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Abstract. We investigate the integrability of Fréchet tangent distributions
on Fréchet manifolds. We introduce the local well-posedness Condition W
for split tangent subbundles, which reduces the local integrability problem to
solving initial value problems with parameters whose solutions define curves
tangent to the distribution. By applying a variational approach to establish
the existence and uniqueness of these solutions, we prove a Frobenius theo-
rem stating that involutivity and Condition W are sufficient for integrability.
This yields the existence of a unique maximal foliation of the manifold. Fur-
thermore, we provide a dual formulation of the theorem using differential
forms, which characterizes the algebraic conditions for integrability via the
exterior derivative of the subbundle’s local annihilator.

1. Introduction. We establish a version of the Frobenius Theorem and
its formulation in terms of foliations for infinite-dimensional Fréchet tangent dis-
tributions on Fréchet manifolds. While the Frobenius theorem is well-established
for Banach manifolds, its extension to the Fréchet framework is obstructed by
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the failure of the Picard–Lindelöf theorem in non-normable locally convex spaces.
This failure implies that differentiable vector fields may fail to admit local flows,
or that such flows may lack continuous dependence on initial conditions. Con-
sequently, the split tangent subbundle cannot be locally integrated into a family
of maximal connected integral submanifolds unless additional conditions are im-
posed to guarantee the existence of a local foliation. Thus, the involutivity of a
tangent subbundle is a necessary but insufficient condition for integrability.

Several approaches and frameworks have been developed to study the
Frobenius theorem beyond the context of Banach manifolds. In [13], Teichmann
established a version of the Frobenius theorem for finite-rank involutive sub-
bundles on convenient manifolds by employing the local finite-dimensionality of
the distribution. Later, Eyni [8] investigated Banach distributions on manifolds
modeled on locally convex spaces. More recently, Pelletier [12] and Cabau and
Pelletier [2] have focused on the integrability of distributions within the frame-
works of projective and direct limits of Banach manifolds, respectively. In this
paper, we address the integrability problem for general Fréchet distributions that
do not necessarily admit a Banach structure or a representation as a limit of
Banach spaces.

To this end, we introduce the local well-posedness Condition W for split
tangent subbundles (Definition 3.2). This condition reformulates the problem of
local integrability as that of solving initial value problems (IVPs) with parame-
ters, the solutions of which define tangent curves of the distribution. We treat
these IVPs variationally by associating them with an appropriately constructed
functional I. By requiring that I satisfies Palais–Smale type conditions, we estab-
lish the existence and uniqueness of critical points, which correspond precisely to
the solutions of the IVPs, thereby providing the analytical basis for integrating
involutive distributions and constructing the leaves of the resulting foliation. We
note, however, that the Palais–Smale conditions can be technically challenging to
verify and may be difficult to establish in certain settings; for further discussion
and concrete examples, we refer the reader to [6].

In Proposition 3.4, we prove that a split tangent subbundle is locally in-
tegrable provided it is both involutive and satisfies Condition W. By virtue of
this result, in Theorem 3.6 we prove that these conditions are sufficient to es-
tablish the existence of a global atlas of Frobenius charts and that every point
in the manifold belongs to a unique maximal connected integral submanifold. In
Theorem 3.10, we establish the one-to-one correspondence between the integra-
bility of the subbundle and the existence of a foliation on the Fréchet manifold.
Finally, Corollary 3.13 provides a dual formulation of integrability in terms of dif-
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ferential forms, characterized via the exterior derivative of the subbundle’s local
annihilator.

2. Preliminaries. In this section, we briefly summarize the required
framework and notation, following [5]. We assume that (F,Sem(F)) and (E,Sem(E))
are Fréchet spaces over R, where Sem(F) = (‖·‖F,n)n∈N and Sem(E) = (‖·‖E,n)n∈N
are increasing sequences of seminorms that define the topologies of F and E,
respectively. We denote by 0X the origin of a Fréchet space X.

Let S denote the family of all compact subsets of F. Let Lc(F,E) be the
space of all continuous linear mappings from F to E, endowed with the topology of
compact convergence. This topology is Hausdorff, locally convex, and is defined
by the family of seminorms

‖`‖S,i := sup
{
‖`(f)‖E,i | f ∈ S

}
,

where S ∈ S and i ∈ N. When E = R (with the standard absolute value |·|), the
dual space F′c = Lc(F,R) is endowed with the topology defined by the family of
seminorms {‖·‖S | S ∈ S}.

Definition 2.1 (Definition 1.0.0, [9]). Let U ⊆ E be open, and ϕ : U → F
a mapping. Then the derivative of ϕ at x in the direction h is defined by

Dϕ(x)(h) := lim
t→0

1

t
(ϕ(x+ th)− ϕ(x)) ,

provided the limit exists. The mapping ϕ is called differentiable at x if Dϕ(x)(h)
exists for all h ∈ E. Furthermore, ϕ is called a C1

c -mapping if it is differentiable
at all points of U and the derivative map Dϕ : U → Lc(E,F) is continuous.

Higher order derivatives are defined naturally (Definition 2.5.0, [9]). For
a continuous curve γ : I = (a, b)→ F, we define its derivative by

γ′(t) = lim
h→0

γ(t+ h)− γ(t)

h
.

If the limit exists and is finite, and γ′(t) is continuous, we say that γ is C1, a notion
which coincides with Keller’s C1

c -differentiability. If I = [a, b], the extension of
the derivative by continuity of γ′ to [a, b] has the values γ′(a) and γ′(b) equal to

γ′(a) = lim
h↓0

γ(a+ h)− γ(a)

h
, γ′(b) = lim

h↓0

γ(b)− γ(b− h)

h
.

We denote by Ck(I,F) the Fréchet space of all Keller’s Ckc -mappings from I to F
for k ≥ 1.
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Remark 2.2. Employing this class of mappings is primarily motivated by
the requirement for a suitable topology on dual spaces to define the Palais–Smale
condition. These mappings are known as Keller’s Ckc -mappings. Notably, this
notion of differentiability is equivalent to the well-established and widely used
Michal–Bastiani notion.

Definition 2.3 (Definition 1.1, [3]). Let ϕ : F → R be a Keller’s C1
c -

functional.

(i) We say that ϕ satisfies the Palais–Smale condition (PS-condition) if every

sequence (xi) ⊂ F such that the sequence (ϕ(xi)) is bounded and Dϕ(xi)
F′
c−→

0, possesses a convergent subsequence.

(ii) We say that ϕ satisfies the Palais–Smale condition at level m ∈ R ((PS)m-

condition) if every sequence (xi) ⊂ F such that ϕ(xi)→ m and Dϕ(xi)
F′
c−→

0, possesses a convergent subsequence.

To broaden the applicability of our results, we also consider functionals
that are merely locally Lipschitz. Consequently, we require elements of non-
smooth analysis to handle such mappings. In [4], a critical point theory for
these mappings, generalizing the Clarke subdifferential, was developed. Below,
we review the concepts necessary for our subsequent results.

Let 〈F,F′〉 be a dual pairing. The weak* topology σ∗(F′,F) on F′ is defined
by the family of seminorms

‖x‖B := sup
y∈B
|〈x, y〉|, for x ∈ F′,

where B ranges over the set ΦF of all finite subsets of F. Let Liploc(F,R) denote
the set of locally Lipschitz functionals on F. Following the definitions in [4], for
ϕ ∈ Liploc(F,R), the generalized directional derivative ϕ◦(x, y) at x ∈ F in the
direction y ∈ F is defined by

ϕ◦(x, y) := lim sup
h→x,t↓0

ϕ(h+ ty)− ϕ(h)

t
.

The Clarke subdifferential of ϕ at x is the set-valued mapping ∂cϕ : F ⇒ F′ defined
by

∂cϕ(x) :=
{
x′ ∈ F′ | 〈x′, y〉 ≤ ϕ◦(x, y) for all y ∈ F

}
.

The set ∂cϕ(x) is weak*-compact, thus

λϕ,B : F→ R, λϕ,B(x) = min
z∈∂cϕ(x)

‖z‖B , B ∈ ΦF
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is a well-defined function.

Definition 2.4 (Definition 2.1, [4]). Let ϕ ∈ Liploc(F,R). We say that ϕ
satisfies the Palais–Smale condition in Chang’s sense, or the Chang PS-condition,
if every sequence (xi) ⊂ F such that the sequence (ϕ(xi)) is bounded and

(2.1) lim
i→∞

λϕ,B(xi) = 0 for each finite subset B ⊂ F,

possesses a convergent subsequence. Additionally, if every sequence (xi) ⊂ F
satisfying (2.1) and such that ϕ(xi)→ m ∈ R possesses a convergent subsequence,
we say that ϕ satisfies the Chang PS-condition at level m (denoted as (PS)m).

Now, we will define a class of functionals that we will need. Let X be a
Fréchet space. Let AU(X, [0,∞)) be the set of all functionals I : X→ [0,∞) such
that either

1. I is a Keller’s C1
c -functional satisfying I(x) = 0 ⇐⇒ x = 0X and DI(y) =

0 ⇐⇒ y = 0X.

2. I ∈ Liploc(X,R) satisfying I(x) = 0 ⇐⇒ x = 0X and 0X′ ∈ ∂cI(y) ⇐⇒
y = 0X.

Consider the following initial value problem depending on a parameter e

(2.2)

{
Y′(t) = φ(t,Y(t), e), ∀t ∈ I

Y(t0) = f.

Here, the values Y(t) belong to the Fréchet space F, a > 0, t0 ∈ R, and e belongs
to the Fréchet space E. The interval is given by I = [t0 − a, t0 + a]. Additionally,
we suppose that φ : I× F× E→ F is a Keller’s C1

c -mapping.

Theorem 2.5 (Theorem 4.1, [5]). Let I ∈ AU(R × F × E, [0,∞)), and
suppose that the following condition holds :

(C) For any ψ ∈ C2([−1, 1],F) and each fixed s ∈ [−1, 1], the mapping

Jψ,s : R× F× E→ [0,∞)

Jψ,s(a, f, e) = I
(
ψ′(s)− aφ(t0 + as, ψ(s) + f, e)

)
satisfies the PS-condition at any level if I is a Keller’s C1

c -functional. More-
over, it satisfies the Chang PS-condition at any level if I is locally Lipschitz.
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Then, there exists b ∈ (0, a] such that the IVP (2.2) has a unique solution Y =
Y(t; f, e) ∈ C2([t0 − b, t0 + b],F) for each (f, e) ∈ F× E. In addition, the mapping

ψ : (t0 − b, t0 + b)× F× E→ F, (t, f, e) 7→ Y(t; f, e)(2.3)

is of class Keller’s C1
c .

Corollary 2.6. Let the hypotheses of Theorem 2.5 hold. Let φe : I×F→ F
be the mapping defined by φe(t, f) = φ(t, f, e) for a fixed e ∈ E. If ϕ1, ϕ2 ∈
C2(I,F) are two solutions satisfying ϕ′i(t) = φe(t, ϕi(t)) for i = 1, 2 with the same
initial condition ϕ1(t0) = ϕ2(t0), then ϕ1 = ϕ2 on I.

P r o o f. Consider the set S = {t ∈ I : ϕ1(t) = ϕ2(t)}. By hypothesis,
t0 ∈ S. Since F is Hausdorff and the maps are continuous, S is closed in I. Let
t∗ ∈ S. By Theorem 2.5, there exists a smaller interval Ib = [t∗ − b, t∗ + b] ∩ I
with b > 0 such that the IVP starting at t∗ has a unique solution. Thus, ϕ1 and
ϕ2 must agree on Ib, which proves that S is open in the relative topology. Hence,
connectivity of I implies S = I. 2

Corollary 2.7. Let the hypotheses of Theorem 2.5 hold. For fixed initial
data f ∈ F, the partial derivative of the solution with respect to the parameter e,
denoted by D3Y(t; f, e), is a Keller’s C1

c -mapping. For every v ∈ E, it satisfies
the following linear differential equation in F

(2.4) D1D3Y(t; f, e)(v) = D2φ(t,Y(t; f, e), e)(D3Y(t; f, e)(v))

+ D3φ(t,Y(t; f, e), e)(v),

with the initial condition D3Y(t0; f, e)(v) = 0F.

P r o o f. Since Y(t; f, e) is the solution, we have

(2.5) D1Y(t; f, e) = φ(t,Y(t; f, e), e)

for all t in the existence interval. Since φ and Y are of class Keller’s C1
c , we

can apply the derivative D3 with respect to the parameter e to both sides of
(2.5) in the direction v ∈ E. On the left-hand side, we obtain D3(D1Y(t; f, e))(v).
By total symmetry of higher-order derivatives ([Theorem 2.4.10, Remark 2.4.1,
[9]]), we have D3D1Y(t; f, e)(v) = D1D3Y(t; f, e)(v). Next, we apply the chain rule
([Corollary 1.3.2, [9]]) to the right-hand side of (2.5). Note that e appears both
in the second argument via the state Y and in the third argument as a direct
parameter. This yields
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D3(φ(t,Y(t; f, e), e))(v) = D2φ(t,Y(t; f, e), e)(D3Y(t; f, e)(v))

+ D3φ(t,Y(t; f, e), e)(v).

From the initial value problem, we have Y(t0; f, e) = f . Since the initial datum
f is independent of the parameter e, differentiating with respect to e at t = t0
gives

D3Y(t0; f, e)(v) = D3(f)(v) = 0F,

which concludes the proof. 2

3. A Frobenius theorem. We recall the definition of a split Fréchet
submanifold (see [7] for more details). Let M be a Keller’s Ckc -Fréchet manifold
modeled on F = F1 ⊕ F2 (k ≥ 2). Let π : TM → M be the tangent bundle.
A subset S ⊆ M is called a split Keller’s Crc -Fréchet submanifold modeled on
F1 (1 ≤ r ≤ k), if for any p ∈ S there exists a Keller’s Crc -diffeomorphism
ϕ : U → V = W × O ⊆ F1 × F2 of M such that ϕ(S ∩ U) = W × {0F2} . The
inclusion ι : S ↪→ M is then a Keller’s Crc -immersion, and S inherits a Fréchet
manifold structure of class Keller’s Crc .

We now present the standard definitions of distributions, integrable tan-
gent subbundles, and the involutivity condition, following the Banach manifold
approach of [10]. A subset D ⊆ M is called a distribution on M, if for every point
m ∈ M, the set Dm := D ∩ TmM is a subspace of TmM. We focus on distribu-
tions that are split tangent subbundles (subbundles of the tangent bundle) of M.
A tangent subbundle D over M is called integrable at m ∈ M if there exists a
submanifold S ⊆ M containing m such that the inclusion ι : S ↪→ M induces an

isomorphism from TsS onto the fiber Ds, Tsι : TsS
∼=−→ Ds, for every s ∈ S. We

say D is integrable if this property holds globally. From the functorial proper-
ties of vector fields and their behavior under tangent maps, it follows that any
integrable subbundle must be involutive. This requirement is formalized as the
following condition:

(I) The tangent subbundle D is closed under the Lie bracket. That is, for any
local sections V,W of D, the commutator [V,W] is also a section of D.

However, satisfying this condition alone does not imply that a tangent subbundle
is integrable in general. This is a well-known obstacle in Frchet geometry, where
the failure of the classical Picard-Lindelf theorem prevents the existence of flows
for involutive distributions. Consequently, we impose a supplementary sufficient
condition which is centered on the well-posedness of the associated variational
problem to obtain integrability. We now provide the local representation of the
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involutivity condition I and describe the specific analytic form of the imposed
well-posedness requirement.

Consider a product U ×V of open subsets of Fréchet spaces F and E. The
tangent bundle T(U ×V ) admits a natural decomposition as a direct sum. More
precisely, for each point (x, y) ∈ U × V , we have the canonical isomorphism

T(x,y)(U × V ) ∼= Tx(U)× Ty(V ) ∼= F× E.

It follows that the collection of fibers F × {0E} forms a subbundle, denoted by
T1(U × V ), which is called the first factor of the tangent bundle. By defining
T2(U × V ) analogously, we obtain the Whitney sum decomposition

T(U × V ) = T1(U × V )⊕ T2(U × V ).

A subbundle D of TM is integrable at a point m ∈ M if there exists an open
neighborhood W of m and a Keller’s Cpc -isomorphism φ : U × V →W such that
the tangent map Tφ identifies T1(U × V ) with the restricted subbundle D|W .
Specifically, the composition

T1(U × V )
inc.
↪→ T(U × V )

Tφ−−→ T(W )

induces a bundle isomorphism of T1(U × V ) onto D|W . That is, the following
diagram is commutative

T1(U × V ) T(U × V )

D|W TW

U × V W

inc.

∼=Tφ|T1 Tφ∼=

inc.

π π

φ

Alternatively, denote by φy : U → W the map given by φy(x) = φ(x, y), the
integrability condition is satisfied if Txφy induces an isomorphism from F onto
Dφ(x,y) for all (x, y) ∈ U × V . We note that within this local product structure,
Txφy is precisely the partial derivative D1φ(x, y).

Given a subbundle D ⊆ TM, there exists an open neighborhood U ×V of
(x0, y0) such that D is represented by the exact sequence

0U×V → U × V × F
h−→ U × V × F× E.
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At the base point (x0, y0), the map h(x0, y0) : F → F × E coincides with the
canonical embedding from F onto F×{0E}. For an arbitrary point (x, y) ∈ U×V ,
the map h(x, y) admits two components, h1(x, y) and h2(x, y), into F and E
respectively. By applying a suitable automorphism to U × V × F if necessary, we
may assume without loss of generality that h1(x, y) = idF. By setting f(x, y) :=
h2(x, y), we obtain a morphism

F : U × V → Lc(F,E)

of class Keller’s Cp−1c which characterizes the subbundle completely over the
neighborhood U × V . We now interpret Condition I within the context of the
present situation. Let V : U × V → F× E be the local representation of a vector
field over U × V , and let V1 and V2 be its projections onto F and E, respectively.
The vector field V lies in the subbundle D if and only if V2(x, y) = F(x, y)(V1(x, y))
for all (x, y) ∈ U × V . In other words, V ∈ D if and only if V is of the form

V(x, y) = (V1(x, y),F(x, y)(V1(x, y)))

for some morphism V1 : U × V → F of class Keller’s Cp−1c . We shall also write
this condition symbolically as

V = (V1,F(V1)).

If V and W are local representations of vector fields over U × V belonging to
D, then the local definition of the Lie bracket implies that [V,W] lies in the
subbundle D if and only if

DF(x, y)(V(x, y))(W1(x, y)) = DF(x, y)(W(x, y))(V1(x, y)),

which we write as

(3.1) DF(V)(W1) = DF(W)(V1).

Let
U(0F, n, ε) =

{
z ∈ F | ‖z‖F,1 < ε, . . . , ‖z‖F,n < ε

}
be a neighborhood of the origin 0F in F, for a sufficiently small ε > 0. Let
x0 ∈ U ⊆ F and y0 ∈ V ⊆ E. We define the mapping

φ(t; y, z) = F(x0 + tz, y)(z),

where z ∈ U and y ∈ V . To apply Theorem 2.5, we identify the theorem’s state
space with E and its parameter space with F. Let I ∈ AU(R × E × F, [0,∞))
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be a functional and assume that Condition C holds. Specifically, for any ψ ∈
C2([−1, 1],E), a > 0, and each fixed s ∈ [−1, 1], the mapping

Jψ,s : R× E× F→ [0,∞)

Jψ,s(a, f, z) = I
(
ψ′(s)− aφ(t0 + as; z, ψ(s) + f)

)
satisfies the PS-condition at any level if I is a Keller’s C1

c -functional, or the
Chang PS-condition if I is locally Lipschitz. Then, by Theorem 2.5, there exists
a constant 0 < b < a such that for each direction z ∈ U , there is a unique solution
Y = Y(t; z) ∈ C2([t0 − b, t0 + b],E) to the initial value problem{

Y′(t) = φ(t; z,Y(t)), ∀t ∈ [t0 − a, t0 + a]

Y(t0) = y.

Furthermore, D1Y(t; z, y) = φ(tz,Y(t; z, y))(z). By the conclusion of Theorem
2.5, the mapping (t, z) 7→ Y(t; z) is of class Keller’s C1

c . By performing a change
of variables of the type t = αr and z = α−1x for a small positive α, we may
assume that the interval of existence contains 1, provided ε is sufficiently small.
We keep y fixed and write Y(t; z). The differential equation is then expressed by

D1Y(t; z) = F(x0 + tz,Y(t; z))(z).

We aim to prove that there exists an open neighborhood U0 of x0 and a unique
morphism Z : U0 → V such that

DZ(x) = F(x,Z(x)) and Z(x0) = y0.

Consider Z(x) = Y(1, x− x0). It suffices to show that

(3.2) D2Y(t, z)(v) = tF(x0 + tz,Y(t, z))(v)

for any vector v ∈ F. By Corollary 2.7, for any vector v ∈ F, we have

D1D2Y(t, z)(v) = tD1F(x0 + tz,Y(t, z))(v)(z)

+ D2F(x0 + tz,Y(t, z))(D2Y(t, z)(v))(z)

+ F(x0 + tz,Y(t, z))(v).

We define the auxiliary function

k(t) := D2Y(t, z)(v)− tF(x0 + tz,Y(t, z))(v).
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and observe that k(0) = 0E. Recall that the solution Y(t; z) satisfies the equation
D1Y(t, z) = F(x0 + tz,Y(t, z))(z). By differentiating this relation with respect to
the parameter z in the direction v, we obtain

(3.3) D1D2Y(t, z)(v) = tD1F(x0 + tz,Y)(v)(z)

+ D2F(x0 + tz,Y)(D2Y(v))(z) + F(x0 + tz,Y)(v).

By differentiating k(t) with respect to t, substituting the identity (3.3), and
applying the product rule to the second term of k(t), we obtain

k′(t) = D1D2Y(t, z)(v)− d

dt
[tF(x0 + tz,Y(t, z))(v)]

= [tD1F(x0 + tz,Y)(v)(z) + D2F(x0 + tz,Y)(D2Y(v))(z) + F(x0 + tz,Y)(v)]

− [F(x0 + tz,Y)(v) + tD1F(x0 + tz,Y)(z)(v) + tD2F(x0 + tz,Y)(D1Y)(v)] .

Now, substituting the relations D1Y = F(z) and D2Y(v) = k(t) + tF(v) into the
expression above yields

k′(t) = tD1F(v)(z) + D2F(k(t))(z) + tD2F(F(v))(z)

− tD1F(z)(v)− tD2F(F(z))(v)

= D2F(k(t))(z)

+ t [D1F(v)(z) + D2F(F(v))(z)− (D1F(z)(v) + D2F(F(z))(v))] .

The term within the square brackets vanishes identically by (3.1). More precisely,
for the local vector fields V = (v,F(v)) and W = (z,F(z)), the requirement
[V,W] ∈ D implies the symmetry

D1F(v)(z) + D2F(F(v))(z) = D1F(z)(v) + D2F(F(z))(v).

Consequently, k(t) satisfies the linear initial value problem

(3.4)

{
k′(t) = D2F(x0 + tz,Y(t, z))(k(t))(z)

k(0) = 0E.

The existence of the path k(t) is guaranteed on the domain of the primary so-
lution, as it is constructed from the composition of Keller’s C1

c -morphisms F

and Y. Let I = [0, b] be the interval of existence. The linearized operator
A(t) := D2F(x0 + tz,Y(t, z))(·)(z) is continuous on E for each t ∈ I. Since I
is compact, for each seminorm ‖ · ‖E,i in the directed family defining the topology
of E, there exists a constant Ci > 0 such that

‖A(t)(w)‖E,i ≤ Ci‖w‖E,i for all t ∈ I and w ∈ E.
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Since k(t) satisfies k(t) =

∫ t

0
A(s)(k(s)) ds, taking the seminorm ‖ · ‖E,i on both

sides yields

‖k(t)‖E,i ≤
∫ t

0
‖A(s)(k(s))‖E,i ds ≤ Ci

∫ t

0
‖k(s)‖E,i ds.

By the continuous version of Gronwall’s inequality, it follows that ‖k(t)‖E,i = 0
for all t ∈ I. Since this holds for every seminorm in the Hausdorff family defining
the topology of E, we conclude that k(t) ≡ 0E on I. This establishes the identity
D2Y(t, z)(v) = tF(x0 + tz,Y(t, z))(v), which completes the proof. The results
established through the preceding local analysis are summarized in the following
theorem.

Theorem 3.1. Let U ⊆ F and V ⊆ E be open subsets of Fréchet spaces.
Let F : U × V → Lc(F,E) be a Keller’s Cpc -mapping, p ≥ 2. Assume that

(a) (Integrability) For any (x, y) ∈ U × V and all v, z ∈ F, we have

DF(x, y)(v,F(x, y)v)(z) = DF(x, y)(z,F(x, y)z)(v).

(b) (Well-posedness) The mapping φ(t; z, y) = F(x0 + tz, y)(z) satisfies Condi-
tion C for a functional I ∈ AU(R× F× E, [0,∞)).

Then, for any (x0, y0) ∈ U × V , there exist neighborhoods U0 of x0 and V0 of y0,
and a unique morphism Z : U0 × V0 → E such that

(3.5) D1Z(x, y) = F(x,Z(x, y)) and Z(x0, y) = y

for all (x, y) ∈ U0 × V0.

For ease of future reference and to enhance the readability of the subse-
quent results, we extract the well-posedness requirement of Theorem 3.1(b) into
the following condition.

Definition 3.2 (Local Well-Posedness Condition W). Let M be a Keller’s
Ckc -Fréchet manifold (k ≥ 2) modeled on F = F1 ⊕ F2, and let D ⊆ TM be a split
subbundle modeled on the Fréchet space F1. There exists a local product chart
U × V ⊆ F1 × F2 and a Keller’s Ck−1c -morphism

F : U × V → Lc(F1,F2)
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such that D is locally represented as the graph of F. That is, a vector V =
(V1, V2) ∈ F1 ⊕ F2 belongs to D(x,y) if and only if V2 = F(x, y)V1. We say D
satisfies Condition W if for every point (x0, y0) ∈ U × V , the mapping

φ(t; y, z) := F(x0 + tz, y)(z)

satisfies Condition C for a functional I ∈ AU(R× F1 × F2, [0,∞)).

We now extend the standard definitions of integral manifolds, Frobenius
charts, and distributions from Banach manifolds to the Fréchet setting, follow-
ing [10, 8].

Let D ⊆ M be a split tangent subbundle with typical fiber F1. A connected
split Keller’s Ckc -submanifold N ⊆ M is called an integral manifold for D if
TpN = Dp for every p ∈ N . Given m0 ∈ M, an integral manifold N containing
m0 is called maximal if every other connected integral manifold L of D containing
m0 is a subset of N (L ⊆ N) and the inclusion L ↪→ N is of class Keller’s Ckc .

Definition 3.3. Let M be a Keller’s Ckc -Fréchet manifold, k ≥ 2, modeled
on F = F1 ⊕ F2. Let D ⊆ M be a split subbundle with typical fiber F1. A chart
ψ : U → W × O of M is called a Frobenius chart for D if for every fixed ŷ ∈ O,
the slice

Sŷ := ψ−1(W × {ŷ})

is an integral manifold of D. If M admits an atlas consisting of Frobenius charts,
then D is called a Frobenius distribution.

Proposition 3.4 (Existence of Frobenius Charts). Let M be a Keller’s
Ckc -Fréchet manifold, k ≥ 2, modeled on F = F1 ⊕ F2. Let D ⊆ M be a split
tangent subbundle with typical fiber F1. If D satisfies the involutivity condition I
and the local well-posedness condition W in Definition 3.2, then for every m ∈ M,
there exists a Frobenius chart (U, ψ) around m.

P r o o f. Let m ∈ M. Since D is a split subbundle of M, there exists a local
chart (U, φ) around m such that φ(U) = W ×O ⊆ F1 × F2 with φ(m) = (x0, y0).
In this chart, the distribution D is represented locally by the graph of a Keller’s
Ckc -morphism F : W ×O → Lc(F1,F2).

By Theorem 3.1, there exist open neighborhoods W0 ⊆ W and O0 ⊆ O
around x0 and y0, and a unique morphism Z : W0 ×O0 → F2 such that

(3.6) D1Z(x, y) = F(x,Z(x, y)) and Z(x0, y) = y

for all (x, y) ∈W0×O0. Define the mapping φ : W0×O0 →W ×O by φ(x, y) =
(x,Z(x, y)). Its derivative Dφ(x, y) applied to a vector (u, v) ∈ F1 × F2 is given
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by
Dφ(x, y)((u, v)) =

(
u,D1Z(x, y)(u) + D2Z(x, y)(v)

)
.

By evaluating this at the base point (x0, y0), we note that since Z(x0, y) = y for all
y ∈ O0, it follows that D2Z(x0, y0) = idF2 . Additionally, D1Z(x0, y0) = F(x0, y0).
Therefore, the derivative Dφ(x0, y0) is given by the isomorphism

Dφ(x0, y0) =

(
idF1 0F2

F(x0, y0) idF2

)
.

To establish that φ is a local Keller’s Ckc -isomorphism at (x0, y0), we explicitly
construct its local inverse using the well-posedness guaranteed by Condition W
(Definition 3.2). Let (u, v) be in an open neighborhood of φ(x0, y0). The equation
φ(x, y) = (u, v) is equivalent to the following:

x = u and Z(u, y) = v.

By Condition W, the curve Z(u, y) is defined via the unique solution of the
parameter-dependent initial value problem. Due to the uniqueness of these inte-
gral curves guaranteed by Corollary 2.6 and their smooth dependence on initial
states and parameters as established in Theorem 2.5, the equation Z(u, y) = v
can be uniquely solved for y as y = Ψ(u, v), where Ψ represents the parameter-
inverted solution map. Therefore, the local inverse map is explicitly defined by

φ−1(u, v) = (u,Ψ(u, v)).

Since the well-posedness under Condition W asserts via Theorem 2.5 that the
solution mapping ψ in (2.3) is Keller’s Ckc -smooth with respect to all variables,
the parameter-inverted map Ψ (and consequently φ−1) is a Keller Ckc -map. Direct
verification yields φ ◦ φ−1 = id and φ−1 ◦ φ = id on their respective local
neighborhoods. Thus, φ is a local Keller’s Ckc -isomorphism at (x0, y0).

We now define the new chart (U, ψ) around m by

ψ := φ−1 ◦ φ|U,

where U = φ−1(φ(W0 × O0)). This map is a composition of Keller’s Ckc -diffeo-
morphisms and is therefore a well-defined chart for M.

To verify that ψ is a Frobenius chart, we examine the slices Sŷ := ψ−1(W0×
{ŷ}) for a fixed ŷ ∈ O0. By the definition of ψ, we have

φ(Sŷ) = φ(W0 × {ŷ}) = {(x,Z(x, ŷ)) | x ∈W0 .



A Frobenius theorem on Fréchet manifolds 283

The tangent space of this slice at any point p ∈ Sŷ (expressed in the local φ-chart)
is the image of F1 under the derivative of the mapping x 7→ (x,Z(x, ŷ)), which is
given by

Tφ(p)φ(Sŷ) = {(v,D1Z(x, ŷ)(v)) | v ∈ F1}.

By substituting the relation from (3.6), we obtain

Tφ(p)φ(Sŷ) = {(v,F(x,Z(x, ŷ))(v)) | v ∈ F1},

which is precisely the local representation of the fiber Dp. Thus, TpSŷ = Dp,
implying that each slice Sŷ is an integral manifold of D. Therefore, (U, ψ) is a
Frobenius chart. 2

Remark 3.5. We prove that the chart ψ = φ−1 ◦ φ satisfies Tψ(D|U) =
F1 × {0F2}. Let p ∈ U and let (x, y) = φ(p). By definition of the distribution in
the chart φ, any tangent vector ω ∈ Dp is given by

(3.7) Tpφ(ω) = (v,F(x, y)v) ∈ F1 ⊕ F2, for some v ∈ F1.

Let (x, ŷ) = ψ(p). By the chain rule, the tangent map of the change of coordinates
is Tpψ = (Dφ(x, ŷ))−1 ◦Tpφ. The derivative of the map φ(x, ŷ) = (x,Z(x, ŷ)) is
given by

Dφ(x, ŷ) =

(
IdF1 0F2

D1Z(x, ŷ) D2Z(x, ŷ)

)
.

Thus the action of Dφ on a vector (v,0F2) is as follows

Dφ(x, ŷ)

(
v

0F2

)
=

(
IdF1 0F2

D1Z(x, ŷ) D2Z(x, ŷ)

)(
v

0F2

)
= (v,D1Z(x, ŷ)(v)).

By Theorem 3.1, Z satisfies D1Z(x, ŷ) = F(x,Z(x, ŷ)). Since φ(p) = φ(x, ŷ) =
(x,Z(x, ŷ)), substituting this into the expression above yields

Dφ(x, ŷ)((v,0F2)) = (v,F(φ(p))v).

By comparing this with Equation (3.7), we see that Dφ(x, ŷ)((v,0F2)) = Tpφ(ω),
and by multiplying by the inverse operator on both sides, we obtain

(v,0F2) = (Dφ(x, ŷ))−1 ◦ Tpφ(ω) = Tpψ(ω).

Since this holds for all ω ∈ Dp, it follows that Tpψ(Dp) = F1 × {0F2}.
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Theorem 3.6 (Global Frobenius Theorem for Fréchet Manifolds). Let M
be a Keller’s Ckc -Fréchet manifold, k ≥ 2, modeled on F = F1 ⊕ F2. Let D ⊆ M
be a split tangent subbundle with typical fiber F1. If D satisfies the involutivity
condition I and the local well-posedness condition W in Definition 3.2, then M
admits an atlas of Frobenius charts for D, and for every point m0 ∈ M, there
exists a unique maximal connected integral manifold Lm0 passing through m0.

P r o o f. By Proposition 3.4 and Remark 3.5, for every point m ∈ M,
there exists a coordinate chart (U, ψ) such that ψ(U) = W × O ⊆ F1 × F2 and
Tψ(D|U) = F1 × {0F2}.

Let P kc ([0, 1],M) be the set of all piecewise Keller’s Ckc -curves γ : [0, 1]→
M. A curve γ ∈ P kc ([0, 1],M) is called D-tangent if γ′(t) ∈ Dγ(t) holds for almost
every t ∈ [0, 1]. Define the leaf passing through m0, denoted by Lm0 , as follows

Lm0
:=
{
p ∈ M | ∃γ ∈ P kc ([0, 1],M) : γ(0) = m0, γ(1) = p,

and γ′(t) ∈ Dγ(t) for a.e. t ∈ [0, 1]
}
.

By Proposition 3.4, there exists an atlas of Frobenius charts A = {(Ui, ψi)}i∈I
for M. For any p ∈ Lm0 , let (U, ψ) be a Frobenius chart around p with ψ(p) =
(xp, yp) ∈W ×O.

Since F1 is locally path-connected, we can choose a path-connected open
neighborhood W0 ⊆ W containing xp. The restricted local slice passing through
p is defined by

Sp,0 := ψ−1(W0 × {yp}).

Now we show that if p ∈ Lm0 , then Sp,0 ⊆ Lm0 . Let q ∈ Sp,0. Since Sp,0 ∼=
W0 ⊆ F1 is path-connected by construction, there exists a Keller’s Ckc -curve
σ : [0, 1]→ Sp,0 with σ(0) = p and σ(1) = q. Because Sp,0 is an integral manifold,
σ′(t) ∈ Tσ(t)Sp,0 = Dσ(t). Since p ∈ Lm0 , there exists a D-tangent piecewise

Keller’s Ckc -curve γ from m0 to p. The concatenation η = γ ∗ σ defined by

(γ ∗ σ)(t) =

{
γ(2t) t ∈ [0, 1/2]

σ(2t− 1) t ∈ (1/2, 1]

is a piecewise Keller’s Ckc -curve from m0 to q that is D-tangent. By the definition
of Lm0 , we conclude q ∈ Lm0 , and thus Sp,0 ⊆ Lm0 .

We endow Lm0 with the leaf topology, denoted by τ`. The collection of
all path-connected local slices

B = {Sp,0 | p ∈ Lm0 , Sp,0 is a path-connected local slice of a Frobenius chart}
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serves as a basis for τ`. A subset O ⊆ Lm0 is open in τ` if and only if it is a union
of such path-connected slices. Because the transition maps between Frobenius
charts are diffeomorphisms that preserve the distribution, they locally map slices
to slices. Consequently, the intersection of two path-connected slices Sp,0 ∩ Sq,0
corresponds to open sets in the coordinate spaces of both slices, meaning it is
open in the intrinsic manifold topology of each individual slice. This implies
that B satisfies the basis axioms. The leaf topology τ` is strictly finer than the
subspace topology, as the slices do not necessarily contain all points of Lm0 found
in a neighborhood of M. Therefore, the inclusion map ι : (Lm0 , τ`) ↪→ (M, τM) is
continuous.

Now we prove that (Lm0 , τ`) is a Hausdorff topological space. Let p, q be
two distinct points in Lm0 . Since Lm0 ⊆ M and M is a Hausdorff space, there
exist disjoint open sets U, V ∈ τM such that p ∈ U and q ∈ V . The topology τ` is
finer than the subspace topology τsub inherited from M. Specifically, the inclusion
map ι : (Lm0 , τ`)→ (M, τM) is continuous. Consequently, the sets

Op := ι−1(U) = U ∩ Lm0 and Oq := ι−1(V ) = V ∩ Lm0

are open in the leaf topology τ`. Since U ∩ V = ∅, it follows that Op ∩ Oq = ∅.
Thus, Lm0 is Hausdorff.

For each p ∈ Lm0 , we define the local chart αp := pr1◦ψ|Sp,0 : Sp,0 →W0 ⊆
F1. We prove that Lm0 is a Keller’s Ckc -Fréchet manifold. Let Sp,0 and Sq,0 be two
overlapping path-connected slices. The transition map is given by τqp = αq ◦α−1p .

Let Ψqp = ψq ◦ ψ−1p be the transition map between the corresponding Frobenius
charts of M, which we write in component form as Ψqp(x, y) = (ξ(x, y), η(x, y)).
Since both charts are Frobenius, the derivative DΨqp maps the subspace F1×{0F2}
to itself. This implies that the partial derivative with respect to the first factor of
the second component vanishes, i.e., D1η = 0. Consequently, on each connected
component of the overlap, η depends only on y. On a specific leaf where y is
fixed, the transition map simplifies to the following

τqp(x) = ξ(x, const).

As Ψqp is a Keller’s Ckc -diffeomorphism of M, its restriction τqp is a Ckc -diffeomor-
phism between open sets of F1. Thus, the collection of charts {(Sp,0, αp)}p∈Lm0

defines a Keller’s Ckc -atlas for Lm0 , modeled on the Fréchet space F1.

We now verify that Lm0 is an integral manifold of the distribution D. By
the definition of the topology, for any point p ∈ Lm0 , the path-connected local
slice Sp,0 is an open neighborhood of p in Lm0 . Consequently, the tangent space



286 K. Eftekharinasab

of the leaf at p is identical to the tangent space of the slice, i.e., TpLm0 = TpSp,0.
Recall that the restricted slice Sp,0 is defined through a Frobenius chart (U, ψ) as
the pre-image ψ−1(W0 × {yp}). By Remark 3.5, the tangent map Tpψ satisfies
the following

Tpψ(Dp) = F1 × {0F2}.
Since the tangent space to the slice W0×{yp} in the coordinate space is precisely
F1×{0F2}, the inverse map (Tpψ)−1 carries this subspace back to the distribution.
Thus, TpSp,0 = Dp. Combining these yields TpLm0 = Dp for all p ∈ Lm0 , thus
Lm0 is an integral manifold of D.

Let N be any connected integral manifold of D such that m0 ∈ N . We
show that N is necessarily a submanifold of Lm0 . Let q ∈ N . Since N is connected
and locally path-connected, it follows that N is path-connected. Therefore, there
exists a piecewise Keller’s Ckc -curve γ : [0, 1] → N connecting m0 to q. Because
N is an integral manifold, its tangent bundle satisfies TN = D|N . Consequently,
γ′(t) ∈ Dγ(t) holds almost everywhere. By the definition of the leaf, we have
q ∈ Lm0 , thus N ⊆ Lm0 .

Now, consider a point p ∈ N and a Frobenius chart (U, ψ) around p. In
this chart, D is represented by the subspace F1×{0F2}. Since TN = D, the image
ψ(N∩U) must be tangent to these slices. For a connected N , this local constraint
implies that N ∩ U lies within a single path-connected slice Sp,0. Because Sp,0
is an open set in the topology of Lm0 , the inclusion map ι : N ↪→ Lm0 is locally
an identification with a slice. This implies that ι is a Keller’s Ckc -immersion.
Therefore, Lm0 is the unique maximal connected integral manifold containing
m0, and any other such manifold is an open submanifold of Lm0 . 2

We adopt the following definition from the theory of Banach manifolds
(see, e.g., [1]).

Definition 3.7 (Foliation of a Fréchet Manifold). Let M be a Keller’s
Ckc -Fréchet manifold modeled on F = F1 ⊕ F2. A foliation Φ = {Lα}α∈A of M is
a partition of M into disjoint connected sets, called leaves, such that every point
m ∈ M has a chart (U, ψ) with ψ(U) = W ×O ⊆ F1 × F2 such that for each leaf
Lα, every connected component of the intersection U∩Lα, denoted by (U∩Lα)β,
is given by

ψ((U ∩ Lα)β) = W × {cβα}
for some constant cβα ∈ O. Such a chart is called foliated or distinguished by Φ.
The dimension (resp., codimension) of the foliation is the dimension of F1 (resp.,
F2). The set

D(Φ) :=
⋃
α∈A

⋃
m∈Lα

TmLα
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is a split subbundle of TM called the tangent bundle to the foliation. The quotient
bundle ν(Φ) := TM/D(Φ) is called the normal bundle to the foliation Φ. Elements
of D(Φ) are called vectors tangent to the foliation Φ.

Let (U, ψ) be a foliated chart as defined in Definition 3.7, where ψ : U→
W × O ⊆ F1 × F2. For any point u ∈ U ∩ Lα, the leaf component (U ∩ Lα)β is
mapped by ψ to the slice W × {cβα}. Since the tangent space to a slice in the
model space is simply the first factor, we have

Tuψ(TuLα) = F1 × {0F2}.

Consequently, the restriction of the tangent bundle of the foliation to the chart
neighborhood U satisfies

Tψ
(
D(Φ)|U

)
= (W ×O)×

(
F1 × {0F2}

)
.

The tangent bundle charts induced by the foliated atlas of M satisfy the subbundle
property by mapping each vector vm ∈ D(Φ)m to the pair (ψ(m),Tmψ(vm)) ∈
(W × O) × (F1 × {0F2}). Because the fiber F1 × {0F2} is a split subspace of
F1 ⊕ F2, the bundle D(Φ) is a split subbundle of M. It follows that the quotient
ν(Φ)m ∼= F2 is well-defined and inherits the structure of a Fréchet vector bundle
over M.

Lemma 3.8 (Slicing Property of Frobenius Charts). Let ψ : U → W ×
O ⊆ F1 × F2 be a Frobenius chart for the distribution D. Let S ⊆ U be a con-
nected Keller’s Ckc -submanifold, k ≥ 1, modeled on F1 such that for every p ∈ S,
the tangent space satisfies Tpψ(TpS) ⊆ F1 × {0F2}. Then there exists a unique
constant c ∈ O such that ψ(S) ⊆W × {c}.

P r o o f. Let Ŝ = ψ(S) ⊆ W × O. Since ψ is a homeomorphism and S
is connected, Ŝ is a connected subset of the product Fréchet space F1 × F2, and
since Ŝ is locally path-connected, it follows that Ŝ is path-connected.

Let Pr2 : F1×F2 → F2 be the canonical projection onto the second factor,
Pr2(x, y) = y. This is a continuous linear map, and its derivative at any point
(x, y) is simply the map itself, i.e., DPr2(x, y)(h1, h2) = h2. Now, take any two
points a, b ∈ Ŝ. There exists a piecewise Keller’s Ckc -curve γ : [0, 1]→ Ŝ such that
γ(0) = a and γ(1) = b. By the Fundamental Theorem of Calculus ([Proposition
1.1.3, [9]]) we have

Pr2(b)− Pr2(a) =

∫ 1

0
DPr2(γ(t))(γ′(t)) dt.
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By the hypothesis, the tangent vector to the curve γ′(t) must lie in Tγ(t)Ŝ. There-
fore, γ′(t) ∈ F1 × {0F2} for almost every t. Let γ′(t) = (v1(t),0F2). Substituting
this into the derivative of the projection implies

DPr2(γ(t))((v1(t),0F2)) = Pr2(v1(t),0F2) = 0F2 .

The integrand vanishes identically on [0, 1], thus Pr2(b) = Pr2(a). Since this
holds for any a, b ∈ Ŝ, the second coordinate must be constant across the entire
set Ŝ. 2

Proposition 3.9. Under the hypotheses of Theorem 3.6, the collection
of unique maximal connected integral manifolds Φ = {Lm}m∈M constitutes a
foliation of M.

P r o o f. By Theorem 3.6, for every m ∈ M, the leaf Lm is defined as the
set of points that can be joined to m by piecewise D-tangent Keller’s Ckc -curves.
This relation defines an equivalence relation on M where reflexivity is established
by the existence of constant curves γ(t) = m at every point. Symmetry is guar-
anteed because if p is connected to m, then the time-reversed curve γ(1 − t) is
also D-tangent, showing m is connected to p. Transitivity follows from the con-
catenation of curves γ ∗ σ as defined in the proof of Theorem 3.6, implying that
if p ∈ Lm and q ∈ Lp, then q ∈ Lm. As equivalence classes, the leaves Lm are
either disjoint or identical, and their union is M. Connectedness follows directly
from the path-reachability definition.

Let m ∈ M and choose a Frobenius chart (U, ψ) around m such that
Tψ(D|U) = F1×{0F2}. Let Lα be a leaf and (U∩Lα)β be a connected component
of its intersection with the chart neighborhood. We first show that (U ∩ Lα)β is
open in the leaf topology τ`. For any point p ∈ (U ∩ Lα)β, let y = (Pr2 ◦ ψ)(p)
and set Sp = ψ−1(W × {y}) be the local slice containing p. By the construction
of the leaf topology, Sp is an open neighborhood of p in (Lα, τ`) and satisfies
Sp ⊆ U ∩ Lα. Since Sp ∼= W is path-connected (and thus connected), it must be
contained within the same connected component of the intersection, i.e., Sp ⊆
(U∩Lα)β. Thus, every point in the component has a τ`-open neighborhood inside
the component, proving it is open in τ`.

Since (U∩Lα)β is an open subset of the integral manifold Lα, their tangent
spaces coincide at each point. Thus, for each p ∈ (U ∩ Lα)β, the tangent space
satisfies Tp(U ∩ Lα)β = Dp. In the Frobenius chart, this corresponds to the
following

Tpψ
(

Tp(U ∩ Lα)β
)

= F1 × {0F2}.
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By Lemma 3.8, there exists a unique cβα ∈ O such that the image of the component
is restricted to a constant F2-coordinate, i.e.,

ψ((U ∩ Lα)β) ⊆W × {cβα}.

Conversely, for any point p ∈ (U ∩ Lα)β, the slice Sp = ψ−1(W × {cβα}) (which
is the same for all points because the second coordinate is constant) is contained
in the component (U ∩ Lα)β, as shown when proving openness. We therefore
conclude the equality

ψ((U ∩ Lα)β) = W × {cβα}.

This means that (U, ψ) is a foliated chart for the collection Φ, and completes the
proof. 2

Theorem 3.10 (The Global Frobenius and Foliation Theorem). Let M
be a Keller’s Ckc -Fréchet manifold (k ≥ 2) and D ⊆ M a split subbundle that
satisfies the local well-posedness condition W at every point. Then the following
are equivalent :

(i) There exists a foliation Φ on M such that D = D(Φ).

(ii) D is integrable (every point m ∈ M is contained in a unique maximal
connected integral manifold Lm).

(iii) D is involutive.

P r o o f. (i) =⇒ (ii): The proof is standard; the leaves of the foliation
serve as the unique maximal connected integral manifolds.

(ii) =⇒ (iii): Let X,Y be local sections of D. For any m ∈ M, let Lm
be the unique integral manifold through m. Since X and Y are tangent to Lm,
their restriction to Lm are well-defined vector fields on the submanifold. Their
Lie bracket [X,Y ] restricted to Lm is therefore tangent to Lm, which implies
[X|m, Y |m] ∈ Dm.

(iii) =⇒ (i): This follows directly from Theorem 3.10. Since D is invo-
lutive and satisfies Condition W by the standing hypothesis, it admits Frobenius
charts, which define a foliation Φ such that D = D(Φ). 2

For the convenience of the reader, we present the following definitions,
following the treatment of general locally convex manifolds given in [11].

Definition 3.11. Let M be a Keller’s Ckc -Fréchet manifold modeled on
F and E be a Fréchet space. We denote by VkCc(M, E) the set of all Keller’s Ckc
sections of a vector bundle E → M. When E = TM, we write VkCc(M) instead of



290 K. Eftekharinasab

VkCc(M,TM). For an open set U ⊆ M, VkCc(U) denotes the space of Ckc sections
of the restricted tangent bundle TU.

(a) An E-valued Keller’s Ckc -p-form ω on M is a mapping that associates
to each x ∈ M a p-linear alternating map ωx : (TxM)p → E. We require that for
every local chart (U, ϕ), the local representation

U× (F)p → E, (x, v1, . . . , vp) 7→ ωx(v1, . . . , vp)

is a Keller’s Ckc -map. We denote by Ωp(M,E) the space of E-valued p-forms, and
by Ω(M,E) the graded space of all E-valued differential forms on M, and identify
Ω0(M,E) with the space C∞c (M,E).

(b) Let E1,E2,E3 be Fréchet spaces and β : E1 × E2 → E3 be a continuous
bilinear map. The wedge product

∧ : Ωp(M,E1)× Ωq(M,E2)→ Ωp+q(M,E3)

is defined point-wise by

(ω ∧ η)m(v1, . . . , vp+q)

:=
1

p!q!

∑
σ∈Sp+q

sgn(σ)β
(
ωm(vσ(1), . . . , vσ(p)), ηm(vσ(p+1), . . . , vσ(p+q))

)
.

(c) The definition of the exterior differential d: Ωp(M,E)→ Ωp+1(M,E) is
uniquely determined by property that for any open subset U ⊆ M and vector fields
X0, . . . , Xp ∈ Vk−1Cc

(U), the E-valued function (dω)(X0, . . . , Xp) ∈ Ck−1c (U,E) is
given by

(dω)(X0, . . . , Xp) :=

p∑
i=0

(−1)iXi

(
ω(X0, . . . , X̂i, . . . , Xp)

)
+
∑
i<j

(−1)i+jω([Xi, Xj ], X0, . . . , X̂i, . . . , X̂j , . . . , Xp).

Here, Xi(f) : M→ E is given by Xi(f) := Df ◦Xi, For a function f ∈ Ckc (M,E)
and a vector field X, we set X(f)(x) := Df(x)(X(x)) ∈ E.

(d) For any vector field Y ∈ Vk−1Cc
(M), the Lie derivative along Y is a

unique linear map given by

LY : Ωp(M,E)→ Ωp(M,E) (for k ≥ 2)
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(LY ω)(X1, . . . , Xp) := Y
(
ω(X1, . . . , Xp)

)
−

p∑
j=1

ω(X1, . . . , [Y,Xj ], . . . , Xp).

Here ω ∈ Ωp(M,E) and vector fields X1, . . . , Xp ∈ Vk−1Cc
(U). Furthermore, for

each vector field X ∈ Vk−1Cc
(M) and p ≥ 1, there exists a unique linear map

iX : Ωp(M,E)→ Ωp−1(M,E)

(iXω)x(v1, . . . , vp−1) := ωx(X(x), v1, . . . , vp−1),

where v1, . . . , vp−1 ∈ TxM. For a 0-form ω ∈ Ω0(M,E) = Ckc (M,E), we define
iXω := 0.

For an E-valued p-form ω ∈ Ωp(M,E) and vector fields X0, . . . , Xp ∈
Vk−1Cc

(M), the exterior derivative is given by

(dω)(X0, . . . , Xp) :=

p∑
i=0

(−1)i(LXiω)(X0, . . . , X̂i, . . . , Xp)

(3.8)

+
∑
i<j

(−1)i+j+1ω([Xi, Xj ], X0, . . . , X̂i, . . . , X̂j , . . . , Xp).

The proof of this identity is standard and proceeds by induction on p and the
application of Cartan’s Magic Formula LXω = (iX ◦ d + d ◦ iX)ω.

Next we reformulate the Frobenius theorem in terms of differential ideals.
Let ω ∈ Ω2(M,E) and assume that Eω = {v ∈ TM | ivω = 0} is a subbundle of
TM. If X,Y ∈ Vk−1Cc

(M, Eω) are two sections of Eω, then

i[X,Y ]ω = LXiY ω − iY LXω = −iY (diXω + iXdω) = iXiY dω.

This identity shows that if dω = 0, then X,Y ∈ Vk−1Cc
(M, Eω) implies that

[X,Y ] ∈ Vk−2Cc
(M, Eω), and so Eω is involutive. For any subbundle E ⊆ TM,

the p-annihilator of E, denoted E0(p), is defined as the subspace of global p-
forms that vanish when evaluated on vectors in E:

E0(p) = {α ∈ Ωp(M,E) | α(m)(v1, . . . , vp) = 0E, ∀v1, . . . , vp ∈ Em, ∀m ∈ M} .

For each p ≥ 0, E0(p) is a linear subspace of Ωp(M,E) consisting of those forms
that vanish when evaluated on smooth vector fields in V∞Cc(M, E). The direct
sum

I(E) =
⊕
p≥0

E0(p)
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is an ideal of Ω(M,E) in the sense that it is a graded Ω(M,R)-submodule: if
ω1, ω2 ∈ I(E) and ρ ∈ Ω(M,R), then ω1 + ω2 ∈ I(E) and ρ ∧ ω1 ∈ I(E).

For an open subset U ⊆ M, we define the subspace of E-valued p-forms
annihilating the subbundle E by

E0(p)(U) :=
{
α ∈ Ωp(U,E) | α(X1, . . . , Xp) = 0, ∀X1, . . . , Xp ∈ V∞Cc(U,E)

}
.

Proposition 3.12. A subbundle E ⊆ TM is involutive if for every open
subset U ⊆ M, the exterior derivative maps the local annihilator of E into the
next degree, i.e.,

d
(
E0(1)(U)

)
⊆ E0(2)(U).

Furthermore, if E is involutive, then ω ∈ E0(p)(U) implies dω ∈ E0(p + 1)(U),
so that dI(E|U ) ⊆ I(E|U ).

P r o o f. Assume that d
(
E0(1)(U)

)
⊆ E0(2)(U) for an open set U ⊆ M.

Let X,Y ∈ V∞Cc(U,E) and α ∈ E0(1)(U). By (3.8), we have

dα(X,Y ) = LX(α(Y ))− LY (α(X))− α([X,Y ]).

Since α annihilates E, α(X) = 0 and α(Y ) = 0 identically on U . Thus,
dα(X,Y ) = −α([X,Y ]). Our assumption implies dα(X,Y ) = 0, yielding
α([X,Y ]) = 0 for all α ∈ E0(1)(U). Assuming the annihilator forms sepa-
rate points (which holds for closed subbundles in Fréchet spaces), this yields
[X,Y ] ∈ V∞Cc(U,E). Hence, E is involutive.

Now, assume E is involutive and let ω ∈ E0(p)(U). Then

dω(X0, . . . , Xp) =

p∑
i=0

(−1)iLXi
(
ω(X0, . . . , X̂i, . . . , Xp)

)
+

∑
0≤i<j≤p

(−1)i+jω([Xi, Xj ], X0, . . . , X̂i, . . . , X̂j , . . . , Xp).

In the first sum, each evaluation of ω has p arguments belonging to E, so it
vanishes because ω ∈ E0(p)(U). In the second sum, since E is involutive, the
bracket [Xi, Xj ] ∈ V∞Cc(U,E). Thus, every evaluation of ω again involves p vector
fields in E, causing the entire sum to vanish. Therefore, dω(X0, . . . , Xp) = 0,
which means dω ∈ E0(p+ 1)(U). 2

Corollary 3.13. Let D ⊆ TM be a split tangent subbundle of a Keller’s
C∞c -Fréchet manifold M modeled on F = F1 ⊕ F2. Assume that for every open
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subset U ⊆ M, the exterior derivative maps the local annihilator of D into the
next degree :

d
(
D0(1)(U)

)
⊆ D0(2)(U).

If D satisfies the local well-posedness condition W in Definition 3.2, then D is
integrable.
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