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ABSTRACT. This paper is concerned with a new subclass of meromorphic
close-to-convex functions defined by means of subordination. various prop-
erties of this class such as coefficient estimates, inclusion relationship, distor-
tion property and radius of meromorphic convexity, are established. Some
earlier known results follow as special cases.

1. Introduction. Let A denote the class of functions f of the form
o0

fz)=2z+ Z anz", which are analytic in the open unit disc £ = {z : |z| < 1}.
n=2

Further, the class of functions f € A and which are univalent in F, is denoted

o0
by S. A function w which has expansion of the form w(z) = Z cp 2" and satisfy

n=1
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the conditions w(0) = 0 and |w(z)| < 1, is called a Schwarz function. The class
of Schwarz functions is denoted by U.

Let f and g are two analytic functions in F, then f is said to be subor-
dinate to g, if there exists a Schwarz function w € U such that f(z) = g(w(2)).
If f is subordinate to g, then it is denoted by f < g. Further, if g is univalent in
E, then f < g is equivalent to f(0) = ¢(0) and f(F) C g(FE).

The well known classes S of starlike functions and K of convex functions
are defined as follows:

S*:{f:feS,ReCﬁS)) >0, zeE}

and

/! !/
ICz{f:fES,Re(M) > 0, zeE}.
f'(z)
The concept of close-to-convex functions was given by Kaplan [6]. A
function f € A is said to be in the class C of close-to-convex functions if there
exists a function g € 8* such that

Re <Z§(/S)> >0(z € E).

By M, we denote the class of functions f of the form
1 (o)
f(Z) = ; + Zlanzna
n—=

which are meromorphic, analytic in E* = {z: z € C,0 < |z| < 1} and single val-
ued.

A function f € M is said to be in the class MS™ of meromorphic starlike
functions if it satisfies the condition

Re (fogz)> <0,z€ E".

The class MK of meromorphic convex functions is given by

MIC:{f:feM,Re<%><O,zeE*}.
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It is obvious that f € MK if and only if —zf'(z) € MS*.

By MC, we denote the class of meromorphic close-to-convex functions.
A function f € M is called meromorphic close-to-convex function if there exists
a function g € MS™ such that

Re (igi?) <0,z € F.

Seker [11] established the class K (y) (0 < v < 1) of close-to-convex
analytic functions f € A which satisfy the condition

() >

(1) gr(2) = IEZde ™ g(e”2) (" = 1,k > 1),

k-1
d Tl — ).
an g€S< 3 )

Motivated by the class K% (v), Yi et al. [14] and Tang et al. [13] studied
the classes MKX®) (7) and MK®) (5, ~) of meromorphic close-to-convex functions,
respectively. The classes are defined as follows:

where

ME® (7) = {f :f €M, Re (%;()z)) > 7},

and

K20, (2) 1—nz

k-1
where gi(z) = Hﬁ;ée*”g(e”z)(ek =1;k>1)and g € MS” <T>, 0<y<1,

0<np<landzeFE"
Raina et al. [9] introduced the class of strongly close-to-convex functions
of order (3, as below:

C/ﬁ:{f:fEA,

arg{zf,(z)}‘<ﬁ—ﬂ, gek, 0<p <1, zEE}.
9(2) 2
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For —1 < B < A <1, Janowski [5] introduced the class of functions in A

o0
1+A
which are of the form p(z) = 1+ E pr2" and satisfy the condition p(z) < i °.
P 1+ Bz

This class plays an important role in the study of various subclasses of analytic-
univalent functions. As a generalization of Janowski’s class, Polatoglu et al. [7]
introduced the class P(A, B;a) (0 < a < 1), the subclass of A which consists
1+[B+(A-B)(1-

+B+( ) oz)]z. Also for @ = 0, the

+ Bz
class P(A, B; «) agrees with the class defined by Janowski [5].

Inspired by the above mentioned classes, now we define the following class
which is to study in this paper.

of functions p such that p(z) <

Definition 1. Let MIC(k)(A, B; «; B) denote the class of functions f € M
which satisfy the conditions,

—f'(2) - <1 +[B+ (A—-B)(1—a)z

B
,—1<B<A<1,z€E"
2k =201 (2) 1+ Bz ) - =5

where g(z) = % +ibkzk € MS* (%), 0<a<1l,0<p8<1,-1<B<
A <1 and gi(2) is defined in (1).

Particularly
(i) MIC(k)((l —2y)n,—n;0;1) = M) (n,7), the class studied by Tang et al. [13].
(i) MK® (1 — 27, -1;0;1) = M ®) (), the class introduced by Yi et al. [14].

As f € /\/IIC(]“)(A7 B;a; 3), by definition of subordination, there exists a
Schwarz function w € U such that

@ —f'(z) _ <1+ B+ (A-B)1 —a)]w(z)>5
F20(2) 1+ Bu(?) |
In this paper, we study the coefficient estimates, inclusion relationship, distor-
tion theorem and radius of meromorphic convexity for the functions in the class
ME®) (A, B;a; 8). The results proved by various authors follow as special cases.
Throughout this paper, we assume that -1 < B< A<1,0<a<1,0<
B<1,0<y<1,0<n<1,k>1, k-an integer, z € E™.
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2. Preliminary lemmas. For the derivation of our main results, we
must require the following lemmas:

Lemma 1 ([2, 10]). Let,

— — )|z B >
@ (e ) = eer =1 e

then
Ipn| < (1 —a)(A—B),n>1.

1 o
Lemma 2 ([4]). For g(z) = -+ E bpz" € MS*, we have
z
n=1

2

b,| < .
‘n|*n+1

Lemma 3 ([9]). Let —1 < By < By < A; < Ay <1, then

1—|—A12’ 6_< 1—|—AQZ p
1—1—312 1—1—322’ ’

Lemma 4 ([8]). If g € MS™, then for |z| =r,0 <r < 1, we have

1| k—1
Lemma 5 ([13]). For g(z) = — + E byz" € MS* <T>’ then
z

n=1

Gr(z) = 2 Lgu(z) € MS™.

Lemma 6 ([1, 2]). If P(z) = -2+ (£4+_B?éi)_ ) g
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A <1l,welU, then for |z| =r < 1, we have

(A-B)(1—a)r
(1-[B+(A-B)(1-«)]r)(1—Br)’

Zle < RQ?

e 2\/Oelﬂ(L{B+(A—BX1—aﬂ)ﬂ%{B+{A—BX1—aﬂr%(L+Br%
P(z) A-B)1-a)1-19)
(—[BHAB)1a)|Br?) | (A+B) a(A-B)
A-B) 1)1 A-B)(1-a)

if R > Ro,

here B — | [BH (A= B)A )1+ [B+ (4= B)(1 - )]r?)
! (1-B)(1+ Br?)

R 1-[B+(A-B)(1—-a)lr

27 1— Br ’

and

3. Main results.

1 [ee]
Theorem 1. If f(z) = 2 + Zakzk S MIC(k)(A,B;a; B), then
n=1

\a1|§1
and
2 B(1—a)(A— B) w2
4 nl < 1 —.
4) |a|*n(n—|—1)+ n +};k+1

Proof. As fe MIC(k)(A,B;a; B), therefore (2) can be expressed as

_ZQ—kf/(Z) B . 8

which can be further represented as

() _
%) o = P,

where G(z) = 2* " Lgr(2).
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By Lemma 5, we have G}, € MS*. For

() o) = 5o 2,

we have
o0
q(z) =1+ anz”.
n=1

On expanding (6), it yields

(7) = —a1z —2a92> — -~ —nayz" — - -
z
1
= <—+blz+bgz2—l—~~~+bnz”+~~>
z
X (L4 prz+poz® + o 4+ a2 + popr2™ +--0).

As f is univalent in E*, it is well known [3, 12] that |a;| < 1.
Comparing the coefficients of z" in (7), we have

(8) —Nay = by 4+ bp—1p1 + by—opa + -+ + bapr—2 + b1pr—1 + Pry1.

Applying triangle inequality and using Lemma 1 and Lemma 2 in (8), it gives

2 2 2 2
9 nlap| < ——=+B(l-a)(A-B) |-+ Fee bS],
n+1 n n-—1 3

which proves Theorem 1. O
For A= (1—-2y)n,B=—-n,a=0,8=1, Theorem 1 gives the following

result:
Corollary 1. If f € MIC(k)(n,’y), then
\a1| S 1
and
n—1
2 (2—29)n 2
n| < 1 —
|a|_n(n—|—1)+ n +z:1k:+1
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Putting A =1—2v, B=—1,a =0and 8 = 1 in Theorem 1, the following
result due to Yi et al. [14] is obvious:

Corollary 2. If f € MK®)(5), then

\a1|§1
and
-1
2 (2 —27) — 2
< 1 _c
|an|_n(n—|—1)+ n +;k+1
Theorem 2. If—lSBQZBl<A1SA2§1 and 0 < ag < oy < 1,

then

ME® (Ay, By; an; B) € MK®) (Ag, By; ag; B).

Proof. As fe M/C(k)(A1,Bl;041§ﬁ)> 50

9k(2) 1+ Bz

As—lSBngl<A1§A2§1and0§a2§a1<1,Wehave

—2H ) <1 +[B1+ (4 = By)(1 - oq)]z)ﬂ.

—1<Bi+(1-a1)(A1 = B1) < Ba+ (1 —ag)(A2 — By) <1

Thus by Lemma 3, it yields

— 22k () 1+ [Bo+ (A — Bo)(1 — a)]2\”
(=) << 1+ By ) ’

which implies f € M/C(k)(AQ,BQ;CY%ﬁ)- O

Theorem 3. If f € MIC(k)(A,B;a; B), then for |z| = r,0 <r <1, we
have

(10) (1—[B+(A—B )1 — a)] ) 1—r
<

1— Br

r2

1+[B+(A B)(1—-a)r\? (1+r)?
<176l < ( L7 )
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and
1= [B+ (A= B)1-a)t\? (1-1)?
11 /< 1 - Bt ) : ) dt
0
r - . ; ;
§|f<z)|g/(1+[3+(1z4+BBt)(1 )]t) '<1;t) "
0
Proof. From (5), we have
. o= ey
Aouf [2] proved that
1—-[B+(A—-B)(1-a)r < 1P()| 14 [B+(A—-B)(1-a)r

1— Br

which implies

_ _ a8

1—- Br
_ <1+[B+(A—B)<1—a)]r>ﬁ
- 1+ Br ’

Since G}, € MS*, so by Lemma 4, we have

1—1r)2 147)?
(1) L o < 20
(12) together with (13) and (14) yields (10). On integrating (10) from 0 to r,
(11) follows. O
For A= (1-2y)n,B=—-n,a=0,8=1, Theorem 3 gives the following
result due to Tang et al. [13].

Corollary 3. If f € MIC(k)(T],'y), then for |z| =r,0 <r <1, we have

(1=7)%(1 = (1 = 2y)nr) , (1+7)(1+ (1 = 2y)nr)
( 2+ ) >§V@”§< 21— ) )
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and

[ (=021 = (1 - (1—2y)pt)
/ ( 2+ ) > o

0
[+ +(1—(1-2
<|f(Z)|</<( o (tj(l(—'m(f) y)nt)>dt'

On putting A =1—-2v, B= -1, a =0 and 8 = 1 in Theorem 3, the
following result due to Yi et al. [14] is obvious:

Corollary 4. If f € MK®)(5), then for |z| = 7,0 <r < 1, we have

(1=7)%[1 = (1 = 29)7] (1+7)*[1+ (1 =29)r]
r2(1+4r) <IFel = r2(1—r)

and

[ (1= )21 = (1—29)] (14 0)2[1+ (1 —29)1]
/ t2(1+1t) dt < |/ (z / t2 1—1t) dt.
0

Theorem 4. Let f € MIC(k)(A,B;a;B), then

147 (A-B)(1-a)r

= — POBFA—B) (=) (1=Br)’

Zle < RQ?

_14r | (A+B)—a(A-B)

(zf'(z))' 1—r (A-B)(1—a)

\/(1=B)(1—[B+(A—B)(1-a)])(1+[B+(A—B)(1—a)]r2)(1+Br?)
(A—B)(1—a)(1—12)

1—-[B+(A-B)(1—a)]Br?)
(A-B)(1—a)(1—7r2) >

+2

ol

if R > Ro,

\
where R1 and Ro are defined in Lemma 6.

Proof. As fe MIC(k)(A,B;a; B), we have

—2f'(2) = Gi(2)(P(2))".
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Differentiating logarithmically, we get

(2f'(z))" _ 2Gp(2)

(15) . - 2Gla) | el le)

f'(2) Gr(z) P(2)
As G € MS*, we have
(16) }@(%%é?)z—ifg

Hence, using (16) and Lemma 6 in (15), the proof of Theorem 4 is obvious. O

REFERENCES

[1] V. V. ANH, P. D. TuAaN. On S-convexity of certain starlike functions. Rev.
Roum. Math. Pures Appl. 25, 10 (1979), 1413-1424.

[2] M. K. AOUF. On a class of p-valent starlike functions of order a. Internat.
J. Math. Math. Sci. 10, 4 (1987), 733-744.

[3] L. BIEBERBACH. Uber die koeffizienten derjenigen Potenzreihen, welche eine
schlichte Abbildung des Einheitskreises vermitteln. Berl. Ber. 1916 (1916),
940-955.

[4] J. CLUNIE. On meromorphic schlicht functions. J. Lond. Math. Soc. 34
(1959), 215-216.

[5] W. JANOWSKI. Some extremal problems for certain families of analytic func-
tions. Ann. Polon. Math. 28 (1973), 297-326.

[6] W. KAPLAN. Close-to-convex schlicht functions. Michigan Math. 1 (1952),
169-185.

[7] Y. PoraTOoGLU, M. BOLKAL, A. SEN, E. YAvUuZz. A study on the general-
ization of Janowski function in the unit disc. Acta Mathematica Academiae
Paedagog. Nyhdzi. 22, 1 (2006), 27-31.

[8] C. POMMERENKE. On meromorphic starlike functions. Pacific J. Math. 13
(1963), 221-235.

9] R. K. RAINA, P. SHARMA, J. SOKOL. A class of strongly close-to-convex
functions. Bol. Soc. Paran. Mat. (3) 38, 6 (2020), 9-24.



46 G. Singh, G. Singh

[10] W. ROGOSINSKI. On the coefficients of subordinate functions. Proc. Lond.
Math. Soc. (2) 48, (1943), 48-82.

[11] B. SEKER. On certain new subclass of close-to-convex functions. Appl. Math.
Comput. 218, 3 (2011), 1041-1045.

[12] A. Soni, S. KANT. A new subclass of meromorphic close-to-convex func-
tions. J. Complex Anal. (2013), Article Id. 629394, 5 pp.

[13] H. TaNG, G. T. DENG, S. H. L1. On a certain new subclass of meromorphic
close-to-convex functions. J. Inequal. Appl. (2013), Article 2013:164, 6 pp.

[14] J.-P. Y1, Z.-G. WANG AND M.-H. ZENG. On certain new subclass of
meromorphic close-to-convex functions. J. Complex Anal. (2013), Article Id.
704784, 5 pp.

Gagandeep Singh

Department of Mathematics

Khalsa College

Amritsar, Punjab, India

e-mail: kamboj.gagandeep@yahoo.in

Gurcharanjit Singh

Department of Mathematics
G.N.D.U. College

Chungh, Tarn-Taran (Punjab), India
e-mail: dhillongs82@yahoo. com

Received July 24, 2023
Accepted December 19, 2023



	Page 1

