk-neutral extended two-stage problem:

(1) min
x∈X1

f1(x) + E

[

inf
y∈X2(x,ξ1)

(

f2(y, ξ1) + EF1

[

f3(B(ξ2)y, ξ2)
]

)]

.

Here f1 : R
n → R is a convex function expressing the known cost of the first-stage

decision x ∈ R
n, f2 : R

m ×R
d → R is a convex function of its first argument and

F1-measurable with respect to its second argument, while f3 : Rm′

× R
d′ → R

is a convex function of the first argument and F2- superpositionally measurable.
The random matrix B(ξ2) has m′ × m dimensional realizations. Further, X1 is
a closed subset of Rn and X2 : Rn × R

d
⇒ R

m is a measurable closed-valued
multifunction. They are defined as follows:

X1 = {x ∈ D ⊂ R
n : Ax = b},

X2(x, ξ1) = {y ∈ Y(ξ1) ⊂ R
m : T (ξ1)x+Wy = h(ξ1)} .
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The set D is closed and convex, A is s×n the matrix and b ∈ R
s. The realizations

of the random elements are as follow: T is m×n matrix and h is m-dimensional,
Y(ξ1) ⊂ R

m is a closed convex set. The feasible second-stage decisions are mea-
surable selections: y(ξ1) ∈ X2(x, ξ1).

The risk-neutral problem (1) has the following equivalent formulation

(2) min
x

f(x) +Q1(x, ξ1) s.t Ax = b, x ∈ D.

The function Q1(x, ξ1) is the expectation of Q1(x, ξ1), where the latter denotes
the optimal values of the following second-stage problem:

(3)
min
y

f2(y, ξ1) +Q2(y, ξ[2])

s.t. T (ξ1)x+Wy = h(ξ1), y ∈ Y(ξ1).

The notation Q2(x, ξ[2]) stands for the F1- conditional expectation of Q2(y, ξ[2]) =
f3(B(ξ2)y, ξ2). We shall also use the shorthand notation E1[Z] = E[Z |F1] when
needed. Throughout the paper, we shall assume that E1

[

‖T (ξ1)‖
]

and E1

[

‖h(ξ1)‖
]

are finite.
If for some x and ξ1 ∈ Ξ1 the second stage problem is infeasible, then

Q(x, ξ1) = +∞ by definition. We assume that the second stage problem is al-
ways bounded from below and hence Q(x, ξ1) > −∞. This is a natural assump-
tion because otherwise the value of the second stage problem can be improved
indefinitely for some value of the first stage decision and some realization of the
random data, which does not occur in any practical situation.

We are concerned with risk and that is why we are interested not only in
minimizing the total expected cost resulting from the first- and the second-stage
decisions but we also would like to prevent possible very large cost realizations,
which may occur with relatively small probability. That is, we associate risk with
small probability events, which may result in high cost. Various models could be
employed to reflect risk-aversion of this type. One possibility is to use the classical
model based on von Neumann and Morgenstern expected utility functions. In this
case, we may choose convex non-decreasing functions u0 : R → R, uξ1 : R → R

and formulate the following decision problem:

(4)
min
x

f1(x) + E
[

u0
(

Qu
1(x, ξ1)

)]

s.t x ∈ X1,

Qu
1(x, ξ1) = min

y
f2(y, ξ1) + E1

[

uξ1
(

Q2(y, ξ[2])
)]

s.t y ∈ X2(x, ξ1).

Next to the expected utility theory, another dual utility theory or rank dependent
expected utility theory has attracted much attention. The ideas of this theory
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are presented first in [24] but their mathematical foundation is also present in
Choquet integral theory ([3, 31, 32]). Rank dependent utilities are used in actu-
arial mathematics (see [34, 35]), where they are also referred to as distortions.
For a comprehensive treatment, we refer to [25]; see also [38] for a special case
discussion. From a different system of axioms than those of von Neumann and
Morgenstern, one derives that every decision maker has a certain distortion func-
tion w : [0, 1] → R. The decision maker prefers a nonnegative outcome X over a
nonnegative outcome Y , if and only if

(5)

1
∫

0

w(p) dF−1
X (p) ≤

1
∫

0

w(p) dF−1
Y (p),

where F−1
X and F−1

Y are the respective inverse function of the random variables X
and Y , to be defined more precisely in the next section. Hence another risk-averse
model would be obtained by choosing convex non-decreasing distortion functions
w1 : [0, 1] → R, and wξ1 : [0, 1] → R. Denoting the quantile functions of Q1(x, ξ1)
and Q2(y, ξ[2]) by F−1

x and F−1
y,ξ1

, respectively, we formulate the following decision
problem with distortions:

(6)

min
x

f1(x) +

∫ 1

0
F−1
x (t)dw1(t) s.t x ∈ X1.

min
y

f2(y, ξ1) +

∫ 1

0
F−1
y,ξ1

(t)dwξ1(t) s.t y ∈ X2(x, ξ1).

A natural risk-averse decision model based on the most recent developments in
risk theory would involve a dynamic measure of risk, which is composed of two risk
measures: ̺1 : L1(Ω,F1, P ) → R ∪ {+∞} and ̺2 : L1(Ω,F2, P ) → L1(Ω,F1, P ).
Here L1(Ω,Ft, P ). t = 1, 2, stands for the random variables with finite first
moments, indistinguishable if differing on sets of P -measure zero. The decision
problem would have a form:

(7) min
x∈X1

f1(x) + ̺1

[

inf
y∈X2(x,ξ1)

(

f2(y, ξ1) + ̺2(ξ1)
[

f3(B(ξ2)y, ξ2)
]

)]

.

Finally, we may adopt the point of view, that a random benchmark sequence
V1, V2, adapted to F1,F2 is available, whose distribution is acceptable for the
random costs resulting from the decision policy. We formulate the first stage
problem requiring that Q1(x, ·) at the optimal solution x is stochastically smaller
than V1 plus the projected future cost E1[V2]. This relation is denoted Q(x, ξ1) �
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V1 + E1[V2] for a suitably chosen stochastic order. The notation V2|ξ1 stands for
the realizations of V2 given the history ξ1. At the second stage, we request that
the cost f2(x, ξ1) +Q2(y, ξ[2])|ξ1 � V1(ξ1) + V2|ξ1 for F1 a.a. realizations of ξ1.

Second-order stochastic dominance is the most popular stochastic order
when large outcomes are preferred due to its consistency with risk-averse pref-
erences. In our context, the increasing convex order is an appropriate choice
of a stochastic ordering relation because it is a counterpart of the second-order
stochastic dominance when small outcomes are preferred. The problem takes on
the form

(8)

min
x

f1(x) +Q1(x, ξ1)]

s.t. Q1(x1, z1) � V1 + E1[V2],

x ∈ X .

with Q1(x, ξ1) being the optimal value of the problem

(9)

min
y

f2(y, ξ1) +Q2(y, ξ[2])

s.t. f2(y, ξ1) +Q2(y, ξ[2])|ξ1 � V1(ξ1) + V2|ξ1,

y ∈ X2(x, ξ1).

and Q2(y, ξ[2]) = f3(B(ξ2)y, ξ2).
The goal of this paper is to analyze problem (8)–(9) and to show its

relations to models (4), (6), and (7).

The paper is organized as follows. Section 2 contains the notions and back-
ground results necessary for our study, as well as some bibliographical remarks.
In Section 3, we present the formulation of the problem, where the order relation
is a relaxed second-order dominance expressed in terms of shortfall functions.
We show sufficient conditions for the convexity of the problem and the existence
of optimal policy. That problem formulation leads to duality with problems us-
ing expected utility functions as shown in Section 4. Another formulation of the
extended two-stage problem with sequential dominance constraint is given in Sec-
tion 5, where this formulation is analyzed and its relations to coherent measures
of risk are established. Finally, we show that the formulation of the stochastic
dominance constraint via integrated quantile functions leads to duality between
problem (8)-(9) and (6). This analysis is carried out in Section 6.

2. Stochastic orders and measures of risk. Stochastic orders are
widely used in statistics, insurance, and economics, see e.g. [17, 26, 34]. The order
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known as the stochastic dominance relation of second order is the most popular
comparison between random outcomes in those disciplines due to its consistency
with risk-averse preferences. This relation compares scalar random variables; it
is a key notion in plenitude of papers. However, the notions serving to compare
random sequences are not so well established and the literature on that topic
is scarce, despite the prevalence of decision problems for dynamical systems in
practice. We refer the reader to the monographs [29, 20] for an overview on uni-
variate stochastic orders and their generalizations to multiple random outcomes
and processes; see also [27, 36, 37] for proposals on conditional stochastic orders
for random sequences.

Optimization problems with stochastic dominance constraints were intro-
duced in [5]. Optimality and duality conditions for convex optimization prob-
lems with stochastic dominance constraints were developed in [5, 6, 11]. We
have shown that optimization with stochastic-order constraints relate to many
other risk-averse models such as optimization using coherent measures of risk [8],
utility functions[6], distortion [7], chance constraints, or Average (Conditional)
Value-at-Risk constraints [9]. Classical two-stage problems with stochastic or-
dering constraints on the recourse function were considered in [15, 4]. In [10], a
control problem with a so-called discounted stochastic dominance is analyzed.
However, the relation used in that paper does not provide a time-consistent
comparison. Order-constraints in dynamic optimization are discussed also in
[10, 12, 13, 14, 16]. The proposal in [16] addresses the limiting distribution in
an infinite-time horizon average-cost Markov decision problem. In [13, 14], time-
consistent constraints are imposed in a manner akin to Average Value-at-Risk
constraints for a multi-stage stochastic optimization problem. Average Value-
at-Risk can be represented as the expected value of a nonlinear function, which
facilitates the application of the theory and methods for risk-neutral optimiza-
tion. Here, we follow the idea presented in [12] and study the problems in this
special case in detail.

The right-continuous cumulative distribution function FZ(η) of a random
variable Z is defined as follows FZ(η) = P (Z ≤ η) and the survival function is

given by F̄Z(η) = P (Z > η). The integrated distribution function F
(2)
Z (η) and

the integrated survival function HZ(η) are defined as follows:

F
(2)
Z (η) =

∫ η

−∞
FZ(t) dt for η ∈ R

HZ(η) =

∫ ∞

η

P (Z > t) dt for η ∈ R.
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Clearly, the functions F
(2)
Z (·) and HZ(·) are finite everywhere whenever Z is

integrable.

Definition 2.1. A random variable Z is stochastically smaller than a
random variable V with respect to the first order stochastic dominance (denoted
Z �(1) V ) if F̄Z(η) ≤ F̄V (η) for all η ∈ R.

This relation also means that “V is stochastically larger than Z” because
V takes larger values more frequently.

Definition 2.2. For two integrable random variables V and Z,

• The variable V is stochastically larger than Z with respect to the second

order stochastic dominance (denoted Z �(2) V ) if F
(2)
Z (η) ≤ F

(2)
V (η) for all

η ∈ R.

• The variable Z is stochastically smaller than V with respect to the increasing
convex order (denoted Z �ic V ) if HZ(η) ≤ HV (η) for all η ∈ R.

We shall use the notation a+ = max(0, a) for a ∈ R. Changing the order

of integration in the definitions of the functions F
(2)
Z (·) and HZ(·), we obtain

the following equivalent representations and relation between the two notions (cf.
also [20, 23, 4]):

V �(2) Z ⇔ E(η − V )+ ≤ E[η − Z]+, for all η ∈ R;(10)

Z �ic V ⇔ E(Z − η)+ ≤ E[V − η]+, for all η ∈ R;(11)

Z �ic V ⇔ −Z �(2) −V.(12)

The second order stochastic dominance and the increasing convex ordering re-
lation can also be characterized by quantile functions. Let F−1

Z (·) be the left
continuous inverse of the cumulative distribution function FZ(·) defined by

F−1
Z (p) = inf{η : FZ(η) ≥ p}, for 0 < p < 1.

The absolute Lorenz function LZ : [0, 1] → R, introduced in the seminal work
[19], is defined as the cumulative quantile function:

LZ(p) =

∫ p

0
F−1
Z (t)dt for 0 < p ≤ 1.

The definition of the function beyond the interval (0, 1] is extended by setting
LZ(0) = 0 and LZ(p) = ∞ for p 6∈ [0, 1]. The Lorenz function is widely used
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in economics for comparison of income streams. We define the upper Lorenz
function as follows:

(13) L̄Z(p) =

∫ 1

p

F−1
Z (t) dt for 0 ≤ p < 1,

and extend it similarly: L̄Z(1) = 0, and L̄Z(p) = −∞ for p 6∈ [0, 1]. It is a
concave function because its derivative is monotonically non-increasing.

Interestingly the integrated distribution (survival) function and the (up-
per) Lorenz function are related via conjugate duality. The following relations are

known: LZ(·) and F
(2)
Z (·) are Fenchel conjugate functions (see [23, Theorem 3.1].

Similarly, HZ(·) and −L̄Z(· + 1) are Fenchel conjugate functions ([4, Theorem
1]). These results imply that relating the Lorenz functions of two integrable ran-
dom variables provides equivalent characterizations of the respective stochastic
ordering relations, i.e.,

V �(2) Z ⇔ LV (p) ≥ LZ(p) for all p ∈ [0, 1];(14)

Z �ic V ⇔ L̄Z(p) ≤ L̄V (p) for all p ∈ [0, 1].(15)

A general way of characterizing a stochastic order relation is to fix a family
U of functions u : R → R and call a scalar random variable V stochastically larger
than another random variable Z if

(16) E[u(V )] ≥ E[u(Z)] for all u ∈ U .

The family U is called a generator of the order and the functions u are usually
called utility functions. It is known that the generator is not uniquely determined
and that every generator is a cone in a suitable functional space. The (maximal)
generator of the second-order stochastic dominance relation consists of all non-
decreasing concave functions, while the generator of the increasing convex order
consists of all non-decreasing convex functions (c.f. [20]). Formulae (10) and (11)
show the minimal generators of the two relations.

Now we introduce the notion of coherent measures of risk. A coherent
measure of risk ̺ is a convex, monotonically increasing, and positively homoge-
neous functional defined on Lp(Ω,F , P ), p ∈ [1,∞], which may take a real value
̺[X] or +∞. It also satisfies, a certain translation property. More, precisely,
the following holds for random variables expressing cost or losses, i.e, when small
outcomes are preferred.

(R1) Convexity For all X,Y ∈ Lp(Ω,F , P ) and for all α ∈ [0, 1], we have ̺[αX+
(1− α)Y ] ≤ α̺[X] + (1− α)̺[Y ].



Relations between risk-averse models in extended two-stage stochastic. . . 57

(R2) Monotonicity If X,Y ∈ Lp(Ω,F , P ) and X ≤ Y P -a.s., then ̺[X] ≤ ̺[Y ].

(R3) Translation Equivariance If a ∈ R and X ∈ Lp(Ω,F , P ), then ̺[X + a] =
̺[X] + a.

(R4) Positive homogeneity If t > 0 and X ∈ Lp(Ω,F , P ), then ̺[tX] = t̺[X].

This concept was introduced in [1] for functionals ̺ defined on L∞(Ω,F , P ).
For more information and further developments, we refer to [30] and the refer-
ences therein. The probability space in the theory of measures of risk is typically
assumed atomless, and we also adopt this assumption.

A key role is played by a measure called the Average Value at Risk at level
p, where p ∈ (0, 1]. It is denoted AVaRp[·] and it is also called Conditional Value
at Risk. The Value at Risk of X at level p is defined as VaRp[X] = F−1

X (1− p).

The Average Value at Risk of X at level p can be expressed in several
equivalent ways. We use

AVaRp[X] =
1

p

∫ 1

1−p

VaR1−p[X] dt =
1

p
L̄X(1− p) = inf

η

{

t+
1

p
E[(X − η)+]

}

.

A measure of risk ̺ is called spectral if a probability measure µ on (0, 1] exists
such that for all X

̺[X] =

∫ 1

0
AVaRp[X]µ(dp).

A coherent measures of risk ̺ is called law-invariant if ̺[X] = ̺[Y ] whenever X
and Y have the same distribution. The following fundamental result is first shown
in [18] (see [30, Theorem 6.40] for the general setting). For an atomless space
Ω, every law invariant, finite-valued coherent measure of risk on Lp(Ω,F , P ) is
associated with a convex set M of probability measures on (0, 1] such that for all
X ∈ Lp(Ω,F , P ) we have

̺[X] = sup
µ∈M

∫ 1

0
AVaRp[X]µ(dp).

It is clear that every finite-valued law-invariant measure of risk is consistent with
the increasing convex order, i.e., if Z �ic V , then ̺[Z] ≤ ̺[V ] (cf. [30, Theorem
6.51].)

To address evaluation of risk in a dynamic situation, we use the notion
of a conditional risk mapping. A mapping ρ : L1(Ω,F2, P ) → L1(Ω,F1, P ) is a
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coherent conditional risk mapping if it satisfies the modified axioms (R1), (R2),
and (R4), in which the equations and inequalities are understood in the F1-almost
sure sense and the axiom (R3) is modified as follows:

(R3′) Predictable Translation Equivariance: If Y ∈ L1(Ω,F1, P ) and

Z ∈ L1(Ω,F2, P ), then ρ[Z + Y ] = ρ[Z] + Y F1-a.s.

If the sigma algebra F1 is trivial, then the definition space can be identified with
R, and the notion of conditional risk mapping coincides with that of coherent
risk measure.

3. Primal formulation properties. We shall consider several for-
mulations of the increasing convex order constraints for integrable random vector
V = (V1, V2). We start with the primal (direct) formulation first.

min
x

f1(x) +Q1(x, ξ1)](17)

s.t. E
[(

Q1(x1, ξ1)− η
)

+

]

≤ E
[(

V1 + E1[V2]− η
)

+

]

, η ∈ I0;(18)

x ∈ X1.(19)

with Q1(x, ξ1) being the optimal value of the problem

min
y

f2(y, ξ1) +Q2(y, ξ[2])(20)

s.t. E
[(

f2(y, ξ1) +Q2(y, ξ[2])|ξ1
)

+

]

≤ E
[(

V1(ξ1) + V2|ξ1,
)

+

]

η ∈ I(ξ1);(21)

y ∈ X2(x, ξ1).(22)

and Q2(y, ξ[2]) = f3(B(ξ2)y, ξ2). In this formulation, I(·) is a measurable multi-
function with closed images in R.

We make the following assumptions:

(A1) The functions f1(·), f2(·, ξ1), f3(·, ξ2) are convex for a.a. ξ[2] and f2(x, ·),
f3(B(·)y, ·) are integrable for F1-a.a. measurable selections y(ξ1) ∈ X2(x, ξ1)
for x ∈ X1. Furthermore, f3(B(ξ2)·, ξ2) is bounded a.s. by an integrable
constant κ(ξ2) for F1-a.a. y ∈ Y(ξ1).

(A2) The sets D and Y(ξ1) are nonempty, closed, and compact. The sets Y(ξ1)
are contained in a compact set Y0 for a.a. ξ1 and for any feasible solution
x, the feasible set of the second-stage problem is non-empty for a.a. ξ1.
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(A3) One of the following is true: (a) The probability space (Ω,F , P ) is finite,
the sets D, Y(ξ1) are polyhedral and all functions are random polyhedral
functions; (b) The sets I0 and I(ξ1) are compact and a decision policy
(x̃, ỹ) ∈ X1 × X2(x̃, ξ1) exist such that the following holds

sup
η∈I(ξ1)

E1

[(

f2(ỹ, ξ1) +Q2(ỹ, ξ[2])|ξ1 − η
)

+
−
(

V1(ξ1) + V2|ξ1 − η
)

+

]

< 0

for a.a. ξ1;

sup
η∈I0

E
[(

Q1(x̃, ξ1)− η
)

+
−

(

V1 + E1[V2]− η
)

+

]

< 0,

We shall see in due course that Assumption (A1) ensures that the optimization
problems at the first and the second stage are convex and are well-defined. As-
sumption (A2) ensures that the problems at the first and the second stage are
solvable; the requirement that the feasible set at the second stage is non-empty
for every feasible point at the first stage is known as relatively complete recourse.
Assumption (A3) plays the role of a constraint qualification condition. In case
(a), the optimization problems in both stages have polyhedral constraints. In
case (b), the condition is a counterpart to the uniform dominance condition in
[6]. In that case, the assumption means that it is possible to obtain a solution
that is strictly smaller than the benchmark in the given range.

As the increasing convex order is relaxed in the case of general prob-
ability space, the generator of the relaxed order does not contain all convex
non-decreasing function.

Lemma 3.1. Let I = [a, b], where a ∈ R ∪ {−∞}, b ∈ R ∪ {+∞},
and consider the relaxation of the increasing convex order, in which (11) holds
for all η ∈ [a, b]. The generator of this relaxation, U(I), consists of all convex
nondecreasing functions u(·) satisfying the following conditions 1) u(t) = 0 for
all t ≤ a if a ∈ R and 2) for all t > b, u(t) = u(b) + c(t − b) with some constant
c > 0 if b < ∞.

P r o o f. In [5], a relaxation of the second-order dominance is discussed,
in which (10) is required only on a compact interval instead of the entire real
line. The form of the generator for that relaxation consists of all concave non-
decreasing function, which are constant above b and linear below a. The state-
ment can be proved in exactly the same way and the proof is omitted here. ✷

The space of continuous functions on a compact set I ⊂ R is denoted by
C(I) and the set of regular countably additive non-negative measures on I, which
have finite variation, is denoted by M(I).
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Theorem 3.2. Assume (A1)− (A3). Then problem (17)–(19) and prob-
lems (20)–(22) (for each fixed ξ1) are convex problems. Furthermore, Q1(·, ξ1),
Q1(·, ξ1), Q2(·, ξ[2]), Q2(·, ξ[2]) are convex and finite-valued for any measurable
selection (x, y(ξ1)) ∈ X1 × X2(x, ξ1).

P r o o f. We observe that given ξ1, Q2(y, ξ[2]) = f3(B(ξ2)y, ξ2) is a
finite-valued convex function with respect to y for a.a. ξ2 by (A1). Furthermore,
|Q2(y, ξ[2])| ≤ κ(ξ2) by (A2) and, hence, Q2(·, ξ[2]) is finite-valued and convex.
The function y 7→

(

f2(y, ξ1)+Q2(y, ξ[2])|ξ1−η
)

+
is convex for F2-a.a. ξ2 and any

fixed η. Thus, the mapping y 7→ E1

[(

f2(y, ξ1)+Q2(y, ξ[2])|ξ1−η
)

+

]

is convex for
any fixed η, which entails that the set

Y (ξ1)=
{

y ∈ R
m : E1

[(

f2(y, ξ1)+Q2(y, ξ[2])|ξ1−η
)

+

]

≤ E1

[(

V1(ξ1)+V2|ξ1−η
)

+

]

}

is convex. It is also closed due to the continuity of the constraint function.
The set Y(ξ1) is a compact convex set, which together with assumption (A2)
implies that the feasible set of the second-stage problem is non-empty, convex,
and compact. Thus, the second-stage problem is a convex optimization problem,
which is solvable. This implies that Q1(·, ξ1) is finite-valued.

We define the function

ϕ(y, ξ1) = f2(y, ξ1) +Q2(y, ξ[2]) + 1B(y, ξ1),

where 1B is the indicator function of convex analysis and the set B is determined
by the constraints (21) and y ∈ Y(ξ1). Observe that ϕ(·, ξ1) is convex. We assign
Lagrange multipliers π to the constraint Wy = h(ξ1) − T (ξ1)x and obtain the
dual function to this partial Largrangian relaxation of problem (20)-(22). The
dual function has the following form:

LD(π, ξ1) = min
y

(

ϕ(y, ξ1) + π⊤
(

h(ξ1)− T (ξ1)x−Wy
)

)

= π⊤
(

h(ξ1)−T (ξ1)x
)

−max
y

(

π⊤Wy−ϕ(y, ξ1)
)

= π⊤
(

h(ξ1)−T (ξ1)x
)

−ϕ∗(W⊤π)

At the right-hand side, ϕ∗ is the Fenchel conjugate of ϕ. The dual problem is

max
π

LD(π, ξ1).

Duality relation holds due to the convexity of the problems. Hence,

(23) Q1(x, ξ1) = max
π

(

π⊤
(

h(ξ1)− T (ξ1)x
)

− ϕ∗(W⊤π)
)

.
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This implies, that Q1(·, ξ1) is a convex function. It remains to show that Q1(x, ·)
is integrable. This will imply that Q1(·) is convex and finite valued. Under
assumption (A3) in case (a), the integrability is obvious. In the case (b), Q1(x̃, ·)
is integrable and due to the compactness of D and the convexity of Q1(·, ξ1), we
have

Q1(x, ξ1) ≤ Q1(x̃, ξ1) + L‖x− x̃‖ ≤ Q1(x̃, ξ1) + L0,

where L is the Lipschitz constant for Q1(·, ξ1) and the constant L0 results from
the compactness of D. Thus, Q1(x, ξ1) has an integrable upper bound. On the
other hand, for a point x ∈ X1, a multiplier π(ξ1) exists such that

Q1(x, ξ1) ≥ ϕ(ỹ(ξ1), ξ1) + π⊤
(

h(ξ1)− T (ξ1)x−Wỹ(ξ1)
)

≥ f2(ỹ(ξ1), ξ1) +Q2(ỹ(ξ1), ξ[2]) + π⊤
(

h(ξ1)− T (ξ1)x−Wỹ(ξ1)
)

≥ f2(ỹ(ξ1), ξ1)− E1[κ(ξ2)] + π⊤T (ξ1)
(

x̃− x
)

≥ f2(ỹ(ξ1), ξ1)− E1[κ(ξ2)]− ‖π‖‖x̃− x‖‖T (ξ1)‖.

Due to the integrability requirement in (A1) and the compactness assumptions in
(A2), we conclude that Q1(x, ξ1) has an integrable lower bound. Hence, Q1(x, ξ1)
is integrable. This completes the proof. ✷

4. Relations between order-constraint problems and expect-

ed utility problems. The following lemma is a counterpart of a result shown
in [5]; we also prove slightly more general form of the statement.

Lemma 4.1. Let I = [a, b] ⊆ [−∞,∞]. There is an one-to-one corre-
spondence between measures ν ∈ M(I) and utility functions u ∈ U(I) so that

(24)

∫

I

E[(X − η)+]ν(dη) = E[u(X)]

holds for all integrable random variables X.

P r o o f. Given a measure µ ∈ M(I), we define a function u : R → R as
follows:

u(t) =







∫ t

a

µ([a, τ ]) dτ t > a,

0 t ≤ a.

Since µ ≥ 0, the function µ([a, ·]) is nonnegative and non-decreasing, which im-
plies that u(·) is nondecreasing and convex.
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For an integrable random variable X and a positive constant M , we have

∫ b

a

HX(η) dµ(η) =

∫ b

a

∫ M

η

F̄X(t) dt dµ(η) +HX(M)µ([a, b])

=

∫ M

a

∫ t

a

dµ(η)F̄X (t) dt+HX(M)µ([a, b])

=

∫ M

a

µ([a, t]) F̄X (t) dt+HX(M)µ([a, b]).(25)

We can rewrite (25) as

∫ b

a

HX(η) dµ(η) =

∫ M

a

F̄X(t) du(t) +HX(M)µ([a, b]).

Notice that u(·) is absolutely continuous and F̄X(t) is monotonic. Thus, we can
integrate by parts to obtain

∫ M

a

F̄X(t) du(t) =

∫ M

a

1− FX(t) du(t) = u(M)− u(a) −

∫ M

a

FX(t) du(t)

= u(M)− FX(M)u(M) + FX(a)u(a) +

∫ M

a

u(t) dFX (t)

= P (X ≥ M)u(M) + E
[

u(X)
]

− E

[

u(X)1{X≥M}

]

.

The last two equations together yield

(26)

∫ b

a

HX(η) dµ(η) =E
[

u(X)
]

+ u(M)− P (X ≤ M)u(M)

− E

[

u(X)1{X≥M}

]

+HX(M)µ([a, b]).

Let M → ∞. Since E|X| < ∞ and the derivative of u(t) is bounded as t → ∞,
we obtain

lim
M→∞

E

[

u(X)1{X≥M}

]

= 0.

Using the monotonicity of u we also have

u(M)P [X ≥ M ] ≤ E

[

u(X)1{X≥M}

]

→ 0, as M → ∞.

Consequently, passing to the limit in (26), we obtain the representation in (24).
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Now, let a function u ∈ U(I) be given. Then the right derivative of u,

u′+(t) = lim
τ↓t

[u(t)− u(τ)]/(t − τ),

is well-defined, nondecreasing and continuous from the right. Theorem 12.4 of
[2] implies that a unique regular nonnegative measure µ exists such that

µ([a, t]) = u′+(t).

Hence, the stated correspondence is established. ✷
We now show optimality conditions for the two-stage problem, which

exhibit its relation to models with utility functions.

Theorem 4.2. Assume conditions (A1) − (A3). A feasible policy con-
sisting of a point x̂ ∈ X1 and a measurable selection ŷ ∈ X2(x̂, ξ1) is optimal for
problem (17)–(22) if and only if functions û ∈ U(I) and ûξ1 ∈ U(I(ξ1)) exist such
that the policy is also optimal for the following problem

(27)
min
x

f1(x) + E
[

Q̃1(x, ξ1)
]

+ E
[

û
(

Q̃1(x, ξ1)
)]

− E
[

û
(

V1 + E1[V2]
)]

s.t. x ∈ X1,

where Q̃1(x, ξ1) is the optimal value of the problem

(28)
min
y

f2(y, ξ1) +Q2(y, ξ[2]) + E1

[

ûξ1
(

f2(y, ξ1) +Q2(y, ξ[2]) |ξ1
)]

− E1

[

ûξ1
(

V1 + V2 |ξ1
)]

s.t. y ∈ X2(x, ξ1).

and, additionally,

(29)
E1

[

ûξ1
(

f2(2̂, ξ1) +Q2(ŷ, ξ[2]) |ξ1
)]

= E1

[

ûξ1
(

(V1 + V2) |ξ1
)]

F1 − a.s.

E
[

û
(

Q̃1(x̂, ξ1)
)]

= E
[

û
(

V1 + E1[V2]
)]

.

Conversely, if an optimal policy (x̂, ŷ) for problem (27)–(28) is feasible for prob-
lem (17)–(22) and satisfies (29), then (x̂, ŷ) is optimal for problem (17)–(22).

P r o o f. We define the operators Γ(y, ξ1) : X1 → C(Iξ1) by setting for
any η ∈ Iξ1

Γ(y, ξ1)(η) = E1

[

(f2(y, ξ1) +Q2(y, ξ[2]|ξ1 − η)+ − ((V1 + V2) |ξ1 − η)+
]

.

The second-stage problem is reformulated in the following abstract way:

(30)

min
y

f2(y, ξ1) +Q2(y, ξ[2])

s.t. Γ(y, ξ1) ∈ K(ξ1),

y ∈ X2(x, ξ1)
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Here K(ξ1) denotes the cone of the non-positive continuous functions defined on
Iξ1 .

It follows as in the proof of Theorem 3.2 that the operator Γ is convex
with respect to the cone K(ξ1), that is, for any y1, y2 in X2(x, ξ1) and all λ ∈ [0, 1],

Γ(λy1 + (1− λ)y2, ξ1)− [λΓ(y1, ξ1) + (1− λ)Γ(y2, ξ1)] ∈ K(ξ1).

Hence, for every ξ1, problem (30) is a convex optimization problem with an opera-
tor constraint. The dual space to the space of continuous functions is the space of
all countably additive regular measures on I(ξ1) due to the Riesz representation
theorem. The following partial Lagrangian is formulated:

(31) Λ(y, µ, ξ1) = f2(y, ξ1) +Q2(y, ξ[2]) +

∫

I(ξ1)
Γ(y, ξ1)(η) µ(dη, ξ1)

with µ(ξ1) ∈ M[I(ξ1)]. Note that our constraint qualification condition is equiv-
alent to Robinson’s condition as shown in [6]. Using the optimality conditions in
Banach spaces, we infer that at the optimal solution ŷ, measures µ̂(ξ1) exist such
that

Λ(ŷ, µ̂(ξ1), ξ1) = min
y∈X2(x,ξ1)

Λ(y, µ̂(ξ1), ξ1)(32)

∫

Iξ1

Γ(ŷ, ξ1)(η) µ̂(dη, ξ1) = 0.(33)

Now, we apply Lemma 4.1 to the measure µ̂(ξ1) and transform the term

∫

Iξ1

Γ(ŷ, ξ1)(η) µ̂(dη, ξ1) = E1

[

ûξ1(f2(y, ξ1) +Q2(y, ξ[2]|ξ1)− ûξ1((V1 + V2) |ξ1)
]

We obtain that problem (28) is a Lagrangian-like relaxation of problem (20)–(22).
Let Q̃1(x, ξ1) be the optimal value of (28). Due to the convexity assumptions, we
obtain that problem (20)–(22) and problem (28) are equivalent and their optimal
value coincide. We consider now the first-stage problem (17)–(19). In exactly the
same way, we show that a utility function û ∈ U(I0) exists, so that that problem
(17)–(19) is equivalent to

min
x

f1(x) + E[Q1(x, ξ1)] + E
[

û
(

Q1(x1, ξ1)
)]

− E
[

û
(

V1 + E1[V2]
)]

(34)

s.t. x ∈ X1.(35)

This completes the proof. ✷
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We could substitute Q̃1(x, ξ1) for Q1(x, ξ1) in (34) to obtain a more ex-
plicit form of the objective function of problem (27). We obtain,

f1(x)+Q1(y, ξ[2])+E

[

E1

[

ûξ1
(

f2(y, ξ1)+Q2(y, ξ[2]) |ξ1
)]

−E1

[

ûξ1
(

V1+V2 |ξ1
)]

]

+ E

[

û
(

f2(y, ξ1) +Q2(y, ξ[2]) + E1

[

ûξ1
(

f2(y, ξ1) +Q2(y, ξ[2]) |ξ1
)]

− E1

[

ûξ1
(

V1 + V2 |ξ1
)])

]

− E
[

û
(

V1 + E1[V2]
)]

The optimal solution of the first-stage problem will not change, if we optimize
the following objective at the first stage:

f1(x) +Q1(y, ξ[2]) + E

[

E1

[

ûξ1
(

Q1(x, ξ1) |ξ1
)]

− E1

[

ûξ1
(

V1 + V2 |ξ1
)]

]

+ E

[

û
(

Q1(x, ξ1) + E1

[

ûξ1
(

Q1(x, ξ1) |ξ1
)]

− E1

[

ûξ1
(

V1 + V2 |ξ1
)]

)]

.

Similarly, we could drop the term E1

[

ûξ1
(

V1 + V2 |ξ1
)]

from the second-stage
problem without changing the optimal solution ŷ(ξ). Hence, using the modified
objective of the second stage and with slight abuse of notation, we could consider
the following objective at the first stage:

f1(x) +Q1(y, ξ[2]) + E

[

E1

[

ûξ1
(

f2(y, ξ1) +Q2(y, ξ[2]) |ξ1
)]

]

+ E

[

û
(

f2(y, ξ1) +Q2(y, ξ[2]) + E1

[

ûξ1
(

f2(y, ξ1) +Q2(y, ξ[2]) |ξ1
)])

]

.

As we see, this modification brings us closer to the utility formulation problem (4),
although the two problems are not equivalent. Notice that we have a composition
of utility functions, which is in line with the theory on sequential preferences but
it is impossible to construct upfront; in our case it is implied by the benchmark
process.

5. Inverse formulation and relations to measures of risk.

Now we consider the inverse formulation of the increasing convex order for the
random sequence V = (V1, V2), which uses the upper Lorenz function. For clarity,
we shall denote its value at p ∈ [0, 1] for a random variable Z as L̄(Z, p). Let now
J0 ⊂ (0, 1) be a closed interval and J(ξ1) be a F1-measurable multifunction with
closed images in (0, 1).

min
x

f1(x) + E[Φ(x, ξ1)](36)
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s.t. L̄
(

Φ(x1, ξ1), p
)

≤ L̄
(

V1 + E1[V2], p
)

, p ∈ J0;(37)

x ∈ X1.(38)

with Φ(x, ξ1) being the optimal value of the problem

min
y

f2(y, ξ1) + E
[

Q2(y, ξ[2])|ξ1
]

(39)

s.t. L̄
(

f2(y, ξ1) +Q2(y, ξ[2])|ξ1, p
]

≤ L̄
(

V1(ξ1) + V2|ξ1, p
)

p ∈ J(ξ1);(40)

y ∈ X2(x, ξ1).(41)

and Q2(y, ξ[2]) = f3(B(ξ2)y, ξ2).
We augment assumption (A3) to the following:

(A4) One of the following is true: (a) The probability space (Ω,F , P ) is finite and
the sets D, Y(ξ1) are polyhedral; (b) A decision policy (x̃, ỹ) ∈ X1×X2(x̃, ξ1)
exist such that the following holds

sup
p∈J(ξ1)

L̄
(

f2(y, ξ1) +Q2(y, ξ[2])|ξ1, p
)]

− L̄
(

V1(ξ1) + V2|ξ1, p
)

< 0 for a.a. ξ1;

sup
η∈J0

L̄
(

Q1(x1, ξ1), p
)

− L̄
(

V1 + E1[V2], p
)

< 0,

Lemma 5.1. For every p ∈ (0, 1), the function L̄(·, p) is convex, mono-
tonic (w.r. to the almost sure order), and positively homogeneous on L1(Ω,F , P ).

P r o o f. It is proved in [7, Lemma 2] that for every p ∈ (0, 1) the
mapping X 7→ LX(p) is concave and positively homogeneous on L1(Ω,F , P ).
Thus, X 7→ L̄(X, p) = E[X] − LX(p) is convex and positively homogeneous
on L1(Ω,F , P ) for every p ∈ (0, 1). It follows directly from the definition that
L̄(X, p) ≤ L̄(Y, p) whenever X ≤ Y a.s. ✷

Lemma 5.2. Assume (A1), (A2) and (A4). Then problem (36)–(38)
and problems (39)–(41) (for each fixed ξ1) are convex problems. Furthermore,
the functions Φ(·, ξ1) and E

[

Φ(·, ξ1)
]

, Q2(·, ξ[2]), Q2(·, ξ[2]) are convex and finite-
valued for all feasible points.

P r o o f. The functions Q2(·, ξ[2]), Q2(·, ξ[2]) are the same as in the
direct formulation and, therefore, they are convex and finite-valued by virtue of
Theorem 3.2. Due to Lemma 5.1, the feasible set determined by constraint (37)
is convex and so are the sets determined by constraint (40) for each ξ1. With this
observations in mind, the proof of the statement follows exactly the same line of
arguments as in Theorem 3.2. ✷
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We now establish a form of necessary conditions of optimality for this
formulation of the extended two-stage problem, which demonstrate the relation
of the problem to models with measures of risk.

Theorem 5.3. Assume conditions (A1), (A2), and (A4). If feasible pol-
icy consisting of a point x̂ ∈ X1 and a measurable selection ŷ ∈ X2(x̂, ξ1) is
optimal for problem (36)–(41), then κ0 ≥ 0, and κ(ξ1) ≥ 0 (F1- a.s.) exist, along
with a coherent measure of risk ˆ̺ : L1(Ω,F1, P ) → R and a conditional risk map-
ping ̺2 : L1(Ω,F2, P ) → L1(Ω,F1, P ) such that the policy is also optimal for the
following problem:

(42)
min
x

f1(x) + E[Φ1(x, ξ1)] + κ0 ˆ̺
[

Φ1(x1, ξ1)
]

− κ0 ˆ̺
[

V1 + E1[V2]
]

s.t. x ∈ X1.

where Φ1(x, ξ1) is the optimal value of the problem

(43)
min
y

f2(y, ξ1) +Q2(y, ξ[2] + κ(ξ1)̺ξ1
[

f2(y, ξ1) +Q2(y, ξ[2]
]

− κ(ξ1)̺ξ1
[

V1(ξ1) + V2|ξ1
]

s.t. y ∈ X2(x, ξ1).

Additionally,

(44)
κ(ξ1)̺ξ1

[

f2(y, ξ1) +Q2(y, ξ[2]
]

= κ(ξ1)̺ξ1
[

V1(ξ1) + V2|ξ1
]

F1-a.s.

κ0 ˆ̺
[

Φ1(x1, ξ1)
]

= κ0 ˆ̺
[

V1 + E1[V2]
]

.

P r o o f. We define now the operators Γ̃(y, ξ1) : X2(x, ξ1) → C(Jξ1) by
setting

Γ̃(y, ξ1)(p) = L̄
(

f2(y, ξ1) +Q2(y, ξ[2])|ξ1, p
)

− L̄
(

V1(ξ1) + V2|ξ1, p
)

The second-stage problem takes on the form:

(45)

min
y

f2(y, ξ1) +Q2(y, ξ[2])

s.t. Γ̃(y, ξ1) ∈ K̃(ξ1),

y ∈ X2(x, ξ1)

Here K̃(ξ1) is the cone of the non-positive continuous functions defined on Jξ1 .

It follows from Lemma 5.1 that the operator Γ̃ is convex with respect
to the cone K̃(ξ1). Hence, for every realization of ξ1, problem (45) is a convex
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optimization problem with an operator constraint. Using the Riesz representation
theorem again, we formulate the following partial Lagrangian:

(46) Λ̃(y, ν, ξ1) = f2(y, ξ1) +Q2(y, ξ[2]) +

∫

J(ξ1)
Γ̃(y, ξ1)(p) ν(dp, ξ1)

with ν(ξ1) ∈ M[J(ξ1)]. Assumption (A4) provides a constraint qualification con-
dition, which is equivalent to Robinson’s condition by the same argument as
before. The optimality conditions in Banach spaces imply that at the optimal
solution ŷ, measures ν̂(ξ1) exist such that

Λ̂(ŷ, ν̂(ξ1), ξ1) = min
y∈X2(x,ξ1)

Λ(y, ν̂(ξ1), ξ1)(47)

∫

Jξ1

Γ̃(ŷ, ξ1)(η) ν̂(dη, ξ1) = 0.(48)

We extend the measure ν̂(ξ1) to the entire interval [0, 1] by setting the measure
of any measurable subset A of [0, 1] to be equal to ν̂

(

A ∩ J(ξ1), ξ1)
)

or zero if

the intersection is empty. Further, we define κ(ξ1) =

∫ 1

0
tν̂(dt, ξ1) and a measure

µ̂(ξ1) such that

µ̂(dp, ξ1) =

{

κ−1pν̂(dp, ξ1) if κ > 0

dp if κ = 0.

Observe that µ is a probability measure. Indeed, it is non-negative because ν̂(ξ1)
is nonnegative and

∫ 1

0
κ−1(ξ1)pν̂(dp, ξ1) = κ−1(ξ1)

∫ 1

0
pν̂(dp, ξ1) = 1.

For any random variable Z ∈ L1(Ω,F , P ), we define the spectral measure of risk

̺ξ1 [Z] =

∫ 1

0
AVaRp[Z]µ̂(dp, ξ1).

The following transformation holds:

∫ 1

0
L̄(Z, p)ν̂(dp, ξ1) =

∫ 1

0

1

p
L̄(Z, p)pν̂(dp, ξ1)(49)

= κ(ξ1)

∫ 1

0
AVaRp[Z]µ̂(dp, ξ1) = κ(ξ1)̺ξ1 [Z].
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Substituting this formula into (48), we obtain that the complementarity condition
can be re-written as

κ(ξ1)̺ξ1
[

f2(y, ξ1) +Q2(y, ξ[2]
]

= κ(ξ1)̺ξ1
[

V1(ξ1) + V2|ξ1
]

Substituting (49) into (46) yields that ŷ is also an optimal solution to the problem
with the following objective

f2(y, ξ1) +Q2(y, ξ[2]) + κ(ξ1)
(

̺ξ1
[

f2(y, ξ1) +Q2(y, ξ[2]
]

− ̺ξ1
[

V1(ξ1) + V2|ξ1
]

)

subject to the constraint (41). Due to the convexity assumptions, we obtain that
problem (39)-(41) and problem (43) are equivalent and their optimal value satisfy

Φ̃(x, ξ1) = Φ(x, ξ1) + κ(ξ1)̺ξ1
[

V1(ξ1) + V2|ξ1
]

We turn now to the first-stage problem (36)–(38). In exactly the same way,
we show that a constant κ0 and a spectral risk measure ˆ̺ exist such that that
problem is equivalent to

min
x∈X1

f1(x) + E[Φ1(x, ξ1)] + κ0

(

ˆ̺
[

Φ1(x1, ξ1)
]

− ˆ̺
[

V1 + E1[V2]
]

)

This completes the proof. ✷
Substituting the equivalent representation of Φ, we obtain that problem

(36)–(38) is equivalent to

min
x

f1(x) + E[Φ1(x, ξ1)] + κ0 ˆ̺
[

f2(y, ξ1) +Q2(y, ξ[2])

+ κ(ξ1)̺ξ1
[

f2(y, ξ1) +Q2(y, ξ[2])
]

− κ(ξ1)̺ξ1
[

V1(ξ1) + V2|ξ1
]

)]

− κ0 ˆ̺
[

V1 + E1[V2]
]

)

s.t. x ∈ X1, y ∈ X2(x, ξ1).

However, we may observe that ŷ is also an optimal solution to the follow-
ing problem:

(50)
Φ̃(x, ξ1) = min

y
f2(y, ξ1) +Q2(y, ξ[2]) + κ(ξ1)̺ξ1

[

f2(y, ξ1) +Q2(y, ξ[2]
]

s.t. y ∈ X2(x, ξ1).

Substituting now the expression of Φ̃ as an argument of ˆ̺ and dropping the term
κ0 ˆ̺

[

V1 + E1[V2]
]

, which does not depend on x, we obtain a problem that has a
similar structure to that of problem (7) formulated in the introduction. The two
problems are, however, not equivalent.
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6. Relations to distortions. Let us denote W the set of all convex
nondecreasing functions w : [0, 1] → R, which are subdifferentiable at 1. The
following characterization is shown in [7]. For two random variables X,Y ∈
L1(Ω,F , P ) the relation X �(1) Y holds if and only if

(51)

1
∫

0

F−1
X (p) dw(p) ≥

1
∫

0

F−1
Y (p) dw(p),

for all continuous nondecreasing functions w : [0, 1] → R. The relation X �(2) Y
holds if and only if (51) is satisfied for all functions w ∈ W. Additionally, a
one-to-one correspondence between non-negative measures on [0, 1] and functions
w ∈ W is established.

Consider [α, β] ⊆ [0, 1], α < β, and the set W([α, β]) of convex and non-
decreasing functions w : [0, 1] → R such that w(p) = 0 for all p ∈ [0, α] and
w(p) = w(β) + c(p − β), with some c > 0, for all p ∈ [β, 1]. It is evident that
W([α, β]) is a convex cone in C([0, 1]) and W([α, β]) ⊂ W.

In a way analogous to [7], we can show the following lemma, which is a
counterpart of Lemma 4.1. We shall provide the proof for completeness and for
the sake of convenience of the reader.

Lemma 6.1. Let J = [α, β] ⊆ [0, 1] be given. There is an one-to-one
correspondence between measures ν ∈ M(J) and distortion functions w ∈ W(J)
so that

(52)

β
∫

α

L̄X(p) dν(p) =

1
∫

0

F−1
X (p) dw(p)

holds for all integrable random variables X.

P r o o f. Given a measure ν ∈ M(J), we can extend it to the interval [0, 1]
by assigning zero mass to sets not interesting [α, β]. The extension is denoted ν̄.
The function ξν(τ) = ν̄([0, 1 − τ ]) and the function w : [0, 1] → R is defined as
follows:

w(p) =

1
∫

1−p

ξν(τ) dτ =

p
∫

0

ξν(1− t) dt.

The derivative w′(p) = ξν(1 − p) = ν̄([0, p]) The property ν ≥ 0 entails that
the function t → ξν(1 − t) is nonnegative and nondecreasing, which implies that
w(·) is nondecreasing and convex. The left derivative w′

−(1) = ν̄([0, 1]) is finite,
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implying that w is subdifferentiable at p = 1 and, thus, w ∈ W. If β < 1, then the
derivative w′(p) = ν(J) for all p ∈ [β, 1). If α > 0, then the derivative w′(p) = 0

for all p ∈ (0, α) and w(α) =

α
∫

0

ν̄([0, t]) dτ = 0. Hence, w ∈ W(J).

For the opposite direction, let w ∈ W(J). Hence, the right derivative of
w,

w′
+(p) = lim

τ↓p
[w(τ)− w(p)]/(τ − p), p ∈ [0, 1),

is well-defined, nondecreasing and right-continuous. Using [2, Theorem 12.4]
again, we infer the existence of a unique regular nonnegative measure ν on [0, 1]
satisfying

ν([0, p]) =

{

w′
+(p) for p ∈ [0, 1),

w′
−(1) for p = 1.

If w ∈ W(J), J = [α, β] and α > 0, then w′
+(p) = 0 for p ∈ [0, α). If β < 1, then

ν([0, p]) = c remains constant for p ∈ [β, 1], which implies that the measure ν has
support on J = [α, β].

We now change the order of integration in the integrals in (52). We obtain

β
∫

α

L̄X(p) dν(p) =

1
∫

0

L̄X(p) dν̄(p) =

1
∫

0

1
∫

t

F−1
X (p) dp d ¯ν(t) =

1
∫

0

p
∫

0

dν(t)F−1
X (p) dp

=

1
∫

0

ν([0, p])F−1
X (p) dp =

1
∫

0

F−1
X (p) dw(p).

✷

Lemma 6.1 implies the following characterization of the (relaxed) increas-
ing convex order via distortions.

Corollary 6.2. For two integrable random variables X and Y , the rela-
tion X �ic Y holds on J ⊂ [0, 1] if and only if

(53)

1
∫

0

F−1
X (p) dw(p) ≤

1
∫

0

F−1
Y (p) dw(p),

for all distortion functions w ∈ W(J).

Let is return to problem (36)-(41). We have a new equivalent problem
featuring distortion functions.
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Theorem 6.3. Assume conditions (A1), (A2), and (A4). If feasible
policy consisting of a point x̂ ∈ X1 and a measurable selection ŷ ∈ X2(x̂, ξ1)
is optimal for problem (36)–(41), then distortion functions ŵ0 ∈ W(J), and
ŵ(ξ1) ∈ W(Jξ1) for F1-a.a. ξ1 exist, such that the policy is also optimal for the
following problem

(54)

min
x

f1(x) + E[Ψ1(x, ξ1)] +

∫ 1

0
F−1
Ψ1(x,ξ1)

(p) dŵ0(p)

−

∫ 1

0
F−1
V1+E1[V2]

(p) dŵ0(p) s.t. x ∈ X1.

where Ψ1(x, ξ1) is the optimal value of the problem

(55)

min
y

f2(y, ξ1) +Q2(y, ξ[2] +

∫ 1

0
F−1
Ψ2(y,ξ[2])|ξ1

(p) dŵ(ξ1, p)

−

∫ 1

0
F−1
V1(ξ1)+V2|ξ1

dŵ(ξ1, p) s.t. y ∈ X2(x, ξ1).

with Ψ2(y, ξ[2]) = f2(y, ξ1) +Q2(y, ξ[2]). Additionally,

(56)

∫ 1

0
F−1
Ψ1(x̂,ξ1)

(p) dŵ0(p) =

∫ 1

0
F−1
V1+E1[V2]

(p) dŵ0(p),

∫ 1

0
F−1
Ψ2(y,ξ[2])

(p) dŵ(ξ1, p) =

∫ 1

0
F−1
V1(ξ1)+V2|ξ1

dŵ(ξ1, p) F1-a.s.

Conversely, if a policy x̂ ∈ X1 and a measurable selection ŷ ∈ X2(x̂, ξ1) is optimal
for problem (54)–(55) for some distortion functions ŵ0 ∈ W(J), and ŵ(ξ1) ∈
W(Jξ1) for F1-a.a. ξ1, conditions (56), (37), and (40) are satisfied, then that
policy is also optimal for problem (36)–(41).

P r o o f. In the proof of Theorem 5.3, we have obtained that problem
(39)–(41) satisfy the following abstract necessary and sufficient optimality con-
ditions.

Λ̂(ŷ, ν̂(ξ1), ξ1) = min
y∈X2(x,ξ1)

Λ(y, ν̂(ξ1), ξ1)

∫

Jξ1

Γ̃(ŷ, ξ1)(η) ν̂(dη, ξ1) = 0,

where the abstract Lagrangian is given by

Λ̃(y, ν̂, ξ1) = f2(y, ξ1) +Q2(y, ξ[2]) +

∫

J(ξ1)
Γ̃(y, ξ1)(p) ν̂(dp, ξ1),
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ν̂(ξ1) ∈ M[J(ξ1)] and Γ̃(y, ξ1)(p) = L̄
(

f2(y, ξ1) + Q2(y, ξ[2])|ξ1, p
)

− L̄
(

V1(ξ1) +
V2|ξ1, p

)

.

We use Lemma 6.1 to associate a distortion function ŵ(ξ1, ·) with the
measure ν̂ and to transform the integral term involving Γ̃ as follows:

∫

Jξ1

Γ̃(ŷ, ξ1)(p) ν̂(dp, ξ1) =

∫ 1

0
F−1
Ψ2(y,ξ[2])

(p) dŵ(ξ1, p)−

∫ 1

0
F−1
V1(ξ1)+V2|ξ1

dŵ(ξ1, p)

Substituting this expression into (47) and (48) and using the convexity assump-
tions, we obtain that problem (39)–(41) and problem (55) are equivalent and
their optimal values coincide. We proceed with the first-stage problem (36)–(38)
in exactly the same way. ✷

In conclusion, we have establish relations between the optimization model
with stochastic-order constraints to all popular risk averse decision problems.
The characteristic observation is that those models use transformations of the
random outcomes, which are incorporated into the objective function. In this
way the objective contains an aggregate representation of the distribution. The
decision problem with stochastic-order constraints allows for an explicit shaping
of the distribution. On the other hand, the disadvantage of this model arises in
situations when no natural benchmark distribution is available.
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stochastic dominance induced by mixed integer-linear recourse in multistage
stochastic programs. European J. Oper. Res. 249, 1 (2016), 164–176.

[14] L. F. Escudero, J. F. Monge, D. R. Morales. On the time-consistent
stochastic dominance risk averse measure for tactical supply chain planning
under uncertainty. Comput. Oper. Res., 100 (2018), 270–286.

[15] R. Gollmer, F. Neise, R. Schultz. Stochastic programs with first-order
dominance constraints induced by mixed-integer linear recourse. SIAM J.
Optimization 19, 2 (2008), 552–571.



Relations between risk-averse models in extended two-stage stochastic. . . 75

[16] W. B. Haskell, R. Jain. Stochastic dominance-constrained Markov de-
cision processes. SIAM Journal on Control and Optimization, 51 (2013),
273–303.

[17] J. Hadar, W.R. Russell. Rules for ordering uncertain prospects. The
American Economic Review 59, 1 (1969), 25–34.

[18] S. Kusuoka. On law invariant coherent risk measures. Adv. Math. Econ. 3
(2001), 83–95.

[19] M. O. Lorenz. Methods of measuring concentration of wealth. Publications
of the American Statistical Association 9, 70 (1905), 209–219, http://dx.
doi.org/10.2307/2276207.

[20] A. Müller, D. Stoyan. Comparison methods for stochastic models and
risks. Wiley Ser. Prob. Stat., Chichester, John Wiley & Sons, Ltd., 2002.

[21] A. Müller, M. Scarsini. Stochastic comparison of random vectors with
a common copula. Math. Oper. Res. 26, 4 (2001), 723–740.

[22] P. Muliere, M. Scarsini. A note on stochastic dominance and inequality
measures. J. Econom. Theory 49, 2 (1989), 314–323.
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