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ABSTRACT. The paper presents results about strong metric subregularity
of the optimality mapping associated with the system of first order neces-
sary optimality conditions for a problem of optimal control of a semilinear
parabolic equation. The control has a predefined spacial distribution and
only the magnitude at any time is a subject of choice. The obtained condi-
tions for subregularity imply, in particular, sufficient optimality conditions
that extend the known ones.

The paper is complementary to a companion one by the same authors,
in which a distributed control is considered.

1. Introduction. Let T'€ R and let Q C R™, 1 < n < 3, be a bounded
domain with Lipschitz boundary 9€2. Denote by @ := £ x (0,T) the space-time
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cylinder and by ¥ := 90Q x (0,7 its lateral boundary. In the present paper, we
investigate the following optimal control problem:

(1.1) (P) min{J(u) ::/Q[Lo(x,t,y(x,t))—l—<L1(x,t,y(x,t)),u(t)>]dxdt},

ueU
subject to

(1.2) % + Ay + f(z,t,y) = (g(x),u(t))  n Q,

y=0onX, y(,0)=uyo on 2.

Here y : @ — R is the state, u : [0,7] — R™, is the control, m € N, (-,-) is the
scalar product in R™, the functions Lg, L1, f, g are of corresponding dimensions,
A is an elliptic operator. Moreover, g := (g1,...,gm) with g; € L%(12) satisfies
supp(g;) Nsupp(g;) = 0 for all 4,5 = 1,...,m, i # j and meas(supp(g;)) > 0 for
at least one . The set of admissible controls is

(1.3) U:={ue L>®0,7)"| ug; <uj <up; forae. tel0,T], 1<j<m},

where ug, uy € L(0,T)™ and uq,;(t) < up;(t) a.e. in [0,T], 1 < j < m.

In the stability analysis and for approximation methods for optimization
problems, in general, an important role is played by several regularity properties
of the system of first order necessary optimality conditions, see e.g. [16]. The
Strong Metric subRegularity (SMsR) property, [16, 13], of the mapping associ-
ated with this system, the so-called optimality mapping, is especially relevant
to the analysis of numerical methods. This property of the optimality mapping
associated with problem (1.1)—(1.3) is the subject of investigation of the present
paper.

Sufficient conditions for the SMsR property are usuallly formullated as
strong positive definitness (coercivity) of the second derivative of the objective
functional with respect to feasible control variations (or on the so-called critical
cone) with respect to the L*-norm of the controls. Conditions of this type are also
sufficient for optimality. In the paper, we present several sufficient conditions for
SMsR of the optimality mapping of problem (1.1)—(1.3), combining in a unified
way strong and weak coercivity requirements relative to the L*-norm. Due to the
affine structure of the problem with respect to the control, the conditions involve
simultaneously the first and the second derivative of the objective functional.
The importance of including the first derivative in the coercivity condition in
L' is known from the existing works on ODE affine optimal control problems
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(see e.g. [17]): . Moreover, the coercivity condition involves not only a quadratic
function of the L'-norm of the control variation; instead it involves a more general
homogeneous function of second order jointly depending on the control and the
corresponding state variation, therefore we call it “unified”.

The sufficient conditions for SMsR are proved in the paper to imply suf-
ficiency of the first order optimality condition (the Pontryagin principle). More-
over, these conditions are then equivalently reformulated in terms of several “crit-
ical cones” that appear in the literature (see e.g. [3]), showing the generality of
the former.

In the recently submitted companion paper [15], we consider a similar
problem where the control, u(z,t), depends on the spacial position z and the
time. In the present paper, following [5], the control function u(t) depends only
on the time, and each control component w;(t) has a fixed spacial distribution
given by the function g;(x), j = 1,...,m. For reader’s convenience, here we
repeat several auxiliary results from [15] in a slightly modified form. The main
results—the strong subregularity theorems in Section 5—are also similar to the
ones in [15]. However, there are important differences: (i) the objective functional
is more general (in the companion paper, it is essential that the function L; in the
objective functional is affine in y or even independent of y in some of the results);
(ii) the hierarchy of the sufficient conditions for optimality and subregularity
introduced in Section 4 is similar to that in the elliptic case. However, this
hierarhy is not true for parabolic problems with controls depending on space and
time; (iii) in contrast to the present paper, several of the results about SMsR
in [15] have the weaker form of Holder SMsR. We refer to the companion paper
[15] for comprehensive discussions about the relationship between conditions for
SMsR, second order sufficient optimality conditions, and stability analysis of
optimal control problems for elliptic and parabolic equations, which we do not
repeat here.

The optimal control problem considered in this paper resembles the one
in [6]1. First order Pontryagin type necessary optimality conditions, as well
as second order sufficient optimality conditions for strong local minimum, are
established in this paper. In the present paper, we build upon a priori estimates
for the linearized states established in [6] and study metric subregularity of the
optimality mapping, hence also stability of the solution.

The paper is organized as follows. Section 2 presents notations, assump-
tions and known facts about semilinear parabolic equations. Preliminary results

'We are thankful to Eduardo Casas, who brought to our attention the problem with control
depending only on time.
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about the optimal control problem (1.1)—(1.3) are given in Section 3. The uni-
fied conditions for SMsR are introduced in Section 4 and their sufficiency for
optimality is discussed. Section 5.2 presents the main results — two theorems
claiming that SMsR property of the optimality mapping holds under several sets
of conditions. Some technical auxiliary results and proofs are given in Appendix.

2. Notations, assumptions, and known facts. We begin with
some notations and definitions. Given a non-empty, bounded and Lebesgue mea-
surable set 2 C R", we denote by LP(Q2), 1 < p < oo, the Banach spaces of all
measurable functions 2 — R for which the usual norm || - ||zr(q) is finite. For
a bounded Lipschitz domain Q@ C R™ (that is, a set with Lipschitz boundary),
the Sobolev space H3(f2) consists of all functions @ — R that have weak first
order derivatives in L?(2) and vanish on the boundary of © (in the trace sense).
The space H}(Q) is equipped with its usual norm denoted by || - || i) By
H1(Q) we denote the topological dual of H}(Q), equipped with the standard
norm || - || g-1(q). Given a real Banach space Z, the space L”(0,T; Z) consist of
all strongly measurable functions y : [0,7] — Z that satisfy

1

T 1
Wlworn = ([ o) <o it 1<p<x,

lyllLeor; z) == Inf{M eR | [lyt)l|z <M forae te(0,T)} < oo.

The Hilbert space W (0,T) consists of all functions in L*(0,T; Hg()) that have
a distributional derivative in L?(0,T; H~'(f)), that is

W (0,T) := {y € L*(0,T; H}(Q)) % e L?(0,T; Hl(Q))},

and is endowed with the norm
lyllw o) = ll20,7;m2 @) + 109/ 0t L2(0,7;1-1(02)) -

The Banach space C([0, T]; L*(R2)) consists of all continuous functions y : [0, 7] —
L*(Q) and is equipped with the norm H%a)T(} ly(#)l| L2y~ It is well known that
telo,

W(0,T) is continuously embedded in C([0,T]; L*(2)) and compactly embedded
in L*(Q). We use the notation (-,-)x for the duality pairing between a Banach
space X and its dual.
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The following assumptions, close to those in [2, 3, 5, 6, 8, 10, 11, 12] are
standing in all the paper.

Assumption 1. The operator A : Hy(Q) — H (), is given by

Zax Qg5 x)y

i,5=1

where a; j € L™ (Q) satisfy the uniform ellipticity condition

Iaa>0: Agle]? < Zau 2)&€; VEER™ and a.a. x € Q.
1,j=1

The matriz with components a; ; is denoted by A.

Assumption 2. For every y € R, the functions f(-,-,y) € L"(Q),
LO('7'7y) € Ll(Q)! Ll,j('7'7y) € Ll(Q) 1 S j S m, and Yo € LOO(Q)7 where
r is a real number satisfying the inequality

(2.1) T>max{2,1—|—g}.

We remark that the constraint r > 1+ n/2 on the number appearing thought the
paper, is used to guarantee the boundedness of solutions to the PDEs. We use
(2.1) to fix a number r that is feasible for all dimensions n € {1,2,3}. For a.e.
(x,t) € Q the first and the second derivatives of f,Lo and Ly ; with respect to
y exist and are locally bounded and locally Lipschitz continuous, uniformly with

g(m,t,y) > 0 for a.e. (x,t) € Q and for all

respect to (x,t) € Q. Moreover, 3
Yy

y e R.

Next, for the reader’s convenience, we remind some facts about linear and
semilinear parabolic equations.

By definition, the function y is a weak solution of the semilinear parabolic
initial-boundary value problem (1.2) if y € W(0,7T) with y(-,0) = 0, and

T T

for all ¢» € L2(0,T, H3(Q)), where h(z,t) := (g(z), u(t)).
A proof of the next theorem can be found in [3, Theorem 2.1].
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Theorem 1. For any u € L*(0,T)™ the initial-boundary value problem
(1.2) has a unique weak solution y,, € W(0,T). Ifu e L"(0,T)™ (see (2.1)) then
yu € W(0,T)NL>®(Q). Moreover, there exists a positive constant D,., independent
of u, g, f and yo, such that

(2.3) Myullzz0.7;m1 @) + 1yulle @)

< Dy (I{u, )@y + I1F G 0l r ) + HZ/OHLOO(Q))-
Finally, if up, — u weakly in L"(Q), then

(2.4) 1y, = vulloe (@) + 1Yur, — vull 20,7503 (02)) = 0-

Below we remind some results concerning the linearized version of (1.2)
and its adjoint equation.

We consider weak solutions (in the same sense as above) of the following
linear parabolic equation:

9
(2.5) ot
y=0on%, y(-,0)=yo on Q.

+Ay+ay=h in Q,

Lemma 2. Let 0 < a € L>(Q) be given.

1. For each h € L*(Q) equation (2.5) has a unique weak solution y, € W(0,T).
Moreover, there exists a constant Co > 0 independent of h and o such that

(2.6) lynllLz0,r,m1 @) < Callbllr2(@)-

2. If, additionally, h € L"(Q) (we remind (2.1)) and yo € C(Q), then the weak
solution yp, of (2.5) belongs to W(0,T) N L>(Q). Moreover, there exists a
constant C, > 0 independent of h and o such that

(2.7) lynll 20,713 () + 19nllL=(@) < CrllhllLr(@)-

All claims of the lemma are well known, see [22, Theorem 3.13, Theorem
5.5] for the first statements of the two items; for a proof of the independence of
the constants Cy and C, on « see [2] for a linear elliptic PDE of non-monotone
type, and [15] for the parabolic setting.

The differentiability of the control-to-state operator under Assumptions
1 and 2 is well known, see [6, Theorem 2.4].
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Theorem 3. Let ¢ > 1. The control-to-state operator G : L4(0,T)™ —
W(0,T) N L¥(Q), given by G(u) := yu, is of class C* and for every u,v,w €
L(0,T), it holds that zy, := G'(u)v is the solution of
%—F.Az—l-f(mty )z = (g,v) in Q
(28) dt y\LHy by Yu ; ;

z2=0 on X, 2(-,0) =0 on Q,

and Wy, (v = G" (u)(v,w) is the solution of

dw
(2.9) dt
w=0 on X, w0 =0 onQ.

+ Aw + fy(xatvyu)w = _fyy(xatayu)zu,vzu,w in Q,

Lemma 4 ([6, Lemma 2.5]). Let ag € L™(Q), v € L'(0,T)™, and let
z € L™(0,T; L*(Q)) N L*(0,T; H} (Q)) be the solution of

4l .

— tAy+a = (g(x), u(t n Q,
010 % 1 Ay + ooy (o) u(t)) in @

y= 0 on Za y('v 0) = %o on €.

Then, the following inequality holds:

(211 lellzeorizae) < 2exp(llaolle@T) max lgjllra@ vl o)

Remark 1. By the boundedness of i/ in L°°(0,7")™ and Theorem 1, there
exists a constant M, > 0 such that

(2.12) masc{]|ull o . rym s [yl oo (@)} < My Vu € U.

The estimates in the next lemma constitute a key ingredient to derive
stability results in the later sections. It extends [2, Lemma 2.7| from elliptic
equations to parabolic ones and was proved in [15].

Lemma 5 ([15, Lemma 5]). The following statements are fulfilled.

(i) There exists a positive constant My such that for every u,u € U and v €

L'(Q)

(2.13) 2w = za0ll22(Q) < Mallyu — valle@yllzavll L2(Q)-
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(i1) Let X = L™®(Q) or X = L*(Q). Then there exists € > 0 such that for every
u, W € U with
1Y — yallL= (@) < € the following inequalities are satisfied

(2.14) lyu = vallx < 2l|zau—allx < 3[lyu — valx,

(2.15) lza.0llx < 2llzuvllx < 3[lzallx-

3. The optimal control problem. The optimal control problem
(1.1)—(1.3) has a global solution due to the linearity with respect to the control,
the convexity and closedness of the set of admissible control values, and Theorem
1 (see e.g. [22, Theorem 5.7]). On the other hand, the semilinear state equation
makes the optimal control problem possibly nonconvex, therefore it may have
local minimizers. We recall the following definitions of local optimality.

Definition 1. The control @ € U is called weak local minimizer of problem
(1.1)—(1.3), if there exists a number € > 0 such that

J(u) < J(u) VuelU with [[u —al[r1orym <&
u € U is called strong local minimizer of (P) if there exists ¢ > 0 such that
J(u) < J(u) VueU with [y, — yallL~(Q) < &

Moreover, @ € U is called strict (weak or strong) local minimizer if the above
inequalities are strict for every admissible u # .

Due to the boundedness of the set of admissible control values, one can
equivalently replace the inequality |lu — |19 r)m < € in the definition of weak
local optimality with ||u — | za(o,r)m < €, where ¢ is any (finite) number > 1 (see
[3, Lemma 2.8]).

The analysis below involves first and second order optimality conditions
for problem (1.1)—(1.3). Further, we use the abbreviation

L(ﬂ%t,y,u) = L()(.I‘,t,y) + (Ll(x,t,y),u>.

The next theorem provides a basis for obtaining such conditions. It is a conse-
quence of Theorem 3 and the chain rule, and adapts [6, Theorem 2.7] to the more
general objective functional considered in the present paper.
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Theorem 6. Given, ¢ > 1, the functional J : LY(0,T)™ — R is of class
C2%. Moreover, given u,v,vy,vy € L1(0,T)™ we have

.0 T = [ (Tt (T ) ) ) 2+ (Lot o) o

o\ dy dy
(3.2) — [ ug+ Lilantign) o) dod,
Q
9%L 0% f
" _ v oy =
(33) J (’U,) (/Ulu 7)2) - /Q |:ay2 (1:7 ta Yu, ’LL) DPu 8y2 (.’E, t7 yu)i| Zu,v1 AU, dzr dt
0Ly
(3.4) + /Q <d—y(:v, tyYu), V22y0; + vlzu,y2> dx dt,

Here, p,, € W(0,T) N C(Q) is the unique solution of the adjoint equation

s ap+ Dty = 20 oL, |
(3.5) at TAPY dy (@8 9u)p = dy (@, yu) + < dy (a:,t,yu)7U> in Q,

p=0on%, p(-,7)=0 on Q,

where A* is the adjoint operator to A.

We introduce the Hamiltonian
QXRxRxR"™ > (x,t,y,p,u) — H(x,t,y,p,u) € R
in the usual way:

H(z,t,y,p,u) := L(z,t,y,u) + p((u, g) — f(z,t,9)).
We denote the derivative at @ in direction v € L"(0,7)™ of H by

o (0 1,5.0.1)(0) = (L, 1,5) + Pl (), (1)

H H H
and further abbreviate %—u(ac,t) = %—u(az,t,y,p, u). Notice that %—u(az,t,y,p,u)

is actually independent of the last argument. The Pontryagin type necessary
optimality conditions for problem (1.1)-(1.3) appearing in the next theorem are
well known (see e.g. [3, 6, 22]). For a problem with controls depending only on
time, we refer to [6, Theorem 3.3].
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Theorem 7. If u is a weak local minimizer for problem (1.1)-(1.3), then
there exist unique elements y,p € W(0,7) N L*>(Q) such that

] _
— + Ay + f(z,t,9) = (4, 9) in Q,
(3.6) dt
g=0onX%, y(-,0) =y on
dp _ OH o
——+A* — a5 x7t7y7p7u ZnQ’
F=0onX, p(-T) =0 onQ
o0H o _ ;
68) [ Getgp sy - n) 20 e (L. m)
Q ouj

Vu; € [uq,j,up ], and for a.e. t € [0,T].

As a consequence of (3.7), for any triplet (y,p,u), j € {1,...,m} and for
a.e. t € [0, it holds that

i
s (t) i /a—(x,t)dx>0,
03

Uj

. oH
up(t) if /Qa—uj(x,t)dx<0.

4. Sufficient optimality conditions. In this section, we present a
second order sufficient optimality condition, which is a version of [15, Assump-
tion 3] adapted to the case of controls depending only on time. Below, u is an
admissible reference control and ¥ is an element of W (0,7)NL*>(Q) (presumably
the solution of (1.2)).

Assumption 3. For a number k € {0,1,2}, at least one of the following
conditions s fulfilled:

(Ag) : There exist constants oy, vy, > 0 such that
(4.1) J'(@)(u = a) + J" (@) (u = @) = el zau—all Foqllu = @l T2 7ym

for all w € U with ||yu — Yl p=(@) < k-

(Bk) : There exist constants ay,J, > 0 such that (4.1) holds for all w € U such
that ||U - aHLl(O,T)m < dk
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Assumption 3 (Bp) was first introduced in [18] in the ODE optimal con-
trol context, and was extended to parabolic PDEs in [2], where also (Ag) was
introduced.

As it is proved in [15, Proposition 8|, for any k € {0, 1,2}, Assumption
(Ag) implies (By); if @ is bang-bang (that is, u(t) € {uq(t),up(t)} for ae. t €
[0,77]) then assumptions (Ay) and (By) are equivalent.

Next, we obtain growth estimations for the objective functional, which
show, in particular, that assumptions 3(Ay) and (By) are sufficient either for
strict weak or strict strong local optimality, correspondingly.

Theorem 8. The following statements hold.

1. Let the function L1 in the objective functional be independent of y. Let
u € U satisfy the optimality conditions (3.6)—(3.8) and Assumption 3 (Ag)
with some k € {0,1,2}. Then, there ezist e,k > 0 such that:

_ K _ 12—
(42) 7@) + = Tl gy a2l 1y < T0)
for all uw € U such that ||y, — yllr=(q) < ek-

2. Let the function Ly in the objective functional be affine with respect toy. Let
u € U satisfy the optimality conditions (3.6)—(3.8) and Assumption 3 (By)
with some k € {1,2}. Then, there exist ey, ki > 0 such that (4.2) holds for
all w € U such that |[u — @1 rym < g

3. Let u € U satisfy the optimality conditions (3.6)—(3.8) and Assumption
3(By). Then, there exist €g,k9 > 0 such that (4.2) holds for all u €
U such that ||u — |1 orym < €o-

A proof of Theorem 8 in case of a less general objective functional can
be found in [15]. It is a consequence of the next two lemmas, which will be
used also in Section 5. The first of them has been proved for various types of
objective functionals, see e.g. [8, Lemma 6],[7, Lemma 3.11] or [15, Lemma 10].
Due to the more general objective functional in the present paper and for readers’
convenience we present a proof in the Appendix.

Lemma 9. Let u € U. The following holds.

1. For every p > 0 there exists € > 0 such that
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(4.3)

(4.4)
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" (@ + 0(u— ) = J"(@)])(w — @)*| < pllu— @l 71 7ym

holds for all w € U with ||u — @l||g1orym < € and every 6 € [0, 1].

. Let the function Ly in the objective functional be affine with respect to y.

For every p > 0 there exists € > 0 such that

" (@ + 0(u— @) = J"(@)](w — 0)°| < plleau-all?2 )

holds for all w € U with ||u — @1 rym <€ and 0 € [0,1].

. Let the function L1 in the objective functional be independent of y. For

every p > 0 there exists € > 0 such that (4.4) holds for all w € U with
|yu — Ul Lo (@) < € and 0 € [0, 1].

The next lemma shows that Assumption 3 implies a growth similar to

(4.2) of the first derivative of the objective functional in a neighborhood of .

(4.5)

Lemma 10. The following claims are fulfilled.

. Let the function L1 in the objective functional be independent of y. Let u

satisfy assumption (Ayg), for some k € {0,1,2}. Then, there exist ay, 7y > 0
such that

_ _ k —112—k
I (u)(u — ) > 7k||Zﬂ,u—ﬂHL2(Q)HU - u”%l(O,T)m
for every u € U with ||yu — §ll pe (@) < k-

Let the function L1 in the objective functional be affine with respect toy. Let
u satisfy assumption (By) for some k € {1,2}. Then, there exist ay, vy, > 0
such that (4.5) holds for every u € U with ||u — @l 1o, rym < Q.

. Let u satisfy assumption (By). Then, there exist &g,y > 0 such that (4.5)

holds for every u € U with ||u — || p1 o rym < Q0.

Reformulations of Assumption 3 using cones. We recall that

some of the items in Assumption 3 can be formulated equivalently by restricting
the admissible control variations v = u — u to appropriate cones. This applies to
(Bg) or to (Ag) depending on whether the objective functional explicitly depends
on the control or not.
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Obviously any admissible control variation v = u — 4, u € U, satisfies the
conditions

(4.6) ve L*0,7)™, w;(t) >0 whenever @;(t) = ug,;(t) and v;(t) <0
whenever 1;(t) = up ;(t).
Then, for 7 > 0 define

(4.7) D := {’U € L*(0,T)™|v satisfies (4.6) and v;(z,t) = 0
oH
if ‘a—uj(x,t)‘ S7,1<j< m}

(48) GT = {v c L2(0,T)m(v satisfies (4.6) and J'(@)(v) < THZE,UHLI(Q)},

(4.9 EI .= {v € L2(0,T)m‘v satisfies (4.6) and J'(u)(v) < THZQ’U||L2(Q)},

(4.10) CT:=DINGT.

The cones D}, E7 and G, were introduced in [4, 8] as extensions of the usual
critical cone. Most recently, the cone C} was defined in [3] and also used in [5].
In the ODE control literature, a cone similar to D has been in use for a long
time, see [19].

Theorem 11. 1. For k € {0,2}, Assumption 3 (By) is equivalent to
the following condition (By): there exist constants ag,Yg, T > 0 such that

411)  J@(u—a) + J"(@)(u—0)° = wllzau-alli2g)le = @75 ryms
for all w e U for which (u —u) € Df and [|u — |1 1ym < .

2. Let the function L1 in the objective functional be independent of y, then
Assumption 3 (Ag) is equivalent to the following condition (As): there exist
constants ag,vs, T > 0 such that

(4.12) J’(ﬂ)(u —a)+ J”(ﬂ)(u — ’I_L)Q > ’YQHZ{L’U_Q]H%Q(Q)

for all w € U for which (u —u) € CF and |[yy — Yl 1 (q) < a2-
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The proof goes along the lines of [15, Corollary 14,15].

By Theorem 8, the conditions (4.11) and (4.12) constitute sufficient con-
ditions for strict weak or strong local optimality.

Sufficient second order conditions for (local) optimality based on (4.6)—
(4.10) are given in [6, 3, 8]. For instance, it was proved in [4, 7, 8] that the
condition:

(4.13) 30> 0,7 >0 such that J"(wpv? > dl|zal2sg) VoG

is sufficient for weak (in the case G = D]) or strong (in the case G = EJ)
local optimality in the elliptic and parabolic setting. It was proven in [3], that
(4.13) with G = (7 is sufficient for strong local optimality. To obtain and
improve stability results, an additional assumption is usually imposed, called the
structural assumption. Adapted to the problem considered in this paper, it reads

H
(4.14) 3k > 0 such that meas {t €10,7] : ‘/ %(m,t) dx‘ < E} < ke
Q Ut

Ve>0, 7=1,...,m.

It is known that the assumption (4.14) implies that @ is of bang-bang type and
the existence of a constant & > 0 such that the following growth property holds:

(4.15) T (@)(u—a) > &llu— all3 g pym Vu€U.

For a proof see [1], [17] or [21]. For stability results under these and additional
conditions, see [7, 8, 10, 20, 11, 12, 15].

Remark 2. We compare the items in Assumption 3 to the ones using
(4.13) and (4.14).

1. Assumption 3(Ap) is implied by the structural assumption (4.14) and pos-
sible negative curvature as in [11, 12]. For details see [14, Theorem 6.3].

2. Assumption 3(A;) is implied by the structural assumption (4.14) together
with ~
J"(w)(u —u)® > —dlzau—allL2@)llu — @l L1 0, 1ym
for all v € U and any 6>0 sufficiently small. This is clear by Lemma 4
and (4.15).

3. By item two in Theorem 11, Assumption 3(Az) is implied by (4.13).
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5. Strong metric subregularity and auxiliary results. In this
section we study the strong metric subregularity property (SMSr) of the opti-
mality mapping (see, [16, Section 3I] or [13, Section 4]), beginning with a precise
definition of the latter.

5.1. The optimality mapping. We begin by defining some mappings
used to represent the optimality map in a convenient way. This is done by a sight
modification of [14, Section 2.1] and [15, Section 4.1]. Given the initial data yqg
in (1.2), we define the set

(61) D) ={yewO.1)NI=@Q)| (5 +A)y e I'(@).u0.0) = o}

d
To shorten notation, we define £ : D(L) — L"(Q) by L := p + A. Additionally,

we define the mapping £* : D(L*) — L"(Q) by L* := (—% + A*), where

D(L*) = {p e W(0,T) N L‘X’(Q)‘ ( - % + A*)p e L'(Q),p(-,T) = o}.

With the mappings £ and L£*, we recast the semilinear state equation
(1.2) and the linear adjoint equation (3.7) in a short way:

Ly = <u79> - f(7 '7y)7

. 0L of _ 9H
[’p_ay(77yu7u) pay(77yu)_ ay(77yu7p7u)°

The normal cone to the set U at u € L' (0, 7)™ is defined in the usual way:

T

{Z/ELOO(O,T)m|/ viv—u)dt <0 Ywel} ifuel,
0

0 ifudU.

Ny(u) ==

The first order necessary optimality condition for problem (1.1)—(1.3) in Theorem
7 can be recast as

0 = ‘Cy"i'f('v')y)_ <u>g>

. oH
(52) 0 = L D — 8—y(7 Y, D, U),

H
0 € /a—u,-,y,p,u)dxwu(u)-
QO 8’LL



170 A. D. Corella, N. Jork, V. M. Veliov

For (5.2) to make sense, a solution (y,p,u) must satisfy y € D(L), p € D(L")
and u € U. For a local solution @ € U of problem (1.1)-(1.3), by Theorem 7, the
triple (ya, pa, @) is a solution of (5.2). We define the sets

(5.3)  Y:=D(L)xD(L*)xU and Z:=L*Q) x L*(Q) x L>=(0,T)™,
and consider the set-valued mapping ® : J — Z given by

£y+f('>'7y) - <U,g>

y _om
(54.) P p = L b= a—y(a '7y7p7u)
U OH

—(l‘, Y, D, U) dz + NZ/{(U)

) 8u

With the abbreviation ¢ := (y,p,u), the system (5.2) can be rewritten as the
inclusion 0 € ®(¢)). Therefore, the mapping ® : ) — Z is called the optimality
mapping of the optimal control problem (1.1)-(1.3). Our goal is to study the
stability of system (5.2), or equivalently, the stability of the solutions of the
inclusion 0 € ®(¢) under perturbations. For elements £,n € L"(Q) and p €
L*°(0,7)™ we consider the perturbed system

5 = _£y+f(7>y)_<g>u>7
. OH
(55) n o= _£p+a—y('7'ay>pau)v
OH

p € (xa'vyvp)dx—i_NU(u)a

(e} 8’LL
or equivalently, the inclusion ¢ € ®(v), where ¢ := (£, 7, p) € Z.

The next theorem is a consequence of the fact that (5.5) represents the
Pontryagin maximum principle for an appropriately perturbed version of problem
(1.1)-(1.3), for which a solution exists by the same argument as in the beginning
of Section 3.

Theorem 12. For any perturbation ¢ = ({,n,p) € L' (Q) x L"(Q) x
L°°(0,T)™ there exists a triple v := (y,p,u) € Y such that ¢ € ().

Given a metric space (X, dy), we denote by Bx(c,«) the closed ball of
radius a > 0 centered at ¢ € X. The spaces ) and Z, introduced in (5.3), are
endowed with the metrics

(5.6)  dy(¥1,v2) = |ly1 — v2llr2@) + Ip1 — P2ll22() + w1 — w2l 0,1ym,
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dz(C1,C2) = &1 — &llz2@) + Im — m2llz2@) + llp1 — p2ll oo 0,7ym s
where ¢; = (yi,pi,wi) and ¢ = (&, M, pi), © € {1,2}. Further on, we denote
1/} = (yﬂupﬂna)'

The following extension of the previous theorem can be proved along the
lines of [14, Theorem 4.12].

Theorem 13. Let Assumption 3(Ag) hold. For each ¢ > 0 there exists
d > 0 such that for every ( € Bz(0;0) there exists 1p € By(v;¢) satisfying the
inclusion ¢ € ®(1).

5.2. Strong metric subregularity: main result. This subsection con-
tains one of the main results in this paper: estimates of the difference between
the solutions of the perturbed system (5.5) and a reference solution of the unper-
turbed one, (5.2), by the size of the perturbations. This will be done using the
notion of strong metric subregularity recalled in the next paragraphs.

Definition 2. Let v satisfy 0 € ®(¢)). We say that the optimality map-
ping ® : Y — Z is strongly metrically subregularity (SMsR) at (¢, 0) if there exist
positive numbers a1, as and k such that

dy(wv QZ) < HdZ(Cv 0)
for all ¢ € By(v; a1) and ¢ € Bz(0; ay) satisfying ¢ € ®(1).

Notice that applying the definition with ¢ = 0 we obtain that 1 is the
unique solution of the inclusion 0 € ®(v)) N By(3; ay). In particular, 4 is a strict
local minimizer for problem (1.1)-(1.3).

In the next assumption we introduce a restriction on the set of admissible
perturbations, call it I', which is valid for the remaining part of this section.

Assumption 4. For a fized positive constant Cpe, the admissible pertur-
bation ¢ = (§,n,p) € I' C Z satisfy the restriction

(5.7) 1€l (@) < Cpe-

For any u € U and { € I" we denote by (yg,pg,u) a solution of the first
two equations in (5.5). Using (2.3) in Theorem 1 we obtain the existence of a

constant K, such that
(5.8) ISl (@) < Ky Yuel V¢ eT.

Then for every u € U, every admissible disturbance (, and the corresponding
solution y of the first equation in (5.5) it holds that (y5(z,t),u(t)) € R :=
[— Ky, Ky] X [ua, up]™.
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Remark 3. We apply the local properties in Assumption 2 to the inter-
val [~ Ky, K|, and denote by C' a constant that majorates the bounds and the
Lipschitz constants of f, Ly and L; and their first and second derivatives with
respect to y € [—K,, K,].

By increasing the constant K, if necessary, we may also estimate the
adjoint state:

195l (@) < Ky(L+ Inllzr@) Yu€eU V¢ eT.

0 OL
This follows from Theorem 2 with o = —8—f(a:,t,y7§) and with a—(m,t,yg,u) at
Y Y

the place of wu.
The main result of this the paper follows.

B Theorem 14. Let Assumption 3 (By) be fulfilled for the reference solution
Y = (y,p,u) of 0 € ®(¢). Then the mapping P is strongly metrically subregular

at (1,0). More precisely, there exist ay, Kk, > 0 such that for all v € Y with
|lu —al[r10rym < an and ¢ € T' satisfying ¢ € ®(v), the following inequality is
satisfied:

(5.9) @ —ullriq) + lva — v5llr2@) + Ipa — P52 @)
< i (max [loyllz= o) + 1€l2@) + Il 2

To prove Theorem 14, we need some technical lemmas.

Lemma 15 ([15, Lemma 18]). Let u € U be given and v € L"(0,T)™,

&,me L"(Q). Consider solutions yy, pu, 2y and yi,pz, Z?w of the equations

£y+f(>7y) :<g>u>7 Ey—i—f(aay) :<gvu>+£7
OH OH
(510) [’*p_ 8—y(’7'7yuapuu):07 E*p_ a—y('a'vygapau):na
EOZ+fy('7'7yu)Z :<g7v>7 ‘COZ+fy('7'>y§)Z :(g,’L)),
Here, Ly is defined as L, but on the domain (5.1) with yo = 0. Then for every
2
s €[l nt ) there exist constants K, Ko, Ry > 0, independent of ¢ € T', such

that the following inequalities hold

(5.11) llys, — Yullz2(@) < C2lléll2(@),



Solution stability of parabolic optimal control problems ...

(5.12) ||Zz€,v - Zu,vHL?(Q) < K2||§HL’“(Q)||Zu,v||L2(Q)a
(5.13) 1250 = zunllzo@ < Kslléllzzigllzunllza)s
(5.14) 197 = pullz < Ra(ll€llL2(q) + I1nllz2(@)):

where Cy is the constant given in (2.6).

173

Lemma 16. Let u € U and y,, py, be the corresponding state and adjoint
state. Further, let yg and pg be solutions to the perturbed state and adjoint

equation in (5.5) for the control u.

1. Let the function L1 in the objective functional be independent of y. There
exists a constant C > 0, independent of ( € ', such that for all v €

L™(0,T)™, the following estimate holds:

H
(5.15) (/ (2, ty Yus Pu) — %—u(m,t,yi,pi),v> dxdt(

< Cléll 2@ + Inllz2)

MzuwllL2(0)-

2. There exists a constant C > 0, independent of ¢ € T, such that for all

v e L"(0,T)™, the following estimate holds:

oH
5 ]-6 ‘/ $7t7yu7pu) - %($7t7y1§7p1€)7v> dx dt‘

< Cl€l2(@) + Il 2@

Proof. We begin with integrating by parts

‘/Q<8a—lj($at>yuapu) - %IZ(:L‘ 6,95, 15), >dxdt‘

< ‘/Q [%(m,t,yu)zu,v— 88[;( SXAEMERLY

oL
+ ‘/ $7t7yu Zu,v - \Ta x7t7y1€
) = (G

—I—‘/ Wt yw) — Lz, t,4°), >dxdt‘

Mollpo,mym-

)v)

sz dx dt‘
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+‘/ n2lpdodt| = I+ L+ Iy + I,

For the first term we use the Holder inequality and the mean value theorem to
estimate

oL
I < /( 5t Yu) ayo(a:,t,yg) | 2u0| Az dt

/‘aowtyu

H x,t, Y H Q)Hyg_yuHLQ(Q)qu,vHLQ(Q)

|zuv—z ‘da:dt

0Ly

+ KS a—y(matvyg)

LS/(Q)HgHL?(Q)qu,vHLQ(Q)

where L* is the dual space to L°. By the mean value theorem, Assumption 2,
(2.12), (5.11) and (5.26), we can infer the existence of a constant B; > 0 such
that

(5.17) I < Bill¢ll L2 @)l zunwll z2(q)-

The second term is estimated by using Assumption 2, (2.12), Holder’s inequality,
and (5.12):

L< %(%—I;(:c,t,yu) - %(:c,t,yi),v>zu,vdxdt(

+ ‘/ (z,t,95), >[zuy - zgv} dx dt‘

Ly;
—7(1"7 t7 y@i)vi
Y

LOO(Q)Hyu - y1€,||L2(Q)HZU,U||L2(Q)

+ K

<%($’t’y5)’v> L¥(Q)

By the mean value theorem, Assumption 2, (2.12), (5.11) and (5.26), we can infer
the existence of a constant By > 0 such that

(5.18) Iy < Boll§l2(@)ll2unll 22(q)-

1€llz2 @ l1zu0 ]l 2(@)
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Applying the mean value theorem m times, we obtain for the third term

b< | [ tatoto) = L tog).o) dod
Q

IN

9Ly,
1%%);1“ ay (337@99])

— 5 o )
‘LW(Q)”%‘ Vall e, r2@) 10l e o,y

and infer by Assumption 2, (2.12), (5.26) and (5.11), the existence of a constant
B3 > 0 with

I3 < B3¢l 2@y llvll o o,m)m-
For the last term, we estimate by Assumption 2, (5.26), (2.12), (5.12) and (5.11)

Ii < |nllz2 @) (lzuollz2(@) + 11250 — Zuwllr2@))

< (14 KaGpe)Inll 2@ 12wl 2 )

and define By := 1 + K2C)e. If the function L; in the objective functional is

independent of y, the term I3 does not appear and the first estimate (5.15) holds

for C' := 4111<1a<><;4 B;. For the other case, (5.16), we use that by Theorem 2 and
(2

Lemma 4 it holds

of,
l2usllze) < 2exp ([ 5. 70) max 5l 2oyl 0y

Loo(Q)) 1<j<m

and define C in a similar way. O

Proof of Theorem 14. We select a < &g according to Lemma 10.
Let ¢ = (£,m,p) € Z and ¥ = (y5,p%, u) with |lu — || z10,rym < a be such that
¢ € P),ie.

.. O0H
n = Lpzi_a—y(7ayzcupg7u)a
o0H
poe | Syl py) do+ Nu(u),
o ou

Let y, and p, denote the solutions to the unperturbed problem with respect to
u, i.e.

. OH
(U,g> = [’yu + f(7 7yu) and 0 = L Pu — 8—y(7 '7yuapu7u)'
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By Lemma 15, there exists Co, B2 > 0 independent of ¥ and ¢ such that

(519) IS = vullzz@) + IS = pullzz@) < (Ca+ Ro) (€l @) + Il 2 )-

OH
By the definition of the normal cone, p € / a—(m, S yS,18) da + Ny (u) is equiv-
0 ou

alent to

OH
0>/Q< —%(x,t,yﬁ,pi),w—@dxdt Yw € U.

We conclude for w = u,

OH
> gz —q
0/Q<au (2,1, Yu,Pu), u U> da dt

oH oH
. Uy Yus Pu) — 57— ata C) ; U — dzdt
+/Q<p+ 5y (&b Yu Pu) — (@84, 1) @ U> x

2 J'(u)(u —u) = max |lpjlle=on) 1 = w10z

- ‘/Q<aa—lj(x,t,yuapu) - %_fj@,t,yg,pg),a—@ i

By Lemma 16, we have an estimate on the third term. Since ||u—/(|1 1y < @,
we estimate by Lemma 10 and Lemma 16

lu =l o zym¥o < I () (u = )
< C(lgh 2@ + Imllzz@) ) w = @ll 2o,y

+ 1%%};1 25l Lo 0,y @ = ull L1 0, 7)m

and consequently for an adapted constant, denoted in the same way

o=l oy < O max lojllo=ar) + I€llz20) + Inllz2() )

To estimate the states, by Lemma 4, we use the estimate for the controls and
obtain
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(5.20) |y — yulr2(0)

of, )
< 2exp (15, 63O i@)) e sl a = wllor oy

Thus, for a constant again denoted by C

Iy = vullzz@) < O (\max. lojlli=cor) + €l @) + Inllz2(@) )

Next, we realize that by Lemma 15 and (5.2)
lya — ¥5llz2 @) < llva — vullz2(0) + lvu — ¥5 L2
< max{C, Co} (| max [l + €]l 2(0) + Il 2.

Using |lpz — pullz2(Q) < C2llya — yullr2(g) and (5.14), the same estimate holds for
the adjoint state

|lpa —PiHB(Q) <llpa — pullz2(q) + llPu _ngLQ(Q)

< (Comax{C.Ca} + Ro) ( max oyl + 2@ + Il @)

subsequently we define x := Cy max{C,Cy} + Ry. O

To obtain results under Assumption 3 for k € {1,2}, we need additional
restrictions. We either don’t allow perturbations p (appearing in the inclusion in
(5.5)) or they need to satisfy

(5.21) p = o

where p = / gdz € R™ and o € WH2(0,T) with o(T) = 0.
Q

Theorem 17. Let some of the assumptions (A1), (B1) and (As), (B2)
be fulfilled for the reference solution v = (§,p,u) of 0 € ®(3)). Further, for
(A1), (A2) let the function Ly in the objective functional be independent of y. For
(B1),(B2) let Ly be affine with respect to y. In addition, the set T of feasible
perturbations is restricted to such ¢ € I' for which the component p is either zero
or satisfies (5.21). The numbers ou,, K, and € are as in Theorem 14. Then the
following statements hold for n € {1,2,3}:
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1. Under Assumption 3, cases (A1) and (B1), the estimation
@ —ull Lo,y + lya — ngL?(Q) + [lpa — ngL?(Q)

do
< "dn(HEHL%o,T) + 1€l z2(Q) + ||77HL2(Q))7
hold for all w € U with ||y, — Yllreo(@) < an, in the case of (A1), or

|lu =l 110, rym < an in the case (B1), and for all ¢ € T' satisfying ¢ € ®(¥)).
2. Under Assumption 3, cases (Az) and (Ba), the estimation

_ _ do
g — yi”L?(Q) +[|p —piHL?(Q) < Hn(HEHLQ(O,T) + 1€l 2 ) + ||77HL2(Q)>

hold for all w € U with ||y, — Yllre@) < an, in the case of (Az), or
|lu — 10,1y < an in the case (Bz2), and for all ¢ € T' satisfying ¢ € ®(3).

Proof. If the perturbation p € L*(0,T, H (Q)) satisfies (5.21), it holds

/OT<P,u—ﬂ>dt:Z//OT(J,u—ﬁ>dt:/OT/QU@’U_@dmdt

T
= / /(»Czu,uu + fy(t, ya) zau—a)o drdt
0 Q

/ / + fy tayﬂ)a)zﬁ,u—ﬁ dx dt.

Thus we can estimate

T _ do
\A (p,u=adt| < K15 20 my 1ot v) @l 200 zaa-al i)

do do
< K(HEHLQ(O,T) + C2||fy(33a t, ya)HLoo(Q) ||E||L2(0,T))||Za,u—a\|L2(Q)

Under Assumptions (Ay), (B1), we can proceed as in the proof of Theorem 14

using Lemma 10 and (5.15) in Lemma 16, to infer the existence of constants
a1, k1 > 0 such that

17— wllzsoirn < w1 (I gy + ellzzc) + Iz )
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for all u € U with ||y, — §lr=(@) < a1 or ||u—@l[1rym < a1 depending on the
assumption. By standard estimates, using (2.14), there exists a constant E > 0,
such that

lva — YullL2@) + lIPa — Pull2(@) < Ellva — yullr2(@) < 2E[l2u,u—allL2()

do
<2 B(1 20 + €le2@) + Il 2@ )

for all u € U with ||y, — gl (@) < @1 or [|u—@|f1(rym < a1 depending on the
assumption. From here on, we can proceed as in the proof of Theorem 14 and
redefine the constant k1 > 0 accordingly. Finally, by similar reasoning, under
Assumption (Asg), (B2) with Lemma 10 and Lemma 16, one obtains the existence
of a constant k9 > 0 such that

do
lya — yullL2(@) + lIPa — PullL2(@) < “2<||EHL2(O,T) +11€ll2(q) + H77||L2(Q))a

for all u € U with ||y, — 9| L~ (@) < a2 or ||u—ul|p1(,r)ym < a2. Again, proceeding
as in Theorem 14 and increasing the constant k9 if needed, proves the claim. O

Remark 4. Theorems 14 and 17 concern perturbations which are func-
tions of x and ¢ only. On the other hand, [13, Theorem 7.3] suggests that SMSr
implies a similar stability property under classes of perturbations that depend
(in a non-linear way) on the state and control. We refer to [15, Section 5] for a
detailed discussion on this. By straight forward adaptations, the results therin
hold also for the problem considered in this paper.

Appendix. A proof of the following lemma can be found in [2, Lemma
3.5] or [6, Lemma 3.5].

Lemma 18. Let X = L™(Q) or L*(Q). Given @ € U with associated
state Y, there exists a constant Bx > 0 such that the following estimate holds

(5.22) |Ya+ou—a) — ¥llx < Bxllyu —9llx VO €0,1] and Vuel.

We prove the analogous statement for the adjoint-state. For an elliptic
state equation, a proof is given in [2, Lemma 3.7].

Lemma 19. Let X = L™(Q) or L*(Q). Given @ € U with associated
state y and adjoint-state p, then there exists a constant Bx > 0 such that

~ 1
(5.23) IPa+o(u—a) — Pllx < Bx (Hyu —Yllx + [Ju - ﬂ||£1(07T)m),
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for all 0 € [0,1] and u € U. If the function Ly in the objective functional is
independent of y, then there exists a constant Bx > 0 such that

(5.24) IPatou—a) — Pllx < Bx|lyu — 9l x,
for all 8 € [0,1] and u € U.

Proof. Let us prove (5.23). Given v € U and 6 € [0, 1], let us denote
up = u+60(u—1u), Yyp = Yu,, and pp = py,. Subtracting the equations satisfied by
pg and p we get with the mean value theorem

d _ . . of _ _

aPo = P) + A (po =) + F (7,6, 5)(po — )

oL T )

= 5, (1o s) = (oot 5,0) + [5G 9) = 5 tw) o

Y
0Lg 0Lg _ 0L 0lLq _
T (4,1, yg) — 220 (2, ¢ T et y) — 2L (a t

8y (.’E, 7y9) ay (1:7 7y)+ < ay (1:7 7y9) ay (.’E, 7y)7u9>

+ <8—y1(:c,t,z?),u9 - a> + [a—i(:c,t,g) - a—z(a:,t,ye)}pe

9*Ly _ %Ly _
= 8—y2($7 tu y’ﬂl)(yg - ’LL) + Z aQyJ (.’E, t7 yﬂj)uj,(?(yﬂ - y)
1<j<m

0Ly _ _ 0% f _
+ <8—y($7 tu y)7 Ugp — U> + 8—y2($7 tu y’ﬂerl)(y - y@)p97
where yy, = y + Ui(yp — y) for some measurable functions ¥; : Q@ — [0,1],
i=0,...,m+ 1. Now, we can apply Theorem 2 and Remark 3 to conclude from
the above equation the existence of a constant C'xy > 0 such that

lpe — pllx < Cx(lye — gllx + llu — 4l Lr )

r—1

1
< Cx(Bxlyu = 9llx + 1912M) 7w = @ll}5 g y)-

Defining Bx := Cx(Bx + |Q\(2Mu)r;rl), with Bx being the constant from
Lemma 18, concludes the proof of the first claim. The second claim follows by
the same argument and the fact that the right hand side of the equation satisfied
by pg — p does not depend on Lq. O

Below we shall use the next lemma, the proof of which can be found for
linear elliptic equations in [2, Lemma 2.3] and for parabolic equations in [15].
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Lemma 20. Let u € L"(Q) and 0 < a € L™(Q). Let y, be the unique
solution of (2.2) and let p,, be a solution of the problem

O |
(5.25) 8t+A p+ap=u in Q,

p=0on3, p(-,T)=0 on .

2
Then, for any s, € [1, i) there exists a constant C'yy > 0 independent of u
n n

and o such that
(5.26) max{||yullLsn @) IPullLen @)} < Csy lull1(g)-
Here s}, denotes the Holder conjugate of s,.

Proof of Lemma 9. The second variation of the objective functional
is given by Theorem 6. Let us denote ug, yp, and ¢y as in the proof of Lemma
19. From (3.4) we obtain that

" (@+0(u— ) — J"(@)](u — a)?|

dx dt

0*L
/‘ 5 (7,1, yp, ug) — 82(3375% )] 2y u—1a

dx dt

_ »*f 2
+ L (90 - ¢0)8—y2($7 t, y@)zug,ufﬂ

dx dt

+/Q @[giy];(x,t,y) 32];(9: t ya)] Zug,u—i

dx dt

0*L i _0%f 1, 9 2
+ / [a—yg(xvt7y) - Qoa—yg(xvuy)} (Zug,u—ﬂ ~ Zau )

+ 2/ ‘ (z,t,y9) 8821 (x,t,9), 2up,u—ua(u — a)>‘ dr dt

+ 2/@ ‘<%—[;(m, 09), g — 2 )0 — 1) )|

:Il+IQ+I3—|-I4—|—I5—|—Iﬁ.

The first term, I7, can be estimated as

0*L 0’L
ns [ (Gt m - G )] arat
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# [ |G otom = ). 0)

(OB D - )]

=hi+ha+ 13

dx dt

For the first two terms, we deduce from Assumption 2, Remark 1, Remark 3,
(5.22), (2.14) and (2.15), that for every pi; > 0 there exists £1; > 0 such that

I < prillzau-allizg) i 1ye = Fllee@) < eri i=1,2.

For I; 3 we estimate under Assumption 2, Remark 1, Remark 3, (5.22), (2.11),
(2.14), (2.15), that for ||y, — ¥l[ze(q) sufficiently small

62L1
‘ .1‘ t y u> UQu U

< Mzugu—allFoo 0,1, 22 (0 1o = ll1goym jMnax

) ©

dx dt

b, )

L>2(Q)

9 1 of i 2
<719 eXP(Ha—y(w S e @Y — Yull e (@)llu — @l 71 o 1ym
T I e ST .

We can therefore infer, that for every p; 3 > O there exists €13 > 0 such that

L < pillu—alfiorym i ye = Flo=@) < 13-

For the term Is, we first consider the general case. Using Assumption 2, Remark
1, Remark 3, (5.22), (5.23), (2.14) and (2.15), we find for any p2 > 0 acy > 0
such that

9 1
I < CBC (2My)" 7 ) ||u — all71 o rym 1zau-all72(g) < P2llzau-allfz(g)

if ||U_ﬂ||L1(0,T)m < &€9.

L
In the case that b = 0, we deduce from Assumption 2, Remark 1, Remark 3,

dy
(5.22), (5.23), (2.14) and (2.15), that for every ps > 0 there exists €2 > 0 such
that

I < pjllzau-allie)y i v =l < e
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For the term I3 we deduce from Assumption 2, Remark 1, Remark 3, (5.22),
(5.23), (2.14) and (2.15), that for every ps > 0 there exists €3 > 0 such that
I3 < p3||Zﬂ,u*ﬂH%2(Q) i {|yu — ¥l (@) <e3

For Iy we define ¥ := 23 y—u — Zuy,u—u- ¥ solves the equation

dip of of

_[of
dt +A¢+ y( atvyﬂ)w_ [a_y(xatvyue))_a_y

(J}, ta Z/a) Rug,u—1u

O f
8 a2 (x 13 yﬂ)(yﬂ - yug)zug,ufﬂy

where we used the mean value theorem to infer the existence of a function ¢ such
that the above holds. We apply (2.6) to ¢ and estimate
e s YRR N PP e l
—(x x z Za 2o i — Zht—i
4> 8y2 Y Qan Y ug,u—1u wu—u |l [2(Q) | Pug u—u— Ruu—ull L2(Q)

3Ms 2
<—Hya = Yl llza,u-all2(q)-

Then by Assumption 2, Remark 1, Remark 3, (5.22), (2.14) and (2.15), for every
p4 > 0 there exists €4 > 0 such that

(5.27) L < pallzau—alta) i lvu —llie(q) < es-

The term I5, can be estimate similar as I 3, therefore under under Assumption
2, Remark 1, Remark 3, (5.22), (2.11), (2.14), (2.15), for every ps > 0 there exists
€5 > 0 such that

Is < psllu = alzuorym 3 llyu = Fll=(g) < es.

To estimate Ig, we select s as in Lemma 20 and apply (5.26) to ¢ and estimate
for |lyy — 9l oo () sufficiently small

= oLy;, &
Io <M max (|5 (g0 o e = 0l e o = Zacallzec)
i OLyj, T
<2y g gt olllim@) max [ Z5nl (a0 o I =l oy

NYue = Il 22(Q) 286, u—all L2(Q)-
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Thus, depending on the chosen estimation, under Assumption 2, Remark 1, Re-
mark 3, (5.22), (2.14) and (2.15), for every pg > 0 there exists ¢g > 0 such
that

Is < pollzau-alf2) if lu—alLiorm < e6
We remark that by (2.7),

ET

lw =l 110 1ym < T i
(o190 gl oyl — sl oy

implies [|yu — ¥l r=(q) < &

If the function L in the objective functional is independent of y, the problematic
parts in the terms I, Is, I5 and I are absent. Further, if the function L, is affine
with respect to y, the problematic parts in the terms Iy, I, I5 and Ig are either
absent or can be estimated under the condition that ||u—1/ 1o rm is sufficiently
small. If this is not the case, we only obtain item 9 of the Lemma 9. Depending

on the terms in the objective functional, by taking p; so small that I; < g for

every ¢ € {1,...,6} and setting ¢ = 1131216 €;, we complete the proof. O
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