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ABSTRACT. Here, we have expanded the outcome related to the approx-
imation of double Fourier series using sub-matrix means, encompassing a
broader set of sequences and a more inclusive class of functions HY, B[TQ]
within a mixed Lebesgue space.

1. Introduction. Let f € L3T?] be a periodic function with period
27 in each variable, where T = [—m, 7r]. Then, the double Fourier series for the

function f is defined as

Z Z Amn[@mn cos(mz) cos(nw) + By sin(mz) cos(nw)

m=0n=0
(1.1) + Ymn cos(mz) sin(nw) + Oy sin(mz) sin(nw)]

— io: io: )\mnAmn(Za ’LU),

m=0n=0
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where,

(1.2) O, = 7712//11‘2 f(u, v) cos(mu) cos(nv)dudv,

(1.3) Bnn = 7:2//1r2 f(u,v) sin(mu) cos(nv)dudv,

(1.4) Ymn = 7712//11‘2 f(u,v) cos(mu) sin(nv)dudv,

(1.5) Omn = 7:2/ f(u,v) sin(mu) sin(nv)dudv,
T2

are the Fourier coefficients of the function f(z,w), for m,n = 0,1,2,3... and

1
Amn = 1, Ao = Aon = 37 for m,n > 1, X0 = 1

o e}
Let {Syn } be the sequence of partial sums of double infinite series Z Z Gmn

m=0n=0
and the sub-matrix means of the sequence {S,,,,} is given by

n

m
Tmn - Z Zamvibnvjsmn) m,n Z O)

i=0 j=0

where A = (ap,,;) and B = (by ;) are two lower triangular infinite matrices such
that

>0, ifi<mg

(1.6) Um,i = {

m
(i,m=0,1,2,...) and Y am; =1,
=1

0, if i > m.

>0, if j <n; n
1.7 bn,j = j,n=0,1,2,...) and » by = 1.
o ’ {0, if j > n. ( ) ; J

The double series Z Z Ay 1s said to be (A, B) summable to a finite number

m=0n=0
s, if Tmn — s as m,n — oo. The conditions of regularity for double matrix

summability are given by
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m n
E g Qpm,ibnj — 1 as m,n — oo

i=0 j=0

hmZ\amZ by,j| =0 for each i =1,2,...
7=0

hInZ\amZ n,j| =0 for each j =1,2,.
=0

In the realm of sequence analysis, a sequence ¢ = {¢,,} comprising nonneg-

ative numbers that approach zero is designated as having rest bounded variation,
oo

denoted as ¢ € RBV'S, if it has the property Z len — ent1| < K(c)ep, for all
n=m
natural numbers m, where K(c) is a constant solely depending on c.

Let Car be the space of all continuous 27- periodic functions on T2. For
0<a<1,0<B<L1, define Hy g as

Hop={f € Con :Vz,w|f(z + t,w + ) = f(z,w)| = O(|t[* + |s”)},

then (Hy g, | - |a,) is @ Banach space, under the norm

]f(z+t,w+s)—f(z,w)|
fllag = Ifllec + sup
Iy = o+ s LELEES

In a series of studies, such as [5] and [4, 1], the degree of approximation
for functions within the Lip(«, 8) and H, g classes respectively, was investigated.
In [3], degrees of the approximations by some special matrix means of conjugate
Fourier series, was studied
Trigonometric polynomials of the form

A(m) A(n)

(18) f’z ’LU Z Zaz\ m), b)\(n ,jslj(fvz w)

i=0 j=0

were utilized for this purpose, where {ay();} € RBVS and {byy) ;} € RBVS
with respect to 0 < ¢ < m and 0 < j < n, satisfying specified conditions (1.6) and
(1.7) respectively. Moreover, strict increasing sequences A(m) and A\(n) played a
crucial role in their approach.
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In the work by the author in [7], a generalized class, denoted YRBV'S,
is introduced. For a fixed sequence of positive numbers v = {7, } a nonnegative
null-sequence ¢ = {¢,} belongs to the class YRBV' S if

(e 9]

Z |Cn - Cn+1| < K(C, 7)'7m

n=m

holds for all m € N. This is expressed as ¢ € yRBV'S indicating that c is a 7y rest
bounded variation sequence. Notably, the YRBV' S class is more inclusive than
the RBV'S class, converging to identity only when ~,, = Kc¢,, for some positive
number K. Using [7, Lemma 3.8], if ¢ = {¢,} € yRBVS then there exists
a non-increasing sequence v* = {7} such that ¢ € v*RBV S, throughout the
manuscript, when using the notation ¢ = {¢,} € YRBV S, we assume, without
loss of generality, that v = {~,} is non-increasing sequence.

The mixed Lebesgue space Lﬁ[’EQ] generalizes the standard Lebesgue space
L,[T?] and is defined [8] for 7 = (p1,p2) € [1,00]?. It comprises all measurable
functions f satisfying

17115 = (/ (/ \f<z,w),pldz)“dw> < oo,

That is, first compute the L,, norm of the function f(-, w), then compute the Ly,
norm of the result (which depends on w). If either p; or ps is co, the appropriate
integral is replaced by an essential supremum. If we take 7 = (p,p) € [1, o0]?
then the mixed Lebesgue space Lﬁ[’]l‘z] coincides with the classical Banach space

L,y[T?). Tt’s noteworthy that the function f(z,y) = € L[T?] for

1
(1+ [ayl)'/?
p1 =2 and py =4 but f ¢ Ly[T?.

The space H. g ﬁ[TQ] is defined as,
HE 1% = {F € LAT?)« (£t 5w+ 0) = f(zw)lp = Ot + 1s1%))

Note that, (Hg’B[TQ], Il - Hgg) is a Banach space, under the norm

p Hf(z—l—s,w—i—t)—f(z,w)Hﬁ
1A1Z 5= I fllz+ sup
B P sr0t20 |s[® + [t]°

It is evident that the Banach space H g ﬁ[’]I‘Q] serves as a generalization of the
space H, g.
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In our current study, we broaden the findings of X. Z. Krasniqi [4, Theo-
rem 3.1] not only for the general class H: 4 op [T?] but also for a more expansive range
of sequences {anm;} € YRBVS and {bn]} € YRBV S with respect to 0 <i <m
and 0 < j <n.

2. Notations and lemmas. In the sequel, following notations are

used:
Don(s,1) = fz+s,w+t) —i—f(z—s4,w—|—t) + f(z+s,w—1)
+ f(z—s,w—t) _4f(sz)’
4
G(U, /U) = ¢z+s,w+t(u’ U) - ¢z,w(U7 U)v
A(n) . 1
A\ 1 . sin (k: + 5)

(21) KC,n(t) T kZ:OC)\(n),k in (%) )

where C' = (&, 1) is a lower triangular regular matrix.

Lemma 2.1 ([4]). Let (é,%) be a lower triangular regular matriz with

non negative entries. Then for 0 <t <

Aln) +17
K3 ,(t) = O(A\(n) +1).

Lemma 2.2. Let (¢,1) be a lower triangular reqular matriz with non

negative entries and {¢, } € YRBVS with respect to k. Then for

t<m,
Axmyr
2,0 = 0 ()

1
A(n) +1 <

1
where Ay = K(c,7) Z%\(n),s and T denotes the integer part of T
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2
Proof. Using Jordan’s inequality sin(a) > 2% for a € [0, g], we have,
T

A(n) . 1
1 _ sin(k + 5)t
‘Ké’n(t)‘ . Cx(n),k . 2
' T kzz:o () sm(%)
1\ 1
< 5 Ex(n) kS (exp(z(k: + 2)t)>
k=0
(2.2)
1]
< 5 [exp(3) kzzo Ex(n) .k exP(ikt)
1 2™
< 5 Ex(n),k exp(ikt)]
k=0

where & means the imaginary part. Further, for <t < m, we write,

(n) +
A(n) —1 A(n)

(23) D Exmyrexp(ikt)| < | Exgypexp(ikt)| + | > Exgy expl(ikt)
k=0 k=0 k=1

=51+8

Since, {Cxn),x} € YRBV S with respect to k, we get

(2.4) Emyr < D Bk — k] < K1)y
k=1
Using (2.4),
T—1 7—1 7—1
(25) S1=>_ e exp(ikt)| <> ermul < DK (V) Vam)k = Ay r—1
=0 =0 =0
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Using Abel’s transformation and assumption {6>\(n)7k} € yRBV S with respect to

k
k, and notation, &, = Zexp(ipt), we get
p=0
(2.6)
A(n)
SQ = Z 5/\(71)7]{3 exp(ikt)

k=1

A(n)—1
= Z (Extn)k = Ca(n)k+1)Ek — Exn),rEr—1 + Ea(m) A() Er(n)

k=1

Aln)—1

< > emk — Eam) b 1]+ 1By 1Er—1] + [Exmy i) 1Eawm) |
k=1
Aln)—1
< ]CZ: 1Ex(n).k — Exn) k1] T [Cam) 7| + [Eamyam) | | X R ||
1 —expi(k+ 1)t

< 3K

3K(e )0+ 71Ignf§(n) 1 — exp(it)

3K(Ca 7)’7)\(71),7' _ 3K(C> ’7)7)\(71),7' _ 37TK(07 7)7)\(71),7'

~ /(1 = cos(t))? + sin?(t) 2sin & 2t

3
< ?K(Q ’7) (T + 1)7)\(71,),7"

Now, from (2.2) to (2.6), we get

A(n)
1 ~ .
|Ké‘,n(t)’ < % Z Cx(n),k eXp(lkt)
k=0 O
1 3 A)\ T
< o (Arrmt + 5 K (e ) + Dyagay.r) = O (;)) |

The following lemma is a consequence of Minkowski’s integral inequality
[2, Theorem 202]:
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Lemma 2.3 ([6]). If F(z,u) is a Lebesque measurable function of two
variables defined for 0 < u < m;0 < x < 27, then

/07r F(z,u)du

Lemma 2.4. If F(z,y,u,v) is a Lebesque measurable function of four
variables defined for 0 < u,v < m;0 < x,y < 27, then

//F(m,y,u,v)dudv
0 0

Proof. When p1,ps < oo, apply Lemma 2.3 repeatedly in the following
manner

//F(x,y,u,v)dudv
o Jo

s
< [ 1P wlydu p > 1.
P 0

s s
< / / 1P (., u,0) 5 dudv, pr > 1 and ps > 1.
7 Jo Jo

2
2 s ™ p1 % P2
(/ </ / F(z,y,u,v)dudv) da:> dy
0 0 0
1
2m ™ ™ P1 %Xm P2
([ (] resos)al o)
0 0 0
1 o p2
) x) dv | dy
27 T T 27 % P2
/ / /(/ F(x,y,u,v)\plda:> du | dv
0 0 0 0
1
T 21 T 27 ﬁ P2
F( (o) a) )
0 0 0 0

(
oo

™ 2m P1 P2
/ (/ |F(z,y,u,v)* d:c) dy du | dv
0 0 0

1

Il
/
ﬁ
3

/ F(z,y,u,v)du
0

IN

dy

IN
S—
¥
VR /
h‘
N
S—
Y
TN

d
p2

IN

IN
o\;|
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- / / 1P e,y u,0) | pdudo.
0 0

When p; = oo and py < 0o, by Lemma 2.3,

‘/ / F($7ya U,U)dudv
0o Jo 5
21 - - . %
= </ <esssup(/ / F(z,y,u,v)dudv )) dy>
0 T o Jo
2w T - . %
< </ </ / esssup |F(x,y,u, v)|dudv> dy>
0 0 0 T
" " o p2 é
S/ / (/ <esssup\F(m,y,u,v)|> dy) dudv
0 0 0 T

= [" [ 1@ 0l
0 0

When p; < oo and py = oo, by Lemma 2.3,

‘/ / F(z,y,u,v)dudv
0o Jo 7
27 T T p1 i
= esssup </ (/ / |F(z,y,u, v)|dudv> da;)
y 0 0o Jo
1
T T 2m 1
< esssup/ / (/ |F(x,y,u,v)]p1da:> dudv
y JO 0 0
1
T T 2w 1
§/ / ess sup (/ |F(J:,y,u7v)]p1daz) dudv
0 0 Y 0

[ [ 17y w0 dud.
0 JO

Finally, in the case p; = ps = 00, both sides are equal. O
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3. Main result.

Theorem 3.1. Let A := (amm;) and B := (b, ;) be lower triangular reg-
ular matrices, where {am;} € YRBVS and {b,;} € YRBVS with respect to

1
i < m and j < n, with the condition Ay, = O ()\(;—H)’ for T = [J,
n

1
(W <t< 7r>. If f(z,w) is a 27 periodic function in z and w and belong-

ing to the class Hpﬂ[TQ] for 0 < a,B <1, then

1S (f3 2,w) = f(z,0)[7

( : + S if 0<a<l,0<B<;
(A(m)+ 1)~ (A(n) + 1)
1 log(A(n) + 1) ' o
(3.1) (A(m) + 1) + ) +1 if 0<a<l,B=1,;
=00 lgm 1) |
A(m) + +()\(n)+1)57 if a=10<p<1;
log(A(m ) 1) log(A\(n ) ) . o
L A A1 Am L if a=p=1L

Proof. Recall that, for the partial sum of double Fourier series Sy, »,(F; z, w),
by some elementary calculations, we get

1) g o 1
52) Sy [ [ ot osn B

sin(3) sin(%)

Taking double matrix means of Sy, ,,(f; 2z, w) — f(z,w), we get

A(m) A(n)
S7)‘r\z,n(f; 2, w)_f(za w) = a)\(m),pb)\(n),q [Sp#l(f; 2, U}) - f(Zv w)]
p=0 ¢=0
A(m) A(n) . N 1
1 [ [7 sin(p 4+ )ssin(q + 5)t
) / Gzw(s,1) A\ (m),pOA(n).q (. _ 2) ( - ) dsdt
m 0 0 =0 q—0 Sln(i) 31n(§)

_ /w /“qbz,w(s,t)ngm(s)Kgyn(t)dsdt
0 Jo
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= I;\l’n(z, w).
Firstly, we estimate the I,’}wz(z +s,w+1t)— If,‘l’n(z, w),

I,i‘%n(z +s,w+t)— I%7n(z, w)

:/ / G’(ujv)Kj‘l’m(u)Kg,n(v)dudv
0 0

VA A Y A Sy B

A(n )+1 A(m )+1 A(m )+1 A(n)+1
x G(u, U)K;\lm(u)Kﬁn(v)dudv
= Lnn + I + Lo + I

Using Lemma 2.4, we have ||Imn(z+s w+t)—I) n(zw)|ly < || mn"ﬁ+||172n,n‘|ﬁ+
||I§n,n||ﬁ+ HI;lnn 5- Where,

1 1
A(m)+1 A(n)+1
Iy = /0 /0 1G s ) AR (WK 0 (0) dud,

A(m)-&- A
mn”p ||G u,v HP‘KAm( )||KB,n(U)|dUdU7

)\(n)+1

12 / /”"”l 1G (1 )| (0) [ ECS (0 sy,

A(m)+1

hlr= [ [ 1G D IARA ()15 (o) dud.

A(m)+1 7 A(n)+1
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It is easy to verify, if f € Hgﬁ[’ﬂa] then |G (u,v)|5 = O(|s|* + [t|®).
By Lemma 2.1, we have
( 1) ( 1)
A(m)+1 A(n)+1
alls = [ [ NG ) 0

3.3 T [N
33 = 00m) + 10O + 1) [ [T G0 e

= O(|s* + [t1”).

1
Using an assumption that Ayg), = O<>\(;—+1> for + = [t]’
n

1
———— <t <7 | and with the help of Lemma 2.1 and Lemma 2.2, we get
A(n) +1

A(m)-&-l
/ / 1G (s ) AR (W)Y 0 (0) s

A(n)+1
m Ay
/A< / HG u v)Hpﬂdudv
)\(n v
r A 1
— O(lsl® + 111 D]
- ofsi+ 1) [ v
A(n)+1
A(n)+1 4
—o(sl ) [ P
1 A(n)+1
= ) dt
Ost* + ) 57557 |,
= O(|s|* +t[%).
Similarly,
(3.5) 1 slls = O(s|™ + [t17),
as well as,

(3.6) il = OCs|* +18]7).
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Now, from equations (3.3) to (3.6), we have,

(2 + 8,0 +8) = I (2, w) 5 o)

3.7 sup
(37) S P

Next we estimate the remaining part,

I (2, w) / / Gz (8, 8) K\ (8) K (t)dsdlt

</ )\(m)+1 /)\(n)+1 /)\(m)+1 / / /)\(n)+1

O R

(3.8)
vy v
+ / ) / ) X Gzaw(s, t)K;\Lm(s)Kgm(t)dsdt
XeFT Y X)L
=Lpn+ Lo+ Lo+ Lo
By Lemma 2.4, we have, ||, ,,(z,w)ll5 < | L3, o ll5+ 1o |5+ 1 L3 o ll 5+ | L [ 7

where

1 1
X(m)+1 X(n)+1
1LYl = /0 /0 b0, Ol B () [ ECH 0 (0) s,

m)+1 A
man H(ﬁzw 3 t)HP’KAm( )HKB,TL(tNdet?

L3l = / /”"’“ 162 a0, )11 B ()| ECH (1) s,

)\(m)+1

T ™

2l = [ [, 1o AR (B, 1) s

A(m)+1 7 A(n)+1

It is easy to verify that f € Hgﬁ[']IQ] implies ¢, ., € Hgﬁ[']I‘Q].
From Lemma 2.1, we have,

1 1
X(m)+1 X(n)+1 N N
ILL ol = /0 /O b5 DIAK L ()1 F 0 (6 sl

(3.9) — O(A(m) + 1)O(\(n) + 1)/“"”“ /“”)“(sa + %) dsdt
0 0

=0 ((Am)+ 1™+ (A + 1))
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Using Lemma 2.1 and Lemma 2.2 and the assumption A/\(n)J =0 <)\(T>
n

)+ 1
fo - 1 ;<t< e oet
rT = b An) + 1 <7m],weg

(3.10)
1
YCOrS N
1Zls= [ [ 10mosDARA IR, 1) st
0 A(n)+1
m n 1
= < /M )“/ (s* +17) A(t)[t]d dt)
/\(n)+1
XFT T Ayt
-0 ((A(m)+1) /“ " sads/ 20l gy
0 o L

1
A(m)+1 &
—i—/ + ds/ X tﬁ_lA,\(n),[Hdt]>
0 A(n)+1

=0 ((A(m) +1) | (A(m) + 1) / R AA(;)M p
L O A
Jr>\(m) +1 /1 S d
=0 <()\('m) —+ 1) (A(m) 4 1)—04—1
1 1 A(m)+1
+)\(m)Jrl)\(n) +1/i vﬁdv])
1 1 '
I B e T e
) ! log(A(n) + 1)

_|_

(A(m) + 1) ) +1 fo<a<1,8=1.
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Equipped with Lemma 2.1 and 2.2, as well as the assumption, we get

(3.11)

1
T M)+l
2l = [ [ ol DA () 1, 1) st

A(m)+1

™ ﬁ A m). 1
:O<(/\(n)+1) [ (s“+tﬂ>wdsdt>

S
A(m)+1

0 (()\(n) +1)

1 T a—1
)\(n)+1/1 S Axm [1)5

A(m)+1

vy A m 1 +
+/ M”Jw/Mmﬁ4>
1 s 0

A(m)+1

1 u

A(m)+1 A
+A(n) + 1777 / ] dv] )

1 )\(’m)-i-l du
)\(n)+1)\(m)+1/1 ue

ONm) + )= " (A(n) + 1)8’ ifo<a<1,0<B<1;
(

log(A(m) + 1) 1
A(m) +1 (A(n) +1)8’

ifa=1,0<pB<1.
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Now from assumption and Lemma 2.2, we have

(3.12)
1L2 = / 1 / (5 Ol K () 1S, ()| st
m+

™ m).[L A 1
-0 / / (5% +t7) D [2] Aren L] gsar
A(m)+1 S 13

)\(n)+1

5 /“ / Ay,
Alm)+1 )‘(m)’[g] t

Aln )+1
T A
+/ / tB_IA)\(n) de dt)
A(m)+1 A(n)+1 Lt S

A(m)+1 A)\(m) (0] Aln)+1 A/\(n) (0]
=0 </1 Lot clu/1 . dv

. (A(m)lﬂ)aJr (A(n)1+1) ,  if0<a<1,0<B<1;
o] e R o<
o1 T o o= Lo<A<y
e S fa=a=t
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From equation (3.9) to (3.12), we get

(3.13) 1 1
A+ 107 T )+ 1)P if0<a<1,0<B<1;
127, (2, 0) | 5= O 1(2;3)(1;)2&1; logk((i%(;?i ) %f e
A(m) + 1 +(A(n)+1)6, ifa=10<p8<1;
logA((Ag)nr; 1) 1og/\((>;£)ni:; 1)’ a1

Using equation (3.7) and (3.13), we get (3.1). This completes the proof. O
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