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ABSTRACT. In this paper we discuss the boundary value problem for a first
order delay differential equation of the type, y'(t) + A\y(t) = f(t,y(t —1)).
We prove the existence of solution between weakly coupled lower and up-
per solution by assuming f to be a non-decreasing function in the second
coordinate. Further, we use this existence result to establish monotone ite-
rative method, where we obtain increasing as well as decreasing sequence of
functions whose limits are a solution of the boundary value problem. The
sequence of functions obtained are solutions of some defined boundary value
problem with linear condition of linear delay differential equation.

1. Introduction. Boundary value problems (BVPs) for differential
equations with deviating arguments (DEDA) have their occurrence in various
fields such as production problems in Economics, Biological systems, Physical
models etc. So many researchers have strived to get existence of solution for such
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problems. For existence theory on ordinary differential equations (ODEs) as well
as delay differential equations (DDE), one may refer to [4, 5, 6]. Many existence
results in differential equations are proved using variety of fixed point theorems
given in [13]. Existence results on solution between lower and upper solutions for
BVP of first order ordinary differential equation are discussed in [8] and [15]. One
may refer [3, 9, 18] for BVP of first order DDEs.

In [1], a theorem on existence of solution for Periodic Boundary Value
Problem (PBVP) of First Order Delay Differential Equation (FODDE) given by,

y'(t) +xy(t) = fltyt—r), tel,
y(t) =y(0), t € [-r,0],

y(0) = y(7T), is proved, by using Leray—Schauder Alternative.
Definitions of lower and upper solutions for the PBVP are given to prove a theo-
rem on existence of solution between lower and upper solutions using Schauder’s
fixed point theorem for the PBVP. Also strict lower and strict upper solutions for
the PBVP are defined to prove a theorem on existence of solution strictly between
strict lower and strict upper solutions using Schauder’s fixed point theorem for
the PBVP.

Periodic boundary value problem for first order DDE of the type 2’ (t) =
flt,xy), t € I =10,T], z(0) = ¢(0) = z(¢)(T), x(8) = ¢(0); 6 € [—r,0], is studied
in [2]. Here ¢ € C[—r,0], f : I x R — R is a continuous function satisfying
0 < f(t,v(t)) + Av(0) — f(t,u(t)) — Au(0) < p(v(t) —u(t)) Y u,v € C[—r,0] such
that u < v and for some A, u such that 0 < p < A.

In [16], PBVP for first order DDE z'(t) = f(t,z,24), t € [0,27], z(0) =
x(27), is investigated using contraction mapping theorem for operators whose
domain and range are different Banach spaces. Monotone iterative method for
PBVP of differential equation with piecewise constant argument (DEPCA) given
by 2'(t) = f(t,z,z([t — 1])), t € [0,T], z(0) = =(T) is studied in [21]. Here
f:[0,T] x R? = R is a continuous function satisfying

f(t,ur,v1) — f(t, ug, v2) > —Mi(ur — ug) — Ma(v — v2),

for t € [0,T], M1, My > 0, uy,u,v1,v2 € R with ¢(t) < ug < uy < 9(t) and
o[t —1]) < vy < vy <P([t —1]), where ¢ and ¥ are lower and upper solutions of
the given PBVP for DEPCA.

Monotone iterative method for anti-periodic BVP of first order ODE is
developed in [7] and for BVP of first order DDE is developed in [11] and [16]. For
recent work on monotone iterative method one may refer [10, 12, 14, 17, 19, 20].
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In this paper, we discuss the following boundary value problem with linear
condition (LBVP). Let 7> 0, A >0, I = [0,7],0 <7 < T, a,b € R such that
b<0,az#0and f:I xR — R be continuous. Then, the LBVP for FODDE,
under investigation, is given by,

(1.1) y'(t) +xy(t) = fltyt—r)); tel,
y(t) =y(0); t € [-r,0],
ay(0) + by(T') = 0.

We first prove existence of solution between weakly coupled lower and
upper solution for the problem. Next, we use this theorem on existence of solution
to develope monotone iterative method for the LBVP of FODDE when b < 0.

Note that in many papers f : I x R — R 1is taken to be continuous and
Lipschitz or continuous and decreasing in second coordinate for establishing exis-
tence of a solution for initial and boundary value problems. In our paper we
establish the existence of solution to (1.1)—(1.3) for a function f : I x R = R
which is continuous and non-decreasing in the second coordinate.

We use the following notations throughout the paper:

(1) B=C[-r, T]NC"[0,T] is the set of all functions defined and continuous on
[—r,T] and which are continuously differentiable on [0, 7.

(2) X ={yeB:y(t)=y(0), Yte[-r0]}
B)Y={yeB:yt)=0, Vte|[-r0]}.

(4) llzllec = sup |z(t)|+ sup [a'(t)], Vo€ B.
te[—r,T] t€[0,T]

(®) 1w s = llylleo +1€], ¥ (y,6) €Y x R.

(6) For a linear operator L : X — Y xR, let |[L]| = sup ||Lz].

llz]loc=1

Also (B, llao)y (X, - llao)s (Vi ] - loe) and (¥ x R, |- |l.) are Banach
Spaces.

We now state Schauder’s fixed point theorem given in [13].

Theorem 1.1 (Schauder’s fixed point theorem). Let E be a normed linear
space, S : E — E be a continuous and compact map such that S(E) is bounded.
Then, S has a fized point.
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We need the following Lemmas which are similar to the Lemma 1.3 and
Lemma 1.4 given in [1].

Lemma 1.2. Let o, 8 € R such that a + Be ™ #£0. Let L: X - Y xR
be an operator defined by L{u(t)] = (2(t), ay(0) + By(T)), where

Then
(1) L: X =Y xR is a continuous linear operator.

(2) L' Y xR — X eists and it is defined by
0, r<t<0

t
L7Y(2(t),7) =
(2(1):7) = | g +/6—A(t—s>zf(5)d8, 0<t<T.
0

T

v =B [e M=) (s)ds
0
a+ Be M

where, § =

(3) L71:Y xR — X is continuous linear operator.

Lemma 1.3. Let F : I x R — R and g : R? — R be continuous. Let
N : X =Y xR be defined by Nu(t)] = (2(t), g(u(0),u(T"))), where

0, r<t<0
¢
/F(s,u(s—r))ds, 0<t<T.
0

2(t) =

Then N : X =Y xR s continuous and compact.

2. Existence theorem using Schauder’s fixed point theorem.
In this section, we define weakly coupled lower and upper solutions for LBVP of
FODDE to obtain existence of solution between them. We make use of Schauder’s
fixed point theorem to obtain our result.

First we have the following definitions.
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Definition 2.1. A function ¢ € B is called a solution of LBVP (1.1)-
(1.3) if

L ¢'(t) + Ag(t) = f(t, ¢t — 7)), t €T,

2. ¢(t) = ¢(0); le [—’I”, 0];

3. ap(0) +bo(T') = 0.

Definition 2.2. A pair of functions ¢, ¢ € B are called weakly coupled
lower and upper solutions of LBVP (1.1)—(1.3) if

(1) +A(t) < ft, ot —1)), tEL

W)+ () = f(t vt —r)), tel,

. o(t) < 9(0), t € [—r,0],

- p(t) 2 ¥(0), t € [=r,0],

Co(t) <Y(t), t € [-r, T,

- max{ag(0) +bp(T), ap(0) +bip(T)} <0 < minfarp(0) +bp(T), arh(0) +

[

S Ot s W N

by(T)}

Theorem 2.1. Let f: I x R — R be continuous. Let us suppose that for
x <y, flt,x) < f(t,y), V (t,x),(t,y) € I xR. Let ¢, p € X be weakly coupled
lower and upper solutions of LBVP given by (1.1)—(1.3). Then the LBVP (1.1)-
(1.3) has atleast one solution y € X such that ¢(t) < y(t) <¢(t), Vt e [—rT].

Proof. Since ¢, ¢ € X are weakly coupled lower and upper solutions of
LBVP (1.1)-(1.3), we have

3. o(t) < 9(0), t € [-r,0],

4. 1/)(75) > w(0)> te [_Ta 0]7

5. max{ap(0) + bp(T), ap(0) +b(T)} < 0 < min{ap(0) + bd(T), arp(0) +
by (T)}.

Also as b < 0 we have, max{a¢(0)+bp(T), ap(0)+b)(T)} = ap(0)+bep(T)
and min{ay(0) + bp(T), arp(0) + byy(T)} = a(0) 4+ byy(T). Therefore ap(0) +
bp(T) < 0 < ap(0) + byy(T). Further, since ¢, ¥ € X, ¢(t) = ¢(0), V t € [—r,0]
and () = ¢(0), V t € [-r,0].

Let p : I x R — R be defined by p(t,x) = max{4(t), min{x,(t)}},
V (t,x) € I xR. Since, ¢(t) < max {o(t), {x,¥(t)}}, ¢(t) < p(t,x),V (t,x) € IxR.
Also, ¢(t) < (t), t € [—r,T] implies ¢(t) < 9(t), t € I. Further, min {z, (t)} <
P(t), ¥V (t,z) € I x R implies that max {¢(t), min {z,¥(t)}} < ¥(t), V (t,z) €
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I x R. Therefore p(t,z) < ¢(t) V (t,x) € I x R. Thus ¢(t) < p(t,z) < ¥(t)
V (t,xz) € I x R. Hence p: I x R — R is continuous and bounded.

Let g : R? = R be defined as g(x,y) = ax + by V (x,y) € R%. Therefore
g:R xR — R is continuous and g(y(0),y(T)) = ay(0) + by(T). Let ¢* : R? - R
be defined as

g*(x,y) = p(O,JL‘) - g[p(O,x),p(T,y)] v (l‘,y) € RQ'
p(0,2) — ap(0,x) — bp(T,y) V (z,y) € R%
(1—a)p(0,2) —bp(T,y) V (z,y) € R®.

Asa(0) < p(0,2) < B(0) Y € R, we have [p(0, 2)| < Ky = max{|a(0)]+1,|50)]}
Vx e R Also oT) < p(T,y) < B(T) V y € R implies that [p(T,y)| < Ky =
max{|a(T)| + 1,|8(T)|} ¥ y € R. Therefore,

9" (z,y)| < 11 —allp(0,2)| + [bllp(T,y)| V (z,y) € R*.
< |1 —alK; + |b|Ky V (z,y) € R

Thus ¢* : R> — R is bounded. Also ¢* : R> — R is continuous, as p and ¢ are
continuous.

Let F* : I x R — R be defined by

[t ot =r)), y<olt—r)
F*(tvy) = f(tay)v gb(t—?“) §y§¢(t—7”)-
[t —=r)), y=t—r)

Then F* : I x R — R is continuous and bounded.
Let L: X — Y xR be defined by L[y(t)] = (u(t),y(0)), where

By Lemma 1.2, L : X — Y x R is linear, bijective and continuous. Hence L™ :
Y x R — X exists and is given by
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Also by bounded inverse theorem, L™! : ¥ x R — X is bounded and hence
continuous.

Let N : X — Y x R be defined as N[y(t)] = (v(t), " (y(0),y(T"))), where

t
/ F*(s,y(s—r))ds, 0<t<T.
0

By Lemma 1.3, N : X — Y X R is compact and continuous.
Consider S = L™'N : X — X. Then

9" (y(0),y(T))), —r<t<0

(2.1) y'(t) + Xy(t) = F*(t,y(t —r)), tel,

(2.2) y

Since L™! : ¥ x R — X is continuous linear operator and N : X — Y x R is
compact, S : X — X is a compact operator. Further S : X — X is continuous
being composition of continuous operators. As p and F* are bounded, we have
S(X) is a bounded subset of (X, | - ||oc). Therefore by Schauder’s fixed point
theorem, S : X — X has a fixed point y € X. This implies that y is a solution of
(2.1), (1.2) and (2.2).

We show that ¢(t) < y(t) < ¢(t), Vt € [-r,T]. We first show that
#(0) < y(0) < (0). Let if possible, y(0) > 1(0). Therefore

(
p(0,(0)) = max{(0), min{y(0), ¥ (0)}} = max{¢(0),4(0)} = (0).
As p(T,y(T)) < %(T) we have, by)(T) < bp(T,y(T)). This implies
0 < ap(0) + bip(T) < ayp(0) + bp(T', y(T)).
Therefore

y(0) = g*(y(0),y(1))
= p(0,9(0)) — ap(0,y(0)) — bp(T, y(T'))
= ¥(0) — ap(0) — bp(T,y(T))
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= (0) — [ay(0) + bp(T, y(T'))]
< 9(0),

which is a contradiction. Hence we have y(0) < v(0).
Similarly it can be proved that ¢(0) < y(0). Therefore ¢(0) < y(0) < (0).
This implies ¢(t) < y(t) < (t), V¢t € [-r,0].
The remaining proof follows from the proof of Theorem 3.3 in [1]. O
Consider the following example of LBVP to illustrate Theorem 2.1.

w'(t) +wt) = (wt—1)+1et, te][0,1],
w(t) =w(0), te[-1,0]
w(0) — w(1) = 0.

Here A\=1,a=1,b=—-1,r=1,T=1,1=[0,1] and f(t,u) = (u+ 1)e”",
V (t,u) € I x R. Therefore f(t,w(t —1)) = ( (t —1) + 1)e”". Also f is non-
decreasing in the second coordinate. Let ¢ : [—1,1] — R be defined as

-1

L 62 , —1<t<0,

e —
¢(t) = e t e—1 6_1

te™t — 0<t<1

e—2 <e—2) -2’ -

1— -1
Then ¢(0) = S ¢(1). This gives, ¢(0) — ¢(1) = 0. Let 0 < ¢ < 1. This

implies —1 < ¢ — 1 < 0. Therefore ¢(t — 1) = ¢(0). So we have

o)+ 000 = (S5 et - =

e—2

and

(St — 1)+ 1)et = (6 - 1> ot

e—2 e—2

Thus ¢'(t) + ¢(t) < (¢p(t — 1)+ 1)e ™"
Let ¢ : [-1,1] — R be defined as

1+4+e!
e—2"
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1—|—6_1

Then ¥(0) = = 1(1). This gives 9(0) — (1) = 0. Let 0 < ¢ < 1. This
implies —1 <t — 1 § 0. Therefore ¢ (t — 1) = ¢(0). So we have

O e

and

_ ~1,-
(¢@—1%+Uet=<z_;>et+f;f;.

Thus ¢’ (t) + 1(t) > ((t — 1) + 1)e~". Therefore we have
L ¢'(t) + o(t) < (¢(t —=1) + 1)e™", t € [0,1],
2.4'(t) + (1) > (Yt = 1) + e, t € [0,1],

3. ¢(t) = ¢(0), t € [-1,0],

4. t

5.
6

€

(t) = ¥(0), t € [-1,0],
o) < (t), t € [-1,1],

- ¢(0) = (1) = 0 = 9(0) — (1)

So we can say that ¢ and i are coupled lower and upper solutions of given
LBVP.

Now let 3 : [=1,1] — R be defined as

@

1
e—2’
y(t) = e e—1
i

e—2 e—2

~1<t<0,

>w%,0<t<L

Then y is a solution of given LBVP such that ¢ <y <+ on [—1,1].

3. Monotone iterative method. In this section we develope Mono-
tone Iterative Method for LBVP (1.1)—(1.3), by defining monotonic sequences of
functions which are solutions of some LBVP of linear first order DDE from given
weakly coupled lower and upper solutions of (1.1)—(1.3).

Theorem 3.1. Let f: I x R — R be continuous. Let us suppose that for
y<uz f(t,x)— f(t,y) > ulx—y), V (t,x),(t,y) € I xR and for some > 0. Let
o0, Yo € X be weakly coupled lower and upper solutions of LBVP (1.1)—(1.3).
Then, there are sequences of monotonic functions (¢p) and (V) converging in
(X, ]|-]|loc) such that 7}1—>H§o¢" and nh—>ngo¢n are solutions of (1.1)—(1.3).
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Proof. Since ¢g, 19 € X are weakly coupled lower and upper solutions
of LBVP (1.1)—(1.3), we have

L go(t) + Ao(t) < f(t,do(t — 7)), t €1,

2. (t) + Mpo(t) = f(t, 0ot — 1)), t €1,

3. ¢o(t) < ¢o(0), t € [-r,0],

4. 1po(t) = 1o(0), t € [-r,0],

5. max{apo(0) + boo(T), apo(0) + bipo(T)} < 0 < min{ayo(0) + boo(T),
atpo(0) + by (T)}-

Now ¢, 1o € X implies that ¢g(t) = ¢0(0), V t € [—r,0] and ¢o(t) =
¥0(0), V t € [-r,0]. Also as b < 0 we have

max{ago(0) + bgo(T), ado(0) + bpo(T)} = ago(0) + beo(T)

and
min{ayo(0) + bdo(T'), arho(0) + beyo(T)} = aryo(0) + bipo(T).
Therefore ago(0) + bpo(T) < 0 < arpy(0) + bipo(T"). Consider

(3.1) Y (8) + My(t) = [t do(t — 7)) + ply(t —r) = go(t — 1)}, teL,
(3-2) y(t) = y(0), te[-r0]
(3.3) ay(0) + by(T) = 0.

Let gg,(t,u) = f(t,¢0(t — 7)) + plu — ¢o(t — )], V (t,u) € I x R. This implies
]

Ggo(tx(t—7)) = f(t,po(t—7)) +pla(t—r)—¢o(t—7)],Vt el Let (t,x),(t,y) €
I x R such that < y. Therefore x — ¢o(t —r) < y — ¢o(t — r). This gives
plz — ¢o(t —7)] < ply — do(t — r)]. Therefore f(t, go(t — 7)) + plz — go(t —7)] <
f(ta ¢0(t - T)) + :u[y - ¢0(t - T)] Thus g¢0(t,$) < g¢>o(tay)> v (t,l‘), (tay) €I xR
such that z < y. Also

Po(t) + Ado(t) < f(t, do(t — 1))
= f(t, go(t — 7)) + plpo(t — 1) — do(t —1)]
= G¢o (t7 ¢0(t - ’I”))
Further
(t,%o(t — 1))

(t,do(t — 1)) + pltpo(t — ) — ¢o(t —1)]
g¢0(t7¢0(t - T))

Yo(t) + Mo (t) >
>
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We already know that
L ¢o(t) = ¢o(0), t € [-r,0],
2. 4o(t) = 0(0), t € [-r0],
3. ¢o(t) <tho(t), te[-rT],
4. apo(0) + bpo(T) < 0 < arpo(0) + bipo(T).
Therefore ¢y and 1y are weakly coupled lower and upper solutions of

(3.1)—(3.3). Then by Theorem 2.1 LBVP (3.1)—(3.3) has a solution ¢; € X such
that ¢g < ¢1 < 9o on [—r,T]. Therefore

L) + Apr(t) = f(t,po(t — 7)) 4+ plor(t — 1) — po(t —7)], tel.
o1(t) = ¢1(0), ¢t G[ r,0].
ap1(0) + b (T) =

Thus ¢} (t) + A1 (t) = f(t, do(t — 7)) + ple1(t —7) — ¢o(t —7)] < f(t, ¢t — 7).
Also

L 4po(t) + Mbo(t) > f(t ot — 1)), t €1
2. ¢Po(t) = 10(0), t € [-7,0],
3. ¢1(t) = ¢1(0), t € [-r,0],
4. 1) < ho(), t € [-n, T,

5. ag1(0) +b¢1(T) = 0 < ayy(0) + bepo(T).
Therefore ¢1 and ¥y € X are weakly coupled lower and upper solutions
of LBVP (1.1)—(1.3). Consider

(3-4) Y() +Xy(t) = f(t.du(t — 7))+ ply(t —r) — ot —1)], tel,
y(t) = y(0), t € [-r,0],
ay(0) + by(T) = 0.

Let gg,(t,u) = f(t,o1(t — 7)) + plu — ¢1(t — )], V (t,u) € I x R. Therefore
9o (L x(t—r)) = f(t, pr(t —7)) + plz(t—r) = d1(t—r)], VE € I. Let (¢, 2), (£, y) €
I x R such that x < y. This gives © — ¢1(t — r) < y — ¢1(t — r). Therefore
wlz — @1 (t—r)] < ply—é1(t —r)]. This implies f(¢t, p1(t—7))+plx—d1(t—71)] <
f(t, o1(t—7))+uly—o1(t—r)]. Therefore gy, (t,x) < gg, (t,y),V (t,2), (t,y) € IXR
such that z < y. Also

P1(t) + A1 (t) < ft, 1(t — 7))
= f(t, o1t — 7)) + plpr(t —7) — d1(t —7)]
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= 9, (£, @1t —1)).

Further

Yo (t) + Mpo(t) > f(t,o(t — 7))
> f(t,o1(t — 7)) + plbo(t — 1) — 1t — 1))
= g¢

(& ot — 7).

We already know that
L ¢1(t) = ¢1(0), t € [-r,0],
2. tho(t) = 0(0), t € [-7,0],
3. ¢1(t) < ¢o(t), t € [-r,T],
4. ag1(0) + b1 (T) = 0 < ayyo(0) + bipo(T).
Therefore ¢; and g are weakly coupled lower and upper solutions of

(3.4), (3.2) and (3.3). This implies that LBVP (3.4), (3.2) and (3.3) has a solution
@9 € X such that ¢1 < ¢p2 <y on [—r,T] (By Theorem 2.1). Therefore

P (t) + Ap2(t) = f(t, p1(t — 7)) + ploa(t —7) — 1t —7)], tel
¢a(t) = ¢2(0), te[-r0].
ap2(0) + bge(T) = 0.

Thus ¢5(t) + Ap2(t) = f(t, ¢1(t — 7)) + ple2(t —7) — ¢1(t — )] < f(t, ga(t — 7).
Also

Loapo(t) + Mbo(t) > f(t,ho(t — 7)), t €,
2. ¢o(t) = ¢o(0), t € [—r,0],
3. ¢a2(t) = ¢2(0), t € [-1,0],
4. ¢a(t) < ¢o(t), t € [-r,T],

5. ag2(0) + bp2(T) = 0 < arpo(0) + bapo(T).

Therefore ¢o and ¥y € X are weakly coupled lower and upper solutions
of LBVP for FODDE (1.1)—(1.3).

Continuing in this manner, let ¢, € X be a solution of

(3.5) Y (t)+My(t) = ft,pn_1(t = 7)) + ply(t =) — pp_1(t —71)], tel,
=y(0), te[-r0],
ay(0) + by(T) = 0, such that ¢,—1 < ¢, < 2Pg on [—r,T.
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Consider

(3.6) Yy(6) + Ay(t) = f(t, dnl(t — 7)) + ply(t —r) = dul(t —71)], teL
y(t) = y(0), t € [-r,0],
ay(0) + by(T) = 0.

Let gg, (t,u) = f(t,on(t — 7)) + plu — ¢p(t — )], ¥ (t,u) € I x R. Therefore
9o (L x(t = 7)) = f(t,on(t — 7)) + pla(t —7r) —gn(t —1)], Viel
and

g¢n(t,$) < g(bn(tvy)) v (t,l‘), (t)y) eIxR

such that < y. Also ¢,, and ¥y are weakly coupled lower and upper solutions of
(3.6), (3.2) and (3.3). Thus LBVP (3.6), (3.2) and (3.3) has a solution ¢, 41 € X
such that ¢, < ¢pt1 < o on [—r,T] (By Theorem 2.1). Therefore

n—l—l(t) +)\¢n+1( ) f(t, Cbn(t_r)) +)‘[¢n+1(t_r) _¢n(t_r)]v te I,
ny1(t) = ¢ny1(0), t € [=r,0],
agn+1(0) + bdp11(T) = 0.

Thus, we get a monotonic increasing sequence of functions (¢,) € X such that
¢n < 1o, Vn € Non [-r,T] and

O () + Abni1(t) = f(t, dn(t — 7)) + pldnsr(t = 1) — gt —7)], teT,
(anrl(t) = ¢n+1( )7 te [ Ty 0]7
a(anrl(O) b(anrl(T)

Now for each fixed ¢t € [—r,T], {¢,(t)} is a monotonic increasing sequence in R
which is bounded above by y(t). Therefore, by monotone convergence theorem
for sequences in R, {¢,(t)} is convergent in R for each ¢ € [—r,T]. Thus (¢,) is
pointwise convergent on [—r,T]. Let nh_{rolo on(t) = ¢(t), ¥V t € [—r,T]. Since

Gr1(t) + Adni1(t) = f(t, dn(t — 7)) + pldnia(t — 1) — dn(t — 1)),

we have

t
Sn+1()eN — Pni1(0) = /e“{f(sv Pnls = 7)) + pldni1(s = 1) = dn(s — r)]}ds.
0
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This implies

t
Gri1(t) = dny1(0)e M + / e M) f (s, (s — 7))ds
0

t
4 [ NI pldnia(s =) = bl = ).
0

Now taking limit as n — oo on both sides of the above equality we get

t

. o VT “A(t—s) B
T dupa(t) = Tim G (0)e ™+ Tim [ e f(s, 6,(s — r)ds

0
t

+ lim [ e M uldnii(s — 1) — dn(s — 7)) }ds.

n—00
0

Therefore, by Lebesgue dominated convergence theorem, we have

t
. o Xt o A(t—s) B
T G () = T 6,0 (0) 7+ [ Tim N0 (5,00 (s~ r)ds
0

n—oo

+ [ Jim e N (s =) = 6uls = 1)}
0

t

Therefore ¢(t) = ¢(0)e N + / €7A(t78)f(37 P(s —r))ds.

0
Also ¢(t) = ¢(0), V t € [—r,0] and ap(0)+bp(T") = 0. Thus ¢ is a solution
of (1.1)—(1.3). As ¢ is continuous, {¢,} is increasing and li_)m On(t) = o(t), we
n—od
have by Dini’s Theorem for uniform convergence of sequence of functions, ¢,, — ¢
uniformly on I. Therefore
i (1) = —A lim i (t)
+ Hm f(t, ¢n(t = 7)) + pldni1(t — 1) — gult —r)].
n—oo
— X(t) + [t Bt - 1)).
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Since the left hand side of the above limit is the uniform limit of sequence of
functions, we have {¢,} converging uniformly on I. Now we have ¢,, — ¢ poin-
twise on [—r,T] and ¢, — ¢ uniformly on I. Also ¢,(t) = ¢,(0), ¥V t € [—7,0]
and Vn € N, ¢(t) = ¢(0), V t € [—r,0]. Therefore we have ¢, — ¢ uniformly on
[—7, T]. This implies that ¢ is continuous on [—r,T]. Also ¢ is differentiable on
I and ¢’ is continuous on I. Thus ¢ € X. As ¢, — ¢ uniformly on [—r, T] and
¢!, — ¢ uniformly on I, we have ¢, — ¢ on (X,|.||«) and ¢ is a solution of
LBVP (1.1)—(1.3).
Next consider

(3.7) y'(8) + My(t) = f(t, ot — 1) + ply(t —r) — ot —7)], teL,
y(t) = y(0), te[-r0],
3 ay(0) +by(T) =0

Let hy,(t,u) = f(t, %ot — 7)) + plu — Yo(t — )], V (t,u) € I x R. Therefore
— 1)) = f(t. ot — 7)) +plz(t —7) —to(t —7)], V t € I and hy,(t,z) <
hyo(t,y), ¥V (t,x), (t,y) € I x R such that = < y. Also

Po(t) + Ado(t) < f(t, do(t — 1))
< f(t,bo(t — 1)) + pldo(t — 1) — tho(t —7)]
= hy, (t, ¢o(t —1)).

Further

Vo(t) + Mpo(t) = f(t, ot —r))
= f(t,o(t — 1)) + plho(t — 1) — Yo(t — 1))
= hwo (t7¢0(t - T))

We already know that
L ¢o(t) = ¢0(0), t € [-r,0],
2. ¢o(t) = 0(0), t € [-7,0],
3. ¢o(t) < vo(t), t € [-r,T],
4. apo(0) + bdo(T) < 0 < arpo(0) + biho(T).
Therefore ¢y and g are weakly coupled lower and upper solutions of

(3.1)=(3.3). Then by Theorem 2.1 LBVP (3.7)—(3.9) has a solution %; € X such
that ¢9 < ¥ < g on [—r,T]. Therefore
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YY) + X (t) = f(t,00(t — 7)) + plbn(t =) —bo(t = 7)), te,
P1(t) = 41(0), te[-r0]

ay1(0) + by (T) = 0.

Thus 97 (t) + M)y ( ) > f(t, 1 (t—7r)), t € 1. Also
L 4o (t) + Mo (t) > f(t ot — 1)), teT,
2. ¢ho(t) = 1o(0), t € [=r,0],
3. ¢1(t) = ¢1(0), t € [-r,0],
4 d1(t) < to(t), t € [-r,T],

5. a¢1(0) +b41(T) =0 S atho(0) + bibo (7).

Therefore ¢y and 11 € X are weakly coupled lower and upper solutions
of LBVP (1.1)—(1.3).

Continuing in this manner, we get a monotonic decreasing sequence of
functions (1,,) € X such that ¢g <, Vn € Non [-r,T] and

U1 () + Mongr () = f(& ¥t = 7)) + plpna(t —7) =Yt — 7)), te,
Yng1(t) = Yng1(0), t€ [ 7, 0],
aPn41(0) + bpp 11 (T) =

Further, {4} converges in (X, | - ||s) and li_r}n 1y, is a solution of LBVP
n—oo
(1.1)—(1.3) O
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