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ABSTRACT. In this paper, we introduce the n-dimensional generalized
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1. Introduction. The reduced Helmholtz equation is an elliptic dif-
ferential equation allowing to describe physical phenomena related to oscillatory
problems. As such, it is a classical problem for diverse fields of physics and en-
gineering such as vibration mechanics, electro-magnetics, acoustics or quantum
mechanics (see [3, 13, 18]). Solution of the two-dimensional Helmholtz equation
allows to identify vibration modes for a two-dimensional domain. Analytical so-
lutions are limited to domains with a particular shape such as a rectangle or
circle (see [13, 16]). In general, solving this differential equation relies on numer-
ical methods (see [27, 28]). In order to find solutions, the Helmholtz equation
is transformed to account for a conformal map between the shape of the phys-
ical domain and the unit disk as canonical domain. This way, the transformed
Helmholtz equation is solved exploiting well known analytical solutions for a cir-
cular domain and the solution in the physical domain is obtained by applying the
conformal map (see [12]). Recently, the Helmholtz equation was studied by the
method of fundamental solutions (MFS) using Bessel and Neumann functions.
The bounds of errors are derived for bounded simply-connected domains, while
the bounds of condition number are derived only for disk domains, see [14]. Also,
by using conformal mappings of a plane with elliptic hole and a plane with cross-
shaped hole into the exterior of the unit disk, are constructed functions that play
the role of bases in the spaces of functions analytic in these domains. In addition,
on the basis of expansions of analytic functions in series in these bases, are ob-
tained solutions of the Helmholtz equation in a plane with holes whose boundary
values coincide with the boundary values of these functions (see [24]).

In [16], is proposed the Galerkin boundary element method for exterior
problems of the two dimensional Helmholtz equation with arbitrary wavenumber.
In 2002, is presented a new boundary integral method for solving the general
Helmholtz equation is developed. This new formulation is developed for the two
dimensional Helmholtz equation with the method of moments Laplacian solution.
The main feature of this new formulation is that the boundary conditions are
satisfied independent of the region node discretizations, see [23].

In 1934, Eisenhart [8] showed that in the Euclidean 3-space, the Helmholtz
equation separates only in eleven coordinate systems, which sometimes are called
the Eisenhart coordinate systems:

1. Rectangular coordinates, 2. Circular-cylinder coordinates, 3. Elliptic-cylinder
coordinates, 4. Parabolic-cylinder coordinates, 5. Spherical coordinates 6. Pro-
late spheroidal coordinates, 7. Oblate spheroidal coordinates, 8. Parabolic co-
ordinates, 9. Conical coordinates, 10. Ellipsoidal coordinates, 11. Paraboloidal
coordinates. If the Helmholtz equation separates, we can solve the ordinary
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differential equations individually and combine the results to find the exact solu-
tion of the Helmholtz equation. So for a given problem involving the Helmholtz
equation, we can find a suitable coordinate system which allows separability and
therefore we can find the exact solution to the problem.

The two-dimensional generalized Helmholtz equation is introduced and
studied in [20], explicit solutions to this equation were presented. As an applica-
tion, explicit solutions to the two-dimensional Helmholtz equation are obtained.

In this paper, given the function h : R" — R, u = (ug,ug, -+ ,u,) € R"
we consider the following equations:

The n-dimensional Helmholtz equation for h is defined as

(1.1) Ah(u) + ¢(Q(u))?h(u) =0,

The n-dimensional generalized Helmholtz equation for h is defined as

(1.2) A <m (Ah(u) + c(Q(u))2h(u))> — 0,

where Q(u) is a differentiable function and ¢ is a real non-zero constant.

In general, given a partial differential equation (PDE) it is not easy to find
22

a + bf[ul?

a class of solutions for the equation (1.2) that depend on biharmonic functions

and a class of solutions for the equation (1.1). Note that every solution of the

n-dimensional Helmholtz equation is a solution of the n-dimensional generalized

Helmholtz equation.

Let M C R3 be a surface oriented by its normal Gauss map N. Given
v € R3, the functions ¥, A, : M — R? given by ¥, (p) = (p — v, N(p)), A, (p) =
(p—v,p—v), p € M, where (,) denotes the Euclidean scalar product in R3, are
called support function and quadratic distance function with respect to v € R3,
respectively. Geometrically, ¥, (p) measures the signed distance from v to the
tangent plane T, M of M in p and A, (p) measures the square of the distance from
p to v.

In 1907, Tzitzéica [26] studied oriented hyperbolic surfaces such that there
exist a nonzero constant ¢ € R for which K +¢*¥* = 0. In 1888, Appell [1] studied
a class of oriented surfaces in R? associated with area preserving transformations
in the sphere. After, Ferreira and Roitman [11] showed that these surfaces are
such that there is a fixed point v € R? such that the mean curvature H, the
Gaussian curvature K and the support function ¥, satisfy H + ¥, K = 0. Dias
and Corro [6], study a special class of oriented surfaces M C R3 that satisfy a
relation of the form 2V, H + A, K = 0, for some fixed point v € R3. Called

explicit solutions for this PDE, here for Q(u) = and ¢ = ab we obtain
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generalized special Weingarten surfaces depending on support function and the
distance function (in short, EDSGW-surface), this class of surfaces has the geo-
metric property that all the middle spheres pass through a fixed point. Also, is
obtained a Weierstrass type representation for this surfaces that depend on two
holomorphic functions. As applications classifies the EDSGW-surface of rotation
and present a 2-parameter family of complete cyclic EDSGW-surfaces with an
isolated singularity and foliated by non-parallel planes, which shows that one can
not generalize the result of Lépez [15] valid for linear Weingarten surfaces. Also,
in [4], it is shown that the EDSGW-surfaces are in correspondence with the class
of surfaces in S? x R whose Gaussian curvature K and extrinsic curvature Kpg
satisfy K = 2Kg.

Martinez and Roitman [17], introduce the class of surfaces in Euclidean
space motivated by a problem posed by Elie Cartan. This class of surfaces are
called Ribaucour surfaces and are defined as surfaces where all the middle spheres
intercept a fixed sphere along a large circle, these surfaces satisfy a relation of
the form 2WH + (1 + A)K = 0. The authors obtain holomorphic data for these
surfaces and discuss the relation with minimal surfaces. Ribaucour surfaces are
mentioned in passant by Bianchi [2].

Also, in this paper, thus as the two-dimensional Helmholtz equation has
several applications for diverse fields of physics and engineering such as vibration
mechanics, electro-magnetics, acoustics or quantum mechanics, we present geo-
metrical applications of the equations (1.1) and (1.2), namely, we introduced two
classes of generalized Weingarten hypersurfaces associated with solutions of the
equations (1.1) and (1.2), defined as:

An orientable hypersurface M C R""1 n > 2, is called generalized Weingarten
hypersurface depending on support function and the radius function (in short,
RSGW-hypersurface) if satisfy

Hn—l
n

n

—nR -2V =0.

An orientable hypersurface M C R n > 2, is called harmonic generalized
Weingarten hypersurface depending on support function and the radius function
(in short RSHGW-hypersurface) if satisfy

R anl o
A(E <n . —nR—2\IJ>> =0,

where H,,_1, H,, are the rth-mean curvatures, W is the support function with rela-

tion to origin, R is the radius function with respect to hyperplane

IT = {(u1,u2,...,un,0)/u; € R} and d is the projection function of M on II.
The paper is organized as follows. In Section 2, we present the definitions
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and results that will be used in the work. In Section 3, we present our main
results, namely, we introduce the n-dimensional generalized Helmholtz equation
and present explicit solutions to this equation in terms of biharmonic functions, in
particular, we get solutions that depend on holomorphic functions. Also, we pro-
vide explicit radial solutions for this equation. Moreover, we present explicit so-
lutions for the n-dimensional Helmholtz equation. In Section 4, as an application
we introduced two classes of generalized Weingarten hypersurfaces, namely, the
RSHGW-hypersurfaces and the RSGW-hypersurfaces, associated with solutions
of the n-dimensional generalized Helmholtz equation and classify the RSHGW-
hypersurfaces of rotation. In Section 5, for the case the surfaces, we obtain a
Weierstrass type representation for these surfaces which depend of three holomor-
phic functions. Finally, we classify the RSHGW-surfaces and the RSGW-surfaces
of rotation.

2. Preliminaries. In this section we present the definitions and results
that will be used in the work. In [23], is considered the following two-dimensional
elliptic equation for a smooth function ®(uy,us) defined in a region defined by R
which is bounded by a contour C' so that

(2.1) A‘I)(ul,uQ) + )\(Ul,UQ)‘I>(U1,Ug) = F(ul,uQ),

where A(uy,u2) and F(uq,us) are known functions in the domain fR.
The general form of (2.1) includes, as specializations, the following cases:

1. Laplace’s equation, with A = 0 and F' = 0,
2. Poisson’s equation, with A =0 and F # 0,
3. Helmholtz’s equation, with A # 0 and F' # 0 (F = 0).
The two-dimensional Helmholtz equation for h(u) defined by (see [20])
(2.2) Ah(u) + ¢(Q(u))?h(u) =0,
where Q(u) indicates the wavenumber and c is a real non-zero constant.
Definition 2.1. The two-dimensional generalized Helmholtz equation for

h(u) is defined as (see [20])

(2.3) A <m (Ah(u) + c(Q(u))Qh(u))> =0,

where Q(u) is a function and c is a real non-zero constant.

The following Lemma is an equivalent version to the Lemma 1 obtained
in [21]
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Lemma 2.2. If f1, fo,g : C — C are holomorphic functions of u =
uy + iug, such that (1, f1) + (g, f2) = 0. Then f1 = —Z1g9 + icy, fo = icog + 21,
where ¢; are real constants and z; € C.

Definition 2.3. Let M C R™"! be an orientable hypersurface with nor-
mal Gauss map N. Given v € R™"!, the function ¥, : M — R""! given by
U,(p) = (p—v,N(p)), p € M, where (,) denotes the Euclidean scalar product in
R™! is called support function with respect to v € R™1.

Geometrically, ¥, (p) measures the signed distance from v to the tangent hyper-
plane T, M of M in p.

Definition 2.4. Let M be an orientable hypersurface in R"*! n > 2, the
Mean curvature and the Gauss-Kronecker curvature of M are given by

1 n n
H:EZ;@-, K:Hk
i=1 i=1
where k; are the principal curvatures of M.

Definition 2.5. The rth-mean curvature H, of M is defined by
Sp(W)
where, for intergers 0 < r <mn, S,(W) is defined by

So(W) = 1,

S (W) = > kiyeecki,

1<i1 < <ir<n

H, =

W is the Weingarten matrix.

We observe that H = Hy and K = H,.
The following results due to Ferapontov on systems of hydrodynamic type and
reciprocal transformations can be seen in [10] and [9].

Definition 2.6. Let U C R" be an open subset, v = (u!,...,u") € U
and V;; : U — R, 1 < 4,5 < n, differentiable functions. A system of hydrodynamic
type in the independent variables (x,t) is a system of partial differential equations
of the form

n
(2.4) uy =Y Vij(wd,, 1<i<n,
j=1

where v’ = u'(x,t), 1 <i < n.
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Definition 2.7. Let Adx+ Bdt and Cdx+ Ddt be integrals of the system
of hydrodynamic type (2.4), where AD — BC # 0 for all u € U. A reciprocal
transformation is a change in the independent variables (x,t), given by
(2.5) dr = Adx+ Bdt
(2.6) dt = Cdz+ Ddt

Proposition 2.8. The reciprocal transformation given by (2.5) and (2.6)
transform the system (2.4) in the following system of hydrodynamic type

n
(2.7) u'y = Z Vij(u)uff, i=1,...,n,
j=1

where the matriz V = (V;;) is given by
(2.8) V = (AV — BIL,)(DI, — CV)~!
and I, is the identity matriz n X n.
Moreover, given an integral Pdx + Qdt of the system of hydrodynamic type (2.4),
the 1-form
DP - CQ AQ — BP _
AD—Bc™ T ap—Bc™
is an integral of hydrodynamic type of the system (2.7).

Consider the unit sphere S” = {q € R""!;|q| = 1}. We say that e, =
(0,...,0,1) and —enq1 = (0,...,0,—1) are, respectively, the north pole and
south pole of S". The stereographic projections P_ : S" \ {—e,+1} — R" and
Py :S"\ {en+1} — R" are diffeomorphisms given by,

q — (¢; ent1)€nt1 q — (¢; ent1)€nt1 n
(29) Pla) =" (¢, ent1) and Prla) =" @enr) 1€ >
According to Dubrovin and Novikov [7], given a differentiable function h : U — R,
the system of hydrodynamic type associated with the zero curvature metric L;;
in R™ is given by the matrix V' = (V;;), where

1 n
(2.10) Vij=——|hyy— > Thhy], 1<ij<n
Lij I=1
The following results can be found in [5].

Proposition 2.9. Let ¥ be an oriented hypersurface in R with
Gauss-Kronecker curvature K(p) # 0, for all p € ¥ and the hyperplane
IT = {(ug,u2,...,Upt1) € R oy, = 0}. If the normal Gauss map N of
Y is such that N(p) # —ent1, for all p € X, then ¥ and 11 are locally associated
by a sphere congruence.
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Lemma 2.10. Let Y : U — II be a local orthogonal parametrization of
hyperplane 11 and a; : U — R, 1 < j < n, differentiable functions. Then

n

n n
a; 1 k .
Vi =X (aa’,z‘— > Fu‘”“) Vi i=1....n.
77 ) 17 k=1
K

j=1 j=1
where Lj; = (Y;,Y ;) and I‘fj are the Christoffel symbols of L;;.

In the next Theorem we present a way to obtain hypersurfaces as envelope
of a sphere congruence related to systems of hydrodynamic type, this result was
obtained in [5] and generalizes the Theorem 1.2 obtained in [6].

Theorem 2.11. Let M be an orientable hypersurface in R" 1 n > 2, with
Gauss-Kronecker curvature K non-zero everywhere and Gauss map N # —epi1.
There exists a local orthogonal parametrization Y : U — I, where U s connected
open subset of R, I = {(u1,ug, ..., upt1) € Ry = 0} and differentiable
function h : U = R, such that M 1is locally parametrized by

(2.11) X (u) = (Q - ?Y, —?) ,

where u = (uq,...,u,) € U CR",
i—1

The Gauss map is given by
1

(2.13) N(u) = = 2V, 1= [Y]%).
1+ (Y]

The Weingarten matriz W is given by

(2.14) W =2(TV —2RI)™ 1,

where I is identity matriz and the matriz V = (V;;) is defined by

1 n
(2.15) Vi= I (h,ij - Z%m)
=1

; Li % i Li 7 Lj ; . .
2.16 | —— | Bl A—— b 2V ]
( ) (23 2LZ7 1] 2LZ LZ 1) ? # j
The regularity condition of X is given by

(2.17) P = det(TV — 2RI) # 0.
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Moreover, the coefficients of the first, second and third fundamental form of X
are given by

L; “
(2.18) aii = 75 AT + D (TVir) Ly,
ki
L; &
aij = _%Wj[AZ‘ + Aj] + Z'VéijkLk, L<i#j<n,
k#i,j
2L; 2 . .
(2.19) bii = WA’D bij = _TLj‘/’L'j7 1<i#j<n, A;=2R-TVy,
4
(220) <N,iaN,i> = LZ', <N7Z‘,N,j> = 0, 1 < 1 75] <n.

T2
Conversely, let Y : U — II be an orthogonal parametrization of 11, where U 1is
a connected open subset of R"™ and a differentiable function h : U — R. Then
(2.11) define an immersion in R™ with Gauss-Kronecker curvature non-zero,
Gauss map given by (2.13) and (2.14)~(2.20) are satisfied.

Proof. Let P_ be a stereographic projection given in (2.9) and X :
U — ¥ a local parametrization of . The function ¥ = P_ o N o X define a
local orthogonal parametrization of the hyperplane II. In these coordinates, we
can write N = P~! oY, from which it follows that N is given locally by (2.13).
As K # 0, it follows from Proposition 2.9 that 3 and II are locally associated
by a sphere congruence. Thus, there are differentiable functions a;, R : U — R,
1 < j < n such that

(2.21) X + RN = Q+ R(—en41)

n
where Q = Z [C,L—]K] and ij = <Kj’}/7j>'
j=1 23
Note that Xﬁ‘ = Q,i — R,i(N + 6n+1) — RN,Z', 1< <n.
Moreover, from (N, X ;) = 0, it follows that
(2.22) R;=(Y,Q;), 1<i<n.
How R is integrable we have (Y;,Q ;) = (Y;, @ ;) for all 1 <i,j <n.

From Lemma 2.10,
n

1 n
(2.23) Qi=> jL— <aj,i - jrfjak) Y, 1<i<n,
Z k=1

j=1
whence it follows that

n n
(2.24) (V;,Qa) =aj;— Y Thar and (Y, Q) =ai;— Y Thay.
k=1 k=1
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Thus, a;; = aj; for all 1 < 4,57 < n. Let h : U — R be a possibly multivalued
differentiable function such that h; = a; for all 1 < j < n. The function h is
unique up to a constant, which will be fixed later, this ensures that

n n
h
(2.25) Q=> L—’{YJ and Q;=>» VyY;, i=1...,n
j=1"17 j=1

1 n
where Vij = — hﬂ‘j — ZF%hJ .
Lj; =1
Now, note that (Q,Y;) = h;. Using (2.22), we have
Y,Q), =(Y;,Q) +(Y,Qu) =h;+R;, 1<i<n.

Choosing a suitable constant for h, we conclude that

1 n
(2.26) R=(Q,Y)-h and 372:52%1]-, i=1,...,n
j=1
In particular, this shows that h is not multivalued. Moreover, from (2.21) we
conclude that X is given by (2.11).
From expressions (2.25) and (2.26), we obtain

T
(2.27) wr =Y +epp1)dr+Qdt and wy = de + Rdt
are integrals of the system of hydrodynamic type (2.10), i.e.,
n n
. 1 .

(2.28) uly = Z — (h,ij — Zrﬁjm) wh, i=1,...,n.

j=1"97 =1
Considering the reciprocal transformation given by
(2.29) dz = —2dt,
(2.30) dt = —2ws.

It follows from Proposition 2.8 that (2.29) and (2.30) transform the system (2.28)
in the system described by the matrix

(2.31) V =2(TV - 2RI, .
Also, the integral wy is transformed into

(Y +eny1) -
—dt.
T

1 R

(2.32) w1 = |—=@Q + —(Y+6n+1) dzT —
2 T

From —2w; = XdT + (N + e,41)dt we obtain that

n
(2.33) Ni=(N+en1)i=) VijX;, 1<i<n,
j=1
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Thus, the Weingarten matrix of X is given by (2.14) and X is regular if, and
only if, P = det(TV — 2RI,) # 0.
As T =1+ |Y|?, we can rewrite

1
(2.34) N = (2V(w),2-1T).
Thus,

2
T2
From this expression, we obtain that the coefficients the third fundamental form
is given by (2.20).

From W = 2(TV — 2RI,)™!, we have that
1 ,
(2.35) X;=3 kZI(TVZ-k —2R6;)Ny, 1<i<n,
where the matrix V' = (Vj;) is given by (2.10).
Using (2.20), it follows that the coefficients of the second fundamental form is
given by

Ni=(TY; =2Y{Y,Y,), -2(Y,Y;)), 1<i<n.

2 2

—<X7Z‘,N,j> = _ﬁ(TV;J — 2R(5ij)ij = ﬁ(2RL” — T‘/Z‘ijj), 1 S ’L,] S n,

this equation is equivalent to (2.19).
To obtain the coefficients of the first fundamental form we use (2.20) and (2.35).
Thus,

1 — 1 —
(X, X)) = <§Z(Tvik_2R5ik)N,k7§Z(Tle_2R5jl)N,l>

k=1 =1
n n
2R AR?
= > VaVirLik — 7 (VigLjj + ViiLii) + =5 ) Oindjk Lk,
k=1 k=1
n
2R 4R? .
= > ViVieLik — - (VigLjj + VjiLii) + =g Lij, 1 <4, <n,

k=1
this equation is equivalent to (2.18).
Conversely, note that (2.17) is a necessary and sufficient condition for
(2.11) to be an immersion. In this case, it follows from (2.33) that its Gauss map
is given by (2.13), the weingarten matrix is given by (2.14) and the fundamental
forms are described by (2.18), (2.19) and (2.20). The proof is complete. O
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3. Main results. In this section we will present a class of solutions for

the n-dimensional generalized Helmholtz and for the n-dimensional Helmholtz
equation.
The following result provides a class of solutions for the n-dimensional generalized
Helmholtz equation in terms of biharmonic functions and provide necessary and
sufficient conditions for a solution of the n-dimensional generalized Helmholtz
equation also be a solution for the n-dimensional Helmholtz equation.

Theorem 3.1. Let A: R" — R be a differentiable function, a,b non-zero

A
(w) [|ul|? # _E and ¢ = ab

real constants. Then the functions h(u) = o b’

(1) are solutions for the n-dimensional generalized Helmholtz equation if and only
if, A is biharmonic,

(2) are solutions for the n-dimensional Helmholtz equation if and only if, A is
btharmonic and satisfy

(3.1) (a+b|lul|*)AA — 4b(V A, u) + 2b(4 — n)A = 0.
Proof. (1) Consider
(3.2) h = %, where T = a + b||ul®.

Calculating the Laplacian of h we have

AA 1 1
Ah_7+2<vA,v<f>>+AA <?>

Using the expression of T" given in (3.2), we get
~AA (VA,VT) AT HVT||2
Ah = T 2 e A— e +2A

1
= 72 (TAA—4b(VA,u) + 2b(4 — n)A — 8abh) .

This equation can be written as
T° 1
(3.3) <Ah + T2 abh) =3 (TAA —4b(VA,u) +2b(4 —n)A).

8

2v2
a + bl|u|?
n-dimensional generalized Helmholtz equation (1.2) if and only if

A(TAA —4b(V A, u) +2b(4 —n)A) = TA2A = 0.

A
Thus, for Q(u) = and ¢ = ab the function h = T is a solution for the
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Therefore, h = is a solution for the n-dimensional generalized Helmholtz

a+ b||lul|?
equation if and only if A is biharmonic.

(2) The result it follows from item 1 and (3.3). The proof is complete. O

Proposition 3.2. The functions h(u) = %, where A(u) is given
by
A(u) = B(u) + (u, w(u)),
w:R* - R, w=(w!,w? -, w"), w',B:R" = R are harmonic functions,

(1) are solutions for the n-dimensional generalized Helmholtz equation,

(2) are solutions for the n-dimensional Helmholtz equation if the following rela-
tion is satisfied

(34) (a+0blul?)(w} +wh+ - +wh)

n

9 _

—2b <VB + ZuinZ + an,u> + (4 —n)bB =0.
i=1

Proof. (1) It is easy to verify that
AA = 2wl +wh+- 4w,
(3.5) APA = 2((Aw') 1+ (Aw?) g+ -+ (Aw™) ).
By (3.5) and the fact that w’ are harmonic functions, it follows that A(u) is

biharmonic and the result follows from item 1 of Theorem 3.1.
(2) Also

n
VA=VB+) uVu'
i=1
using this expression and (3.5) in (3.1) we get (3.4) and the result follows from
item 2 of Theorem 3.1. The proof is complete. O

Remark 3.3. Using the Proposition 3.2, we obtain explicit solutions
for the n-dimensional generalized Helmholtz equation and for the n-dimensional
Helmholtz equation, for this, we will obtain biharmonic functions through har-
monic functions.

1. Considering n = 2k and the holomorphic functions g; : C — C, the function
k
A(u) = Z(l,gr(zr», u= (21,2 2k), 2r = (U2p—1,u9.), T =1,--- K,
r=1
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is harmonic.
We note that these functions satisfy (3.4) (here w = (0,...,0)) if

(1) forn=2(k =1),
g1(z1) = 121 +iby,

(2) for n =4(k = 2),

2
9r(zr) = arInz,. + b, r = 1,2, with the condition Zar =0,
r=1
(3) for n # 2,n # 4,
2a 22_% b
gr(zr) = ﬁ +b., r=1,...,k with the condition ZbT =0.

r=1

2. Considering n = 2k 4+ 1 and the holomorphic functions g : C — C, the
function

k
A(u) =Y fr(ugrs) (L gr(20)) + Fors(tong),

r=1
where fi-(uggy1) = artiopr1 + Sry forr1(Uokr1) = aokg 12kt + S2k41,
U= (21y.cuyZpyeeey ZhyUakt1), 2r = (U2p—1,u2.), 7 =1,..., k, is harmonic.

We note that these functions satisfy (3.4) (here w = (0,...,0,a9,41)) if
(1) for n =3(k =1),

as
g1(z1) = c1lnz — o J1(uz) = ajus, f3(uz) = azus,

(2) for n=5(k =2),
9r(zr) = ¢rInz. + by, fr(us) = apus, r = 1,2, f5(us) = asus with the condi-

tion
2
Z crar =0,
r=1
(3) for n #5,
5—n
2¢, 2 2
gr(Zr) = ? + by, fr(u2k+1) = Gpuggq1, T = 1,--- K, f2k+1(u2k;+1) =
Gok+1Uok+1 With the condition

k
Z bray + aspr1 = 0.

r=1
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In the following result we provide radial solutions for the n-dimensional
generalized Helmholtz equation.
A(u)
a + bljul|?
the n-dimensional generalized Helmholtz equation if, and only if, A(u) is a radial
biharmonic function. Moreover,

( (caflull® = eo) In JJul|® + cslul® + c4
a+ bl|ul]?

Theorem 3.4. The functions h(u) = are radial solutions for

; ifn =2,

2cqlfull* — 21 ||ul|* In Jlul|® + 2es]|u]? + e :
(3.6) h(u) = , ifn =4,
2||ull*(a + bllull?)

Auf>="((n = Yer + neallul®) | esllull® + cs

,oifn#2,n#4,
[ n(n?—6n+8)(a+blul?) a ~+ blju|? fn# 7
where ¢; are real constants.
) A(u) . )
Proof.  According to Theorem 3.1, h(u) = —— "= is a solution
a+ b||ull

of the n-dimensional generalized Helmholtz equation if, and only if, A(u) is a
biharmonic function.

On the other hand, h is a radial function if, and only if, A(u) is a radial function
ie. A(u) = J(t), t = ||u||*, u € U for some differentiable function .J.

Calculating the bilaplacian of A we obtain

A2A = 1662 TW () +16(n + 2)tJ" (t) + 4n(n + 2)J" (1).
Using the fact that A is biharmonic we get

(3.7) A2 TNV () 4 4(n + 2)tJ" () + n(n + 2)J"(t) = 0.
The solutions of (3.7) are given by
for n =2
J(t) = (1t — co) Int + cst + 4,
forn =4

J(t) = % + eyt —c1lnt + cg,

for n # 2 and n # 4

472 ((n — 4)ey + ntep)

() = n(n? — 6n + 8)

+ c3t + c4.

The proof is complete. O
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Corollary 3.5. The radial solutions of the n-dimensional generalized
Helmholtz equation given in (3.6) are also solutions for the n-dimensional Helmholtz
equation if:

c
Al) = (JulP = @) (210 flul? + ;) = des, ifn =2,

4 ) 2 ‘
A = 52 (1= 2 - A ) o, =,
e\ @

dep[lul>™(a(n —4) + nllul?) = cs 2 :
Au) = —4 2 4.
(u) s g =)l an), i £ 2m
Proof. By Theorem 3.1, the solutions of the n-dimensional generalized
Helmholtz equation are also solutions for the n-dimensional Helmholtz equation
if the function A satisfies (3.1).

Thus, by Theorem 3.4, for n = 2,

A(w) = (eflull® = c2) In flull® + eslul® + ca.

Differentiating we obtain

cflull> —
|2

Using these expressions in (3.1), we get

A =2y <01 In |Ju|® + + 63> ci=1,2, AA =4 In||ul|*4 8¢y +4cs.

(acy — c2)In|ju|* 4 2acy + acz + 2¢2 + ¢4 = 0.

Hence, it follows the result.
Similarly, from Theorem 3.4, for n = 4,

C:
Aw) = s+ ealjul? — e Infful? + cs.
2|l

Differentiating we obtain

401

—— + 8¢y.
[Ju?

C9 C1 .
A =2y (———1—04——) ,i=1,---,4, AA=
2|u* [l

Using these expressions in (3.1),

Co — acy

)
|2

c1 + 2acy +
Hence, it follows the result.
Finally, by Theorem 3.4, for n # 2,n # 4,
_ AfulPT"((n = 4)er + nlul®er)

Au) = >ty
(U) n(nQ —6n+8) +C3Hu” +




A class of solutions of the n-dimensional generalized Helmholtz 17

Differentiating we obtain
(4 = 2n)[Jul " ((n — 4)e1 + canl[ul?) + depn|ul*~"
A= 2uy )
A= o ( n(n? — 6n + 8) e
=2 (U200 ool e

n(n? — 6n + 8)
o [ =02 —n)|ul =2 ((n = 4)er + canllul®) + n(8 — 4n)es|jul| "
+4u2 ’
n(n? — 6n + 8)
1=1,...,n

Using these expressions in (3.1),

_n
477 2 (1 — acy)

n—2

+ acgn — c4(n —4) = 0.

From this expression it follows the result. The proof is complete. O

4. Classes of generalized Weingarten hypersurfaces. In this
section we introduce two classes of generalized Weingarten hypersurfaces obtained
by a congruence of spheres. These hypersurfaces are associated with solutions of
the equations (1.1) and (1.2).

Definition 4.1. An orientable hypersurface M C R™ n > 2, is called
generalized Weingarten hypersurface depending on support function and the ra-
dius function (in short, RSGW-hypersurface), if the rth-mean curvatures Hy,,—1, Hy,
the support function ¥ with relation to origin, the radius function R with respect
to hyperplane II = {(uy,ua,- -+ ,un,0)/u; € R}, satisfy
an,1

n

(4.1) —nR -2V =0.

Remark 4.2. We observe that this class of hypersurfaces satisfies the
geometric property that the set spheres with center p + R(p)N(p) and radius

H,_ 2
R(p) = M——‘I/(p) are tangent to hyperplane IT = {(uy,ug,- -+ ,up,0)/u; €
H,(p) n
R}.

Definition 4.3. An orientable hypersurface M C R™ n > 2, is called
harmonic generalized Weingarten hypersurface depending on support function
and the radius function (in short RSHGW-hypersurface) if the rth-mean curva-
tures H,_1, H,, the support function W with relation to origin, the radius function
R with respect to hyperplane 11 = {(u1,ug, - ,upn,0)/u; € R} and the projection
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function d of M on 11, satisfy
R Hn—l
. — — —2U | | =0.
(4.2) A<d <n . nR >> 0

Theorem 4.4. Let M be an orientable hypersurface in
Kronecker curvature K # 0 as in Theorem 2.11.

(1) M is a RSGW-hypersurface if, and only if
8
Arh + ﬁh =0,

(2) M is a RSHGW-hypersurface if, and only if

T2
A( 3 (ALh+ 8 h>> =0,

where Ay, is the Laplacian with respect to the metric L = (L;) induced by Y, i.e.
Li = (Y;,Y3) and T =1+ Y2

R™ with Gauss-

2h
Proof. From (2.11) and (2.13), we have that ¥ = T also from (2.14)

and (2.15) the Weingarten matrix W of X is given by W = 2(TV —2RI)~! where
V= (Vij):

Since, V' is simetric, let {ay,...,a,} the eigenvalues of V. It follows that \; =
2

Tai - 2R’
curvatures ki, ..., k, of M are given by

2
4.3 ki=-)A=—— 1<i<n.
( ) ‘ 2R — Tai ’ "

Using (4.3) and the definition 2.5, we get that

Lo _ _Z_:_Z@__al) :%(nR—§2>

T
= R——tr(V)=R- —ALh.
2n 2n

1 < ¢ < n, are the eigenvalues of W and consequently, the principal

Now using this expression we get

H, T 8
(4.4) n— nR -2V = —— (ALh—I— T2h>
n
2R
From (2.11) the projection d of M on the hyperplane II is given by d = T

Thus

R/ H,_ T2 8
(4.5) E(n i nR — 2@) (ALth Qh).
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From (4.4) and (4.5) it follow the result. The proof is complete. O

Theorem 4.5. Let M be an orientable hypersurface in R" ! with Gauss-
Kronecker curvature K # 0 as in Theorem 2.11, with Y = (u,0) and h(u) =

A
%HU)HQ where A : U C R™ — R is a differentiable function. M is a RSHGW-
U

hypersurface if, and only if, A(u) is biharmonic.

Proof. Since Y = (u,0) we get that T =1+ ||ju|* and Ay = A.
From Theorem 4.4, it follows

R ( H, T2 8
(4.6) — <n —nR— 2\IJ> =T (Ah + ﬁh> .

a\" H,
2v/2
L [lul?”

From Theorem 3.1, for a = b =1 and Q(u) =

A(u)
1+ [|ul?
if, and only if, A(u) is biharmonic, i.e. from (4.6)

the function h(u) =

is a solution of the n-dimensional generalized Helmholtz equation (1.2)

A <§ <nH13_1 —nR — 2‘I/>> = () <= A is biharmonic.

Thus, the proof is complete. O

Corollary 4.6. Let M be a RSHGW-hypersurface in R"™ with Gauss-
Kronecker curvature K # 0 as in Theorem 2.11, with Y = (u,0) and h(u) =
A
%HU)HQ where A : U C R™ — R is a differentiable function. M is a SRGW-
u
hypersurface if, and only if, A(u) is biharmonic and satisfies (3.1).

Proof. From Theorem 4.5, A(u) is biharmonic and from (4.4), M is a

8
SRGW-hypersurface if, and only if, Ah + ﬁh = 0, which is equivalent to (3.1),

for a = b = 1. The proof is complete. O
The following result classify the RSHGW-hypersurfaces of rotation.

Theorem 4.7. A hypersurface M given as in Theorem 4.5 is RSHGW-
hypersurface of rotation if and only if h is given by (3.6) for a =0b=1.

Proof. We claim that M is of rotation if, and only if, A(u) is a radial
function.
In fact, suppose that M is a hypersurface of rotation and X is a parametrization
of M given by Theorem 4.5. Without loss of generality, we can suppose that the
axis of rotation is the axis x,41. In this way, the sections orthogonal to the axis
Zn+1 determine in X (U) spheres (n-1)-dimensional centered in axis zp41.
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Since, Y is the inclusion map, the Gauss map is the inverse of the stereographic
projection which ensures that the immersion X takes (n —1)-dimensional spheres
centered in the origin in (n — 1)-dimensional spheres centered on the axis of
rotation. Note also that on these spheres the angle between X and N is constant,
this is, (X, N) = k, where k is a constant.

On the other hand, from Theorem 2.11, we get

2R 2R 1
00 = (@ T T o) T (2t~ 1)
2 2R 2R
= ———s R4+ ) - sl - s
TP 1 = e ey
_
RS
k(A Jlul®)

Therefore, h = J(||u|?), where J(||ul|?) =

function J, consequently h is a radial function.

, for some differentiable

Conversely, suppose that h : U — R is a radial function, i.e., h(u) =
J(Jull?), w = (u1,...,u,) € U, for some differentiable function .J.
Denoting by t = ||u|* we get that h; = 2u;J’ and consequently Vh = 2.Jw.
Since, Lij; = (Y;,Y,;) =1, 1 <14 < n, we obtain

Q=Vh=2J'u, R=(Vhu)—h=2Jt—Jand T =1+ ||ul|*> =1+

Using these expressions in (2.11)

(4.7) X:<<2Jf_2%ﬁ>u7_2(2tfl’i—ttf)>

2J't —
Thus, if —2(!]1t7+t(]) — ¢ for constant on |ju|?, we get
2Jt—J)\ |
4, 0y —2@T1 =) = (2J" +q)*t.
(4.8) H(J T+ >u (2J" +q)°t

Therefore, the orthogonal sections to axis x,1 determine in X (U) spheres (n—1)-
dimensional centered in axis zy,1.
A
On the other hand, since h(u) = %‘U)HQ, we have that h is a radial function
u

if, and only if, A(u) is a radial function i.e. A(u) = J(t), t = |jul|*, u € U for
some differentiable function J and the result it follows from Theorem 3.4, for
a = b= 1. The proof is complete. O
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5. RSHGW-surfaces and RSGW-surfaces. In this section we will
study the RSGW-surfaces and the RSHGW-surfaces.
For n = 2, from Definitions 4.1 and 4.3, it follows that the RSGW-surfaces and
the RSHGW-surfaces satisfy respectively

H
1 ~— _R-U=
(5.1) R 0,

(5.2) A(% <%—R—\y)>:o,

where K is the Gaussian curvature and H is the mean curvature of M.

Corollary 5.1. A surface given as in Theorem 4.4 with Y (u) = (g(u),0)

1,B
and h(u) = % where g, B,C' : U C C — C are holomorphic functions
g
is a RSHGW-surface.
1
Proof. ForY = (g(u),0), we get T =1+ ||g||* and Aph = WAh.
g

From Theorem 4.4,

T2 8 | 81|12
5.3 Al —(Arh+ —h =A Ah+—"h
(5:3) (8 ( Lht 7 )) 8||g/u2< T

T2
2v/2||¢’
From Theorem 1 in [20], for ¢ = 1 and Q(u) = #ﬂ”g”!, the function h =
g
1,B C
% is a solution for the two-dimensional generalized Helmholtz equa-
g

tion (1.2).
From (5.3) and Theorem 4.4, follows the result. The proof is complete. O
Corollary 5.2. A surface given as in Theorem 4.4 with with Y (u) =

_ (1,B)+(9,C)
(9(u),0) and h = T+ 1Ig]2

/(B'g — Bg' +ic1g')dz and ¢y is a real constant, is a SRMC-surface.

, where g, B, C are holomorphic functions, C =

Proof. Similarly to the proof of Corollary 5.1, from Theorem 4.4, we
obtain

8 1 81|12
A4 Arh+ —h = Ah hl.
(5:4) o w( e



22 A. M. V. Corro, C. M. C. Riveros, J. L. T. Carretero

2v/2]lg'|

e the function h =
[Y

From Corollary 1 in [20], for ¢ = 1 and Q(u) =

(1,B) +(9,C)

1+ Jlg)?
Thus, from (5.4) and Theorem 4.4, it follows the result. The proof is complete. O

is a solution for the two-dimensional Helmholtz equation (1.1).

Remark 5.3. From Theorem 2.11, Corollaries 5.1 and 5.2, we get a
Weierstrass type representation for these surfaces which depend of three holo-
morphic functions given by

J¢Vh 2R 2R
: X(u) = _sr 2ty
(55) ) <||9’H2 797 >

The RSHGW-surfaces and the RSGW-surfaces generically have singularities given
by the expression (2.17).

Example 1. Considering g(u) = u, B(u) = €“, C(u) = cosu in the
Corollary 5.1, we obtain a RSHGW-surface given in the Fig. 1.

Fig. 1. RSHGW-surface
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Example 2. Considering g(u) = u?, B(u) = €%, C(u) = u® in the
Corollary 5.1, we obtain a RSHGW-surface given in the Fig. 2.

Fig. 2. RSHGW-surface

Example 3. Considering g(u) = sinhu, B(u) = coshu, C(u) = u* in the
Corollary 5.1, we obtain a RSHGW-surface given in the Fig. 3.

Fig. 3. RSHGW-surface
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Example 4. Considering g(u) = u, B(u) = coshu, C(u) = ucoshu —
2sinh u+icyu in the Corollary 5.2, we obtain a RSGW-surface given in the Fig. 4.

Fig. 4. RSGW-surface
w3
Example 5. Considering g(u) = u + %, B(u) = u?, C(u) = 3 (u? —
du+4)e" +ici(u+ €") in the Corollary 5.2, we obtain a RSGW-surface given in
the Fig. 5.

Fig. 5. RSGW-surface
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Example 6. Considering g(u) = sinu, B(u) = u?, C(u) = (12 —
6u?) cos u+ (ic; +12u —u3) sinu in the Corollary 5.2, we obtain a RSGW-surface
given in the Fig. 6.

Fig. 6. RSGW-surface

The following result classify the RSHGW-surfaces of rotation.

Theorem 5.4. A surface given as in Corollary 5.1 is RSHGW-surface
as + cruy + > (a3 + couy)

of rotation if and only if g(u) = e* and h = T o2 The
RSHGW-surface of rotation X can be locally parametrized by
(5.6) X (u) = (Mi(uy)cosug, Mj(uy)sinug, Ni(uy)),
where
My () = c1 + et (day — ¢y + deyug + 4(as + couy) cosh(2u1) — 2co sinh(?ul))’
vt (1 4 e2u)?
2 (ag —c1 + et (a3 + ca(ug — 1)) + crug — e (c3 + (e — 301)u1))
Ny (u1) = ;

(1 + e2ur)?
c3 = az — 3az + c1 + co.
Proof. From Theorem 4.7, X is of rotation if, and only if, g(w) = w
and h(w) = J(|w|*), w € C, for some differentiable function .J.
Making the variable change
g(w) =€e“,u=uy +iug € C,

we get g(u) = e*, h(u) = J(e2"!), thus, we have that hy = 0.
From Corollary 5.1, we have
(1,B) + (e*,C)

(5 7) 1 + 62'“1
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Differentiating (5.7) with relation to uy and using the fact that h o = 0 we obtain
(1,iB") + (e",i(C" — C)) = 0.
Using Lemma 2.2, we get
iB' = —z1e" +icy, i(C' — C) =icoe® + 21,
whose solutions are given by
B =iz1e" + ciu+ z3, C = (23 + cou)e® + iz,
where ci,c5 € R, z1 = ap + ibg, ap, by € R, k=1,2,3.

Thus, we obtain the function A given above.
On the other hand,
g Vi — €1 (1 + e (1 - 2U1)) N (2a3 — 2ay + ¢y + ce® 4 262u1)
Hg/||2 el (1 + 62u1)2
X (cos ug, sin ug, 0),
(1 + e“1) Ny (ug)

(58 R = — 5 , T=1+4 ™,
From equations (5.5) and (5.8) we get (5.6). O
Example 7. Considering ao = —1, a3 =0, ¢c; = 1, ¢cg = 0 in the Theorem

5.4, we obtain a RSHGW-surface of rotation (see Fig. 8) with profile curve given
in the Fig. 7. Moreover, this surface has one isolated singularity, this singularity
is generated by the intersection of the profile curve with the axis of rotation.

Fig. 7. Profile curve Fig. 8. RSHGW-surface of rotation
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Example 8. Considering ao = —1, a3 = 2, ¢; = 1, ¢g = 3 in the Theorem
5.4, we obtain a RSHGW-surface of rotation (see Fig. 10) with profile curve given
in the Fig. 9. Moreover, this surface has a circle of singularities, these singularities
are generated by a point on the profile curve where it is not regular.

7 .
0.51.0)52.0253.0
—1f
o[
3l
_4]
sl
—6l
Fig. 9. Profile curve Fig. 10. RSHGW-surface of rotation
Example 9. Considering ao = 1, a3 = —2, ¢ = 1, co = 1 in the

Theorem 5.4, we obtain a RSHGW-surface of rotation (see Fig. 12) with profile
curve given in the Fig. 11.

02 04 06

-1.0

Fig. 11. Profile curve Fig. 12. RSHGW-surface of rotation
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1 2
Example 10. Considering as = 2 asg = 3 cp = 0, cg = 1 in the

Theorem 5.4, we obtain a RSHGW-surface of rotation (see Fig. 14) with profile
curve given in the Fig. 13.

ﬁ'
08}
06}
04}
02
—0.2 02 04 ds
Fig. 13. Profile curve Fig. 14. RSHGW-surface of rotation

The following result classify the RSGW-surfaces of rotation.

Theorem 5.5. A surface given as in Corollary 5.2 is a RSGW-surface
of rotation if and only if g(u) = e" and h = c¢1 — (az + c1(u; — 1)) tanh(uy). The
RSGW-surface of rotation X can be locally parametrized by

(5.9) X (u) = (Ma(uq) cos ug, Ma(uy) sinug, No(uy)),
where
Ma(uy) = ¢1 cosh(uy) — ((ag + c1(u1 — 1))sech(uy) 4 ¢; sinh(uy)) tanh? (uy),
2 (a1 + (a2 + a1 (w1 — 1))sech?(ur) — (az + ¢1 (w1 — 2)) tanh(uy))
1+e2u '
Proof. Similar to proof of Theorem 5.4, from Theorem 4.7, X is

of rotation if, and only if, g(w) = w and h(w) = J(|w|*), w € C, for some
differentiable function J. Making the variable change

No(uy) =

g(w) =€e“,u=uy +iug € C,
we obtain g(u) = e*, h(u) = J(e*), thus, we have that hy = 0.
From Corollary 5.2, we get
(1, B) 4+ (e“,C)
1+ e2un

(5.10) h=
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Differentiating (5.10) with relation to ug, using the fact that h 3 = 0 and Lemma
2.2, we get

B =izie" + ciu+ z3, C = (23 + cou)e" + iz,
where ci1,c0 € R, 21 = ap + tbg, ap, by, € R, k=1,2,3.
Again using the Corollary 5.2,
(5.11) B =ciu+ z3, C=(2c; — z3 +ic)e" — ciue".

From equations ((5.11) in (5.10) we get the function h given above.
On the other hand,

/

HQQWV}L = e " (—(az2 + c1(ur — 1))sech®(u1) — c1 tanh(uy)) (cos ug, sin us, 0),
14 e*“1)N.
Gz r = —dHIN() f

2

From equations (5.5) and (5.12) we get (5.9). O

Example 11. Considering as = 1, ¢; = 0 in the Theorem 5.5, we obtain
a RSGW-surface of rotation (see Fig. 16) with profile curve given in the Fig. 15.
Moreover, this surface has one isolated singularity and two circles of singularities,
these singularities are generated by the intersection of the profile curve with the
axis of rotation and by two point on the profile curve where it is not regular,
respectively.

1.0

1]

Fig. 15. Profile curve Fig. 16. RSGW-surface of rotation
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Example 12. Considering az = V2 + 7, ¢; = V/3 in the Theorem 5.5,
we obtain a RSGW-surface of rotation (see Fig. 18) with profile curve given in
the Fig. 17. Moreover, this surface has one isolated singularity and two circles
of singularities, these singularities are generated by the intersection of the profile
curve with the axis of rotation and by two point on the profile curve where it is
not regular, respectively.

Fig. 17. Profile curve Fig. 17. RSGW-surface of rotation

1
Example 13. Considering as = 9, ¢1 = 3 in the Theorem 5.5, we

obtain a RSGW-surface of rotation (see Fig. 20) with profile curve given in the
Fig. 19. Moreover, this surface has three isolated singularities and two circles of
singularities, these singularities are generated by the intersection of the profile
curve with the axis of rotation and by two point on the profile curve where it is
not regular, respectively.

1
Example 14. Considering ao = 1, ¢ = - in the Theorem 5.5, we

obtain a SRMC-surface of rotation (see Fig. 22) with profile curve given in the
Fig. 21. Moreover, this surface has two isolated singularities and one circle of
singularities, these singularities are generated by the intersection of the profile
curve with the axis of rotation and by a point on the profile curve where it is not
regular, respectively.
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