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ABSTRACT. Given a smooth, projective curve Y, a finite group G and a
positive integer n we study smooth, proper families X — Y x S — S of
Galois covers of Y with Galois group isomorphic to G branched in n points,
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G. We use classical tools of algebraic topology and of complex algebraic
geometry.
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1. Introduction. Fulton constructed in [19], with an approach via fun-
damental groups, the Hurwitz spaces, complex manifolds H%", whose points are
in bijective correspondence with the equivalence classes of covers of degree d of IP’}C
simply branched in n points. These manifolds are connected by a classical result
of Liiroth, Clebsch and Hurwitz (cf. [19, Proposition 1.5], [57, Lemma 10.15]).
Given d > 3 and n > 2d — 2, Fulton studied in [19] families of simple covers
of IP’% of degree d branched in n points, parameterized by schemes over Z. He
constructed a universal family and proved that over C its parameter scheme,
endowed with the canonical complex space structure, is biholomorphic to the
Hurwitz space H®".

The construction of the Hurwitz spaces may be extended as follows. Given
a smooth, projective, irreducible curve Y, a transitive subgroup G C S, conju-
gacy classes O1,...,0 in G and positive integers nq,...,n, one constructs a
complex manifold whose points are in bijective correspondence with the equiv-
alence classes of covers of Y of degree d, whose monodromy group is G, with
the following branching data: the number of branch points is n = ny +--- + ng
and n; of the branch points have local monodromies in O; for every ¢. Similarly
one may consider Hurwitz spaces which parameterize Galois covers of Y, with
Galois group isomorphic to G and branching data as above, up to G-equivariant
isomorphisms over Y. These types of Hurwitz spaces were first introduced by
Fried in [17] for covers of P! as a tool for the study of the arithmetic of the field
extensions of Q[t], in particular in connection with the Inverse Galois Problem.

A lot of work by various authors was devoted to determining the connected
components of the Hurwitz spaces. To the author’s knowledge the strongest re-
sult for G = S;, Y = P! and branching data with arbitrary set of conjugacy
classes O1,...,0k, O; C S; was obtained by Kulikov, who proved that the Hur-
witz spaces are connected, provided the branching data contains at least 3d — 3
transpositions [36, Theorem 3.3]. This result was extended in [55] to covers of a
fixed curve Y of genus > 1. The papers [37, 38, 6] are devoted to determining
the number of connected components of the Hurwitz spaces when every n; of the
branching data is large enough. The paper [31] extends the connectivity result
of Clebsch and Hurwitz to Hurwitz spaces of Galois covers of P! with Galois
group isomorphic to a Weyl group and branching data consisting of reflections.
The Hurwitz spaces of Galois covers of P! with Galois group isomorphic to the
dihedral group D,, were studied in [8] and their connectedness was proved when
a certain numerical type, related to the branching data is fixed.

Given a projective, nonsingular, irreducible curve Y, a finite group G
and a positive integer n, we study smooth, proper families of Galois covers of
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Y, branched in n points, with Galois group isomorphic to G (G-covers), param-
eterized by algebraic varieties. We are concerned with the problem of whether
the Hurwitz spaces are moduli varieties for appropriate categories of families of
G-covers of Y, which means constructing universal families, parameterized by the
Hurwitz spaces, or, when such families do not exist, proving that the Hurwitz
spaces are coarse moduli varieties (cf. [43, Definition 5.6]). We consider two
types of families of covers.

Let yo € Y be a marked point. A smooth, proper family of pointed G-
covers of (Y,yo) branched in n points, parameterized by an algebraic variety S,
is a pair of morphisms (p : X - Y x S;n: S — X), where myop : X — §
is proper, smooth with connected fibers, G acts by automorphisms on X, such
that every fiber ps : X5 — Y X {s} is a G-cover branched in n points contained
in Y\ {yo} and n(s) € p; (o) for Vs € S. We prove that the Hurwitz space
HnG (Y, y0) which parameterizes the G-equivalence classes of the pointed G-covers
of (Y,yo) branched in n points is a fine moduli variety. Namely, we construct
explicitly a family

(p:Clyo) =Y x HS (Y, 40), ¢+ HY (Y, 50) — C(y0))

and prove that it is universal in the category of families of pointed G-covers of
(Y, y0) branched in n points, parameterized by algebraic varieties.

We denote by HS (Y') the Hurwitz space which parameterizes the G-
equivalence classes of the G-covers of Y branched in n points. If the center of
G is trivial we prove that Hg (Y) is a fine moduli variety. Namely, we construct
explicitly a family of G-covers m:C =Y x HnG (Y') and prove that it is universal
in the category of smooth, proper families of G-covers of ¥ branched in n points,
parameterized by algebraic varieties. If G is an arbitrary group we prove that
HE(Y) is a coarse moduli variety for this category.

Fixing the branching data, by choosing conjugacy classes O1,...,Oj in
G and positive integers ni,...,ni as above, one obtains Hurwitz spaces, which
are unions of connected components of HS(Y,yo) or HS(Y). These Hurwitz
spaces are fine moduli varieties for the categories of families of pointed G-covers
of (Y,yo), resp. families of G-covers of Y, provided Z(G) = 1, with the pre-
scribed branching data, and they are coarse moduli varieties for these families for
arbitrary G.

The problem of constructing the Hurwitz moduli spaces was already stud-
ied in [58] and [1] in a more general set-up, over arbitrary algebraically closed
fields and families parameterized by schemes. The existence of universal families,
or coarse moduli schemes was proved by very complicated constructions in the
framework of the theory of stacks. Fulton wrote in [19, p. 547] that over C it is



50 V. Kanev

not difficult to construct analytically the universal families of simple covers of P*
parameterized by H%". We give, over C, a simple construction of the universal
families of G-covers of Y with an approach via fundamental groups, as explicit as
the classical construction of branched covering maps X — Y of a given Riemann
surface [16]. We use classical tools of algebraic topology and of complex algebraic
geometry, in particular the GAGA theory [50, 47]. The closely related topic of
smooth, proper families of covers of degree d of a fixed curve Y with monodromy
group a fixed transitive subgroup G of S; will be treated in a paper of the author
in preparation. The smooth, proper families of pointed covers of (Y, yg) of degree
d with a fixed monodromy group G C Sy are studied in [34]

We think that our approach, via fundamental groups, to the Hurwitz
spaces, as moduli varieties of appropriate categories of families of covers, will be
accessible to a wider range of mathematicians who are interested in the Hurwitz
spaces and the familes of covers of a fixed curve.

The covers X — Y with restricted monodromy group and the related
Galois covers C' — Y yield polarized abelian varieties isogenous to abelian sub-
varieties of the Jacobian variety J(X) [10, 28, 7]. The smooth, proper families of
such covers give morphisms of their parameter varieties to certain moduli spaces
of polarized abelian varieties by means of the variations of the associated polar-
ized Hodge structures of weight one. This indicates a perspective in the study of
the abelian varieties of low dimension and of their moduli by means of the rich
geometry of curves. The unirationality of the moduli spaces of three-dimensional
abelian varieties A3(1,1,d) and A3(1,d,d) with d < 4 was proved in [29, 30] by
means of families of simply ramified covers of elliptic curves of degree d branched
in 6 points. In [2] it was proved that every sufficiently general principally po-
larized abelian variety of dimension 6 is isomorphic to a Prym-Tyurin variety
of a cover of P! of degree 27, branched in 24 points, with monodromy group
W(EG) C Sor.

The Hurwitz spaces of G-covers of P! were intensively studied in connec-
tion with the Inverse Galois Problem. We refer to [9, 12, 48] for surveys on this
subject. The problem of constructing families of covers of P! parameterized by
the Hurwitz spaces, such that every fiber is a cover of the corresponding equiva-
lence class, was addressed in [18, Section 4] and [11] (see also [57, Chapter 10]).
The constructed families, however, are not proper families of curves over the
Hurwitz spaces, but families of étale covers of open subsets of P*.

The monograph [4] is devoted to the Hurwitz schemes (or stacks) and
of their natural compactifications. The authors work with equivalence of covers
different from the one considered so far and so different are the sets of equivalence
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classes of covers. Namely two G-covers 7 : C — D and ' : C' — D' are
considered equivalent if there is a G-equivariant isomorphism f : C — ¢’ and an
isomorphism h : D — D’ such that 7’ o f = h on. In comparison, in our set-up
D =D'=Y is a fixed curve and h = idy.

In Section 2 we prove some properties of smooth, proper families of covers
of Y, X - Y x5 — S related to the branch locus B C Y x §.

In Section 3 we give an explicit construction of a smooth, proper family
of pointed G-covers of (Y, yg) branched in n points (p : C(yo) = Y x HZ (Y, 40),¢)
such that the fiber over every element of Hg (Y, y0) is a pointed G-cover of the G-
equivalence class represented by the element (Theorem 3.20). In Proposition 3.18
we give the explicit form of p locally at the ramification points in analytic coor-
dinates and later in Proposition 7.3 this is done for every smooth, proper family
of G-covers of Y.

In Section 4 we give some generalizations of a result of Serre [51, Propo-
sition 20] related to lifting of morphisms.

In Section 5 we prove that the family (p : C(yo) — Y x HY(Y,y0),¢)
constructed in Section 3 is universal, thus proving that H,? (Y, yo) is a fine moduli
variety (Theorem 5.5). We mention that a key ingredient in the proof is the use
of the criterion for extending morphisms from [33].

Section 6 is devoted to the G-covers of Y branched in n points. We
give a structure of an algebraic variety of the Hurwitz space HnG (Y) by patching
affine charts U(y), y € Y, which are quotients of HS (Y,y) with respect to a
natural action of G/Z(G) (Proposition 6.6). If the center Z(G) of G is trivial
we construct a smooth, proper family of G-covers of Y branched in n points,
7:C—Y x HY(Y), such that the fiber over every point of HS(Y) is a G-cover
of the G-equivalence class represented by the point (Theorem 6.14).

In Section 7 we prove that the family 7 : C — Y x HE(Y) is universal,
provided G has trivial center, thus proving that HnG (Y) is a fine moduli variety
(Theorem 7.4). If G is arbitrary, we prove in Theorem 7.6, verifying the conditions
of [43, Definition 5.6], that HS(Y) is a coarse moduli variety for the category
of smooth, proper families of G-covers of Y branched in n points, parameterized
by algebraic varieties. The construction of 7 : C — Y X HS (Y) as well as
the proofs of Theorem 7.4 and Theorem 7.6 are reduced to the universal family
(p:Cyo) = Y x HE(Y,y0),¢) of pointed G-covers by means of a second action
of G on C(yp), constructed in Section 6, which lifts a natural action of G on
Y x HS(Y,y0) and commutes with the action of G relative to the Galois cover
p:C(yo) = Y xHY(Y,yo). Finally in Theorem 5.8, Theorem 7.8 and Theorem 7.9
we give variants of the main theorems in which the families of G-covers of Y have
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local monodromies at the branch points in fixed conjugacy classes of G.

Notation and conventions. We assume the base field is C. Algebraic
varieties are reduced, separated, possibly reducible schemes of finite type, points
are closed points. Fiber products and pullbacks are those defined in the category
of schemes over C. A cover f: X — Y of algebraic varieties is a finite, surjective
morphism. If G is a finite group which acts faithfully by automorphisms on X,
ie. G — Aut(X) is injective, f is G-invariant, and f : X/G — Y is an isomor-
phism, then f is a Galois cover with Galois group isomorphic to G. Given an
algebraic variety (X, Ox) the canonically associated complex space is denoted by
(X Oxan) [47]. Its topological space is denoted by | X“"|. Given a topological
space M and two paths a: I — M and o' : I — M, I = [0,1], we write a ~ o
if o/ has the same end points as « and is homotopic to a (with homotopy leav-
ing the endpoints fixed) [40, Chapter 2, § 2]. The set of paths homotopic to «
is denoted by [a]. The product of the paths a and 8 is denoted by « - 5 and

1
equals the path v : I — M, where v(t) = «(2t) if ¢t € [0, 5], y(t) = B2t — 1) if

1
t e [5, 1] Given a covering space p : M — N of the topological space N, the

map p is called topological covering map. Lifting a path a of N from initial point
z € M the end point is denoted by za.

2. Smooth families of covers of a curve. Throughout the paper,
with the exception of Section 4, Y is a smooth, projective, irreducible curve of
genus g > 0, n is a positive integer and G is a finite group.

2.1. We recall some facts about the Hilbert scheme Y™ which parameter-
izes the 0-dimensional subschemes of length n of Y [14]. There is a bijective cor-
respondence between the effective divisors of Y of degree n and the 0-dimensional

T
subschemes of Y of length n: every divisor D = Z n;1y; corresponds to the closed

1=1
subscheme of Y whose closed subset is Supp(D) = {y1,...,yr} and the structure
sheaf is the skyscraper sheaf @;_; Oy, /m;’. Abusing the notation we will denote
it again by D. We write deg D = n = ¢(D).
2.2. Let Y™ be the symmetric product Y™ = Y"/S, (cf. [52, Ch. III
§ 14]). This is a projective variety [25, Lecture 10] and it parameterizes the

effective divisors of Y of degree n. We denote by Y*(n) the open subset, which
corresponds to the divisors without multiple points. It is the complement of
the quotient A/S,, where A C Y™ is the big diagonal. For every partition
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v = (ny,...,n.), of length ¢(v) =r, ny > -+ >mn,, ny +---+n, =n, let us
denote by YV(”) the set

Y = {mys + - + neylyi # y for i # 5}
Let us denote by Y™ the set {D € Y™||Supp(D)| = r} and by YS(T;) the set
{D € Y™||Supp(D)| < r}. Consider the composition of morphisms Y" — Y™ —
Y™ where the first one is

(ylv"'vyT) = (y1>"'?ylw"ayra"'ayr)‘
ni Ny

Its image is a closed, irreducible subset of y® equal to the closure Yl,(n). One
has YS(TTZ) = |_| Y™ and Y™ = v, \YS(TTZ)_1 Therefore Y, is an irreducible

L(w)<r
locally closed subset of Y™ of dimension 7. Represent v as (1",2"2,...,s"),
where r; is the number of times ¢ occurs in (nq,...,n,). Every D € YV(”) may

be written in a unique way as D = D; + 2Dy 4+ --- 4+ sD, where the divisor
D = Dy + Dy + -+ + D has no multiple points. Let us denote the set of such

s-tuples by (Y(”) X e X Y(”)> . One obtains a bijective map

*

(1) (y(h) W% y(rs)) _ Yl/(n)

%
Let us denote by A the universal divisor A = {(y, D)|y € Supp D}, A C Y x y™,
Let Ay C Y x Y be the diagonal. Then A is the image of Ay x Y™ ! with
respect to the quotient morphism ¥V x Y — Y x Y(”), so A is an irreducible,
closed subvariety of Y x Y™ of codimension 1.

Proposition 2.3. Let (n,r) be a pair of positive integers, such that r €
[1,n]. In the set-up of § 2.2 the following properties hold:

(i) Y™ s isomorphic to the Hilbert scheme Y™ which parameterizes the 0-
dimensional subschemes of Y of length n and the closed subscheme A C
Y x Y™ s the corresponding universal family.

(ii) The set Yr(”) is locally closed and it is a disjoint union of the irreducible,
locally closed subsets Y™ with ((v) = r, which are moreover smooth of
dimension r.

(iii) For every partition v of n of length r, represented in the form (1™, ... s"),
r1+ - +1rs =1 the map (Y(”l) X oo X y(rs)> — Y™ given by
(2) (D1,...,Ds) > Dy + 2Dy + -+ + sDg

s an isomorphism.
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Proof. (i) The variety Y x Y™ is smooth, so A is an effective Cartier
divisor. The projection p: A — Y™ s proper with finite fibers, so by Zariski’s
main theorem it is finite. Furthermore it is surjective and flat. Indeed, let a € A,
b = p(a). Let O, and O be the fibers of the structure sheaves of ¥ x Y (™
and Y™ respectively. Let Jaa = (f). Applying [41, 20.E] to u : Op — O,
where u(z) = xf, one concludes that O4, = O,/(f) is Op-flat. The variety
Y™ s irreducible, so p,O4 is a locally free sheaf of rank n, hence every fiber of
p:A— Y™ s of length n. By the universal property of Hilbert schemes there
exists a unique classifying morphism ¢ : Y™ — Y1" such that 4 c Y x Y™ is
the pullback of the universal family W C Y x y. Now, Y is a smooth scheme
[49, Theorem 4.3.5] and ¢ induces a bijection of the closed points of Y™ and
vl (cf. § 2.1). Therefore ¢ is an isomorphism.

(ii) One has Y™ = Y<(7;f) \Y<(7;f)71, so Y, is locally closed. Clearly
Y™ = I_I Y, (™. The last claim follows from (iii).

L(v)=r

(iii) Consider the map ) : Y x.oxys) 5y given by (2). It is the
quotient by S, and by S, x --- x S, of the product of the diagonal morphisms
Y™ x .- xY"™ — YY", therefore ¢ is a morphism. Its image is closed, irreducible

)

and equals Y,,(n . The map of (iii) is the restriction of ¢ on the preimage of
Yl,(n) \YS(Z)_1 and it is bijective. By [26, Corollary 14.10] it suffices to verify that
the differential dy) is injective at every point of (Y(’”l) X% Ws)) . This holds

*
since for every m € N the morphism Y — Y(m), y — my, has injective differential

at every point. Indeed, let p € Y and let U > y be an embedded open disk with
t : U — C a coordinate at p. Then U™/S,, is a coordinate neighborhood of
mp in Y (™) with local coordinates the m elementary symmetric polynomials of
top; : U™ - U — C,i=1,...,m. The map U — U™/S,, has the form

t— (mt,..., <m>)tz, ...) with derivative (m,0,...,0) at t =0. O
i

Definition 2.4. Let n be a positive integer. Let X and S be algebraic
varieties. A morphism f: X — Y x S is called a smooth family of covers of YV
branched in n points if o f : X — Y X S is a proper, smooth morphism such
that for every s € S the fiber X is an irreducible curve and fs : X — Y is a
cover branched in n points

Lemma 2.5. Let p: M — N be a finite morphism of algebraic varieties.
Let G be a finite group which acts by automorphisms on M so that p is G-
1nvariant.
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(i) The quotient set M /G and the quotient map M — M/G have a structure
of an algebraic variety and a finite morphism and p equals the composition
of the induced finite morphisms M — M /G — N.

(ii) Suppose that M /G — N is an isomorphism. Then |M*|/G — |[N*"| is a
homeomorphism.

Proof. (i) Let z € M. Let U be an affine open set in N which contains
p(x). Then p~!(U) is an affine open set which contains the orbit Gz. Apply [52,
Ch. III Prop. 19].

(ii) p™ : M — N is a finite holomorphic map [47, Prop. 3.2(vi)].
The induced map |M*"|/G — |N“"| is bijective and continuous. It is a closed
map, in fact, the image of every closed subset Z C |M*"|/G equals the image by
p™ of its preimage in |M*"| which is closed since p®" is a finite map. Therefore
|M*|/G — |[N"| is a homeomorphism. O

Proposition 2.6. Let n be a positive integer. Let f: X — Y xS be a
smooth family of covers of Y branched in n points. Then

(i) f is finite, surjective and flat.

(ii) The discriminant scheme D of f : X — Y x S (¢f. [3, Ch. VI n.6]) is an
effective relative Cartier divisor with respect to o : Y x S — S (cf. [44,
Lecture 10]).

(iii) Let B C Y x S be the support of D. Let X' = f~YY x S\ B). Then
flx:: X' =Y x S\ B is a finite, étale, surjective morphism.

(iv) | X\ f~YB) = |(Y x 8)™|\ B is a topological covering map.

(v) Suppose S is connected. Then there exists an integer N such that £(Ds) = N
forvse S.

(vi) For every s € S let By be the branch locus of fs : Xs — Y. Then the map
B:8 Y™ given by B(s) = Bs is a morphism.

(vil) The projection B — S is finite, étale, surjective of degree n.

(viii) Let G be a finite group which acts by automorphisms on X, so that f is
G-invariant and the morphism X,/G — Y induced by fs is an isomorphism
for every s € S. Then the morphism X/G — Y x S induced by f is an
isomorphism.
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Proof. (i) For every s € S, fs : Xs — Y x {s} is a finite, surjective
morphism, so f : X — Y x § is surjective with finite fibers. It is proper since
ma o f: X — S is proper by hypothesis (cf. [39, Ch. 3 Prop. 3.16]). By Zariski’s
main theorem f: X — Y x § is finite. The morphisms X — Sand Y x§ — S
are flat and for every s € S, Xy — Y x {s} is flat, therefore f : X - Y x S is
flat (cf. [41, (20.G))).

(ii) The statement is local, so we may assume that S is connected. By
(i) f+Ox is a locally free sheaf. The discriminant ideal sheaf Jp is the image of
the invertible sheaf (/\maxf;(’)x)®2 — Oyxgs (cf. [3, p.124]). Let z € Supp D,
s = ma(z) and let d, be the generator of (Jp),. Consider the local homomorphism
Os = Oss = Oyxs,: = O,. The image of d. in Oyxs. ® C(s) = Oyx(s)-
generates the discriminant ideal of X; — Y x {s} at the point z, so it is a non-
zero-divisor. Applying [41, (20.E)] to v : O, — O,. where u(a) = ad, one
concludes that d, is a non-zero-divisor in O, and Op_, = O./(d,) is O,-flat.
Therefore D is an effective Cartier divisor of Y x S and m|p : D — S is flat.
This proves (ii).

(iii) This follows from [3, Ch. 6 Proposition (6.6)].

(iv) fo . X\ fY(B) = (Y x §)* \ B is unramified and flat by [47,
Prop. 3.1(iii)], hence it is locally biholomorphic by [23, Théoreme 3.1]. Further-
more it is proper by [47, Prop. 3.2(v)], hence it is a topological covering map by
16, Prop. 4.22].

(v) The projection g = ma|p : D — S is a finite, surjective, flat morphism
of schemes. Since S is connected, there exists an integer N such that g.Op is a
locally free sheaf of rank N. One has £(Ds) := h°(Op,) = N for every s € S.

(vi) We may assume, without loss of generality, that S is connected. For
every s € S one has By = Supp Ds, £(Ds) = N, |Bs| = n. By (ii) the closed
subscheme D of Y x S is a flat family of 0-dimensional subschemes of Y of length
N. Let us apply Proposition 2.3 for the pair (NV,n). The classifying morphism
h:S— YW has image contained in Yn(N ) = I_I YZ,(N ), therefore this image is

vl(v)=n
contained in the locally closed subset YZ,(N ) for some partition v of N. Write v in
the form (1™,2"2 ... k"*), where nj +---+ng =n and nj +2ngs +---kng = N.
Then the map 5: S — Y;(n) c Y™ is the composition of morphisms
Sty (ym) L Yy w)), sy ™)

where the middle one is the inverse of the isomorphism of Proposition 2.3(iii) and
the last one is obtained from Y™ x --. x Y™ — Y™ taking the quotient of Y"
by Sp and of Y™ x .- x Y™ by S, x -+ X Sy, .

(vii) The universal divisor A C Y x Y ™ has the property that the projec-
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tion A — Y is finite, surjective, flat and is unramified over Y*(n). The morphism
B:S — Y™ has image contained in Y*(n), so the pullback Ag = § Xym) A is a
closed subscheme of Y x S and the morphism Ag — S is finite, surjective, flat
and unramified. The underlying reduced subscheme of Ag is B and Ag is reduced
by [42, p.184], so Ag coincides with B.

(viii) By (i) and Lemma 2.5 the morphism X/G — Y x S induced by f
is finite. It is bijective, and fits in the commutative diagram

X/G——Y xS
N

whose vertical morphisms are proper. The scheme-theoretical fibers of X/G — S
(over the closed points of S) are isomorphic to X /G by [35, Prop. A.7.1.3]. The
assumption that X;/G — Y x {s} is an isomorphism for every s € S(C) implies
by [22, Prop. 4.6.7] that every s € S(C) has an open neighborhood U such that
(X/G)uy =Y x U is a closed embedding. This implies that X/G — Y x S is an
isomorphism since X/G and Y x S are reduced schemes. O

3. Parameterization of pointed G-covers. In the rest of the paper

the elements D € Y;(n) are considered as subsets of Y of cardinality n. We start
with some definitions and recall some known facts (see e.g. [32, Section 1])

Definition 3.1. Let G be a finite group.

(i) A G-cover of Y is a coverp: C =Y, where C is a smooth, irreducible, pro-
jective curve such that G acts faithfully on the left on C' by automorphisms
of C, p is G-invariant and p: C/G —'Y is an isomorphism.

(ii) Two G-covers of Y, p: C =Y and p; : C1 = Y are called G-equivalent if
there exists a G-equivariant isomorphism f: C — C1 such that p =pio f.
If the center of G is trivial, Z(G) = 1, such an isomorphism is unique if it
exists.

(iii) Let yo € Y. A pointed G-cover of (Y,yo) is a couple (p: C — Y, zy), where
p:C =Y is a G-cover unramified at yo and zg € pil(yo).

(iv) Let (p : C — Y, z) and (p1 : C1 — Y,wp) be two pointed G-covers of
(Y,y0). They are called G-equivalent if there is a G-equivariant isomorphism
f:C — Cy such that p = pyo f and f(z9) = wo. Such an isomorphism is
unique if it exists.
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3.2. Let (p: C — Y, 2p) be a pointed G-cover of (Y, yo) branched in n
points, n > 1. Let D = {b;,...,b,} be its branch locus. Let C' = p~(Y' \ D),
p' = plcr. Endowing C and Y with the canonical Euclidean topologies of |C%"|
and |Y®"| respectively, p’ : C' — Y \ D is a topological covering map.

Let « : I — Y\ D, I =10,1], be a closed path with a(0) = (1) = yo.
Let us denote by zoa the end point of its lifting o’ : I — C’ with initial point
o, (0) = zp. Let g € G be the unique element such that gzy = o (1) = za.
One associates in this way with every element [o«] € m (Y \ D,yp) an element
g € G. We let g = my,([e]). The map m,, : m (Y \ D,yo) — G is a surjective
homomorphism.

Let Uy,...,U, be embedded closed disks in Y \ o which are disjoint and
such that b; € U; for Vi, where U; is the interior of U;. For every i = 1,...,n
let us choose a path 7; : I — Y \ Uj_,U; such that n;(0) = yo, n:(1) € 9U;
and let 7; : I — Y \ D be the closed path which starts at yg, travels along 7;,
then makes a counterclockwise loop along OU; and returns back to y along n; -
The condition that the branch locus of p: C — Y equals D is equivalent to the
condition that p' : C'\ p~ (D) — Y \ D is unramified and

(3) mzo(hl]) 7é 1,... ,mzo([’)/n]) 7& 1.

Let i € [1,n]. Varying Uy,...,U, and 11, ...,7n, the elements m,,([7;]) belong
to the same conjugacy class of G.

Definition 3.3. Given a pointed G-cover (C, zo) — (Y, yo) branched in D,
D C Y\ yo the homomorphism m, : m1 (Y \ D,yo) — G and the pair (D, m,,) are
called respectively the monodromy homomorphism and the monodromy invariant
associated with the pointed G-cover.

Remark 3.4. We will use the terminology pointed topological G-covering
map and monodromy homomorphism also for topological Galois covering maps
p: M — N, p(zg) = yo, where M and N are connected, locally connected
topological spaces and 6 : G — Deck(M/N) is a fixed isomorphism with the
group of covering transformations of p: M — N.

3.5. Let yo € Y. Associating with a pointed G-cover (C, zp) — (Y, yo) its
monodromy invariant (D,m,,) Riemann’s existence theorem establishes a one-
to-one correspondence between the set of G-equivalence classes [p: C' — Y, 2] of
pointed G-covers of (Y, y) branched in n points and the set of pairs (D, m), where
De Y\ yo)ﬁn) and m : 71 (Y \ D,y0) = G is a surjective homomorphism which
satisfies Condition (3). We briefly recall why this correspondence is bijective (cf.
[40], [16], [57], [32, Prop. 1.3]).

Let p : (C,20) — (Y,y0) and p; : (C1,21) = (Y,y0) be two pointed G-
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covers with the same monodromy invariant (D,m). Let C' = p~ (Y \ D), C} =
p; H(Y'\ D). Then there is a G-equivariant covering homeomorphism f’ : |C"*"| —
|C1°"| such that f’(z9) = 21. It is biholomorphic since both p®*|cran and pi" | cgan
are locally biholomorphic and it can be extended to a G-equivariant biholomor-
phic covering map of the Riemann surfaces f : C*" — C7", which yields a
G-equivariant covering isomorphism of the algebraic curves C' and C. Hence the
correspondence is injective.

Given a pair (D, m) one constructs a pointed G-cover (C,zp) — (Y, yo0)
whose monodromy invariant is (D, m) as follows. Let I' = Ker(m). Let

(4) C'={T]a]la: I = Y \ Dis a path with a(0) = yo}.

Here [a] is the homotopy class of a in Y\ D. The map p’ : C' — Y \ D is
defined by p'(T'[a]) = a(1). One lets 29 = I'[ey,], where ¢y, is the constant path
Cyo(t) = yo for Vt € I. One defines an action of G on C' as follows: if z = I'[¢]
and g = m([o]), one lets gz = I'[c - @]. The group G acts transitively without
fixed points on the fibers of p' : C" — Y \ D. One endows C’ with a Hausdorff
topology by the following basis of open sets: for every path a: I — Y \ D with
a(0) = yo and every embedded open disk U C Y \ D which contains «(1) one lets

No(U) ={T'[a- 7]|T : I — U is a path such that 7(0) = a(1)}

Then (C’,p’) is a connected covering space of Y \ D, the group G acts by covering
transformations and p’ induces a homeomorphism C’/G —~ Y\ D. Let us verify
that the monodromy homomorphism of the pointed topological G-covering map
P (C',20) = (Y\D,yo) coincides with m : w1 (Y \D,y9) = G. Let o : [ — Y\ D
be a path in Y\ D with ¢(0) = yo. The map ¢ : I — C’ defined by 5(s) = I'[o],
where o5 : I — Y \ D is the path o4(t) = o(st), is a lifting of o in C’ with
initial point zy = I'[¢y,] and terminal point (1) = I'[g]. In particular, if o is a
closed path and m([o]) = g, the terminal point of & is I'[o] = gz9. This shows
that the monodromy homomorphism of p' : (C”, z9) — (Y \ D, yo) coincides with
m:m (Y \ D,yy) - G.

One endows C’ with the unique complex analytic structure such that
p : C' — Y\ D is a holomorphic, locally biholomorphic map. Compactifying one
obtains a holomorphic map of compact Riemann surfaces p : C' — Y branched in
D and the action of G on ('’ is extended to an action of G on C' by biholomorphic
maps. Finally C has a structure of a projective, nonsingular, irreducible curve,
whose associated structure of a complex analytic variety coincides with the one
above, p: C — Y is a morphism, the action of GG is by algebraic automorphisms
and p: C' — Y is a Galois cover with Galois group G.

Definition 3.6. Let g = g(Y), let n be a positive integer. Let G be a finite
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group which can be generated by 2g +n — 1 elements. Let yo € Y. We denote by
HE (Y, yo) the set of pairs (D, m) where D € (Y\yo)gfl) andm : m(Y\D,yy) - G
is a surjective homomorphism which satisfies Condition (3).

3.7. The set HY(Y,yo) is nonempty and it is bijective to the set of G-
equivalence classes [p : C' — Y, 2] of pointed G-covers of (Y,yp) (cf. § 3.5). One
endows H,? (Y, yo) with a Hausdorff topology as follows. Let D = {b1,...,b,}, let
Uy,...,U, beembedded closed disks in Y\ which are disjoint and such that b; €
U; for Vi, where U is the interior of U;. Let Np(Uy,...,U,) C (Y'\ yo)fkn) be the
open set consisting of £ = {y1,...,yn} such that y; € U; for every i. The inclusion
Y \UL, U — Y \ D is a deformation retract, so for every homomorphism
m: (Y \ D,yo) = G and every E € Np(Uy,...,U,) there is a unique homo-
morphism m(E) : m (Y \ E,y0) — G such that the following diagram commutes

(5) m1(Y \ D, yo) ¢—— m (Y \ UL, Us, o) — m (Y \ E, o)

Given a closed path v: I — Y \ E based at yo we denote by [v]g its homotopy
class in Y\ E. The homomorphism m(FE) is uniquely determined by the following
property. For every closed path v : I — Y \ U ,U; based at yo the following
equality holds:

(6) m([y]p) = m(E)([y]g) for VE € Np(Un,...,Uy).
We recall some known facts about HS (Y, o) (see e.g. [32, Section 1]). Let
(7) Npm) (Ut .., Up) = {(E,m(E))|E € Np(Uy,...,Uy)}.

One defines Hausdorff topology on Hg (Y, y0) by choosing as a basis the family of
all sets N(p m)(Ut,...,Uy). Let §: HE (Y, y0) = (V' \ yo)in) be the map defined
by 6((D,m)) = D. Then § is a topological covering map. The topological cover-
ing space HY (Y, yo) inherits the structure of a complex manifold from (Y \ yo)gfl)
and ¢ is a holomorphic map. Furthermore by Théoreme 5.1, Proposition 3.1
and Proposition 3.2 of [47] HS(Y,y) has a structure of an algebraic variety,
§: HY(Y,y0) = (V' yo)in) is a finite, étale, surjective morphism, and the as-
sociated complex analytic space and holomorphic map coincide with the ones
defined above. Furthermore the algebraic variety H,? (Y, yo) is nonsingular and

affine since this is true for (Y \ yo)ﬁn).

Consider the subset B C Y x HS (Y, yo) defined by
(8) B ={(y,(D,m))ly € D}.
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The map idy x 0 :Y x HY(Y,y0) = Y x (Y'\ yo)ﬁn) is a finite, étale, surjective
morphism and B is the preimage of the universal divisor Y x (Y \ yo)Sfl) N A.

Definition 3.8. Let G be a finite group. Let n be a positive integer. Let
C and S be algebraic varieties. A morphism p : C — Y x S is called a smooth
family of G-covers of Y branched in n points if:

(i) p satisfies the conditions of Definition 2.4;

(ii) G acts on C on the left by automorphisms of C, p: C — Y x S is G-invariant
and ps : Cs = Y x {s} is a G-cover for Vs € S (cf. Definition 3.1).

(iii) Two such familiesp : C — Y xS andpy : C; — Y xS are called G-equivalent
if there exists a G-equivariant isomorphism f: C — Cy such that p=pjo f.

It is clear that two families are equivalent if and only if there is an S-isomorphism
f : C — Cy which is a covering G-isomorphism over Y for Vs € S, i.e. ps =
(p1)so fs forVs e S.

Definition 3.9. Let yo € Y. A smooth family of pointed G-covers of
(Y, y0) branched in n points is a pair (p: C — Y x S,( : S — C), where p satisfies
the conditions of Definition 3.8, ps : Cs — Y x {s} is unramified at (yo,s) for
Vs €S and ¢ : S — C is a morphism such that ((s) € p;*(yo, s) forVs € S. Two
such families (p: C =Y x S,¢) and (p1 : C1 = Y x S,(1) are called G-equivalent
if there exists a G-equivariant isomorphism f :C — C1 such that p = p1o f and

G1=/fo(

If two families are G-equivalent, then the G-equivariant isomorphism
f : C — (C; is unique in the case of Definition 3.9 and, provided G has trivial
center, it is unique in the case of Definition 3.8.

3.10. Our goal in this section is: given a positive integer n and a point
Yo € Y to construct a smooth family of pointed G-covers of (Y, o) branched in
n points

(p:Clyo) =Y x HS (Y, y0), ¢ : HS (Y, 50) — C(y0))

with the property that every fiber (C(yo)(D,m) — Y, {(D, m)) is a pointed G-cover
of (Y, o) with monodromy invariant (D, m). This is obtained by the following
steps:

(i) One constructs explicitly a set C(yo), a surjective map p’ : C(yo) —
Y x HY(Y,y0) \ B and an action of G on C(yp)’.
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(ii) One endows C(yo)" with a Hausdorff topology such that p’ : C(yo) —
Y x HS (Y,40) \ B becomes a topological covering map, one verifies that
G acts by covering transformations and that p’ is a topological G-covering
map.

(iii) One endows C(yp)’ with a structure of a complex analytic manifold inherited
from Y x HS(Y,y0) \ B. The map p’ becomes an étale Galois holomorphic
covering map.

(iv) Using [47, Théoréme 5.1] one endows C(yo)" with a structure of an algebraic
variety and p’ becomes an étale Galois cover.

(v) One constructs C(yo) and p : C(yo) — Y x HS(Y,yo) by the normal closures
of the irreducible components of ¥ x HY(Y,yo) in the fields of rational
functions of the irreducible components of C(yp)’.

Remark 3.11. The construction of C(yg)" and its topology in (i) and (ii)
is similar to the construction of universal covering spaces (see e.g. [40, Ch. V
Theorem 10.2] or [16, Ch. 1 § 5]). For Y = Py Parts (i) — (iv) are equivalent
to Emsalem’s construction of the family of pointed étale G-morphisms to Py
parameterized by the Hurwitz space HS (Py,yo) (cf. [11, § 6 and § 7.1]).

3.12. If a, @’ are paths in Y\ D we denote by a ~p o' the homotopy of
a and o/ in Y\ D and by [a]p the homotopy class of o in Y\ D. In the set-up of
§3.7let E € Np(Uy,...,Uy,) and let o, o’ be paths in Y \ Ul ,U;. Then o ~p o’
if and only if o ~g o/. Let (D,m) € HS(Y,y0). We denote by I, the kernel of
m :m (Y \D,yy) - G. Let a, @ be paths in Y \ Ul ,U; such that a(0) = o/(0) =
yo and (1) = o/(1). Then by (5) [@'-a"]p € 'y, if and only if [0’ -a7|g € Tyy(p),
hence Fm [Oé]D = Fm[o/]p if and only if Fm(E) [a]E = Fm(E) [O/]E'.

3.13. We denote by C(yo)" the set
Cyo) = {(Tm[a]p, D,m) [(D,m) € HY (Y,y0), a: I =Y \ D, a(0) = yo}.
Let p' : C(yo) — Y x HY(Y,y0) \ B be the map
p (Twlalp, D,m)) = (a(1),D,m).

We define a left action of G on C(yp)" as follows. For every g € G, if g = m([o]p),
one lets

9g(Twlalp, D,m) = (Uplo - o]p, D,m).
The map p’ is G-invariant, the isotropy subgroup of every z € C(yp)’ is trivial and

G acts transitively on every fiber of p’, hence p’ induces a bijection C(yp) /G —
Y x HY(Y,y0) \ B.
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Let z = (Tla]lp, D,m) € C(yo)'. Let p'(2) = (y,(D,m)), where D =

{b1,...,b,},y €Y\ D. Let U,Uy,...,U, be disjoint, embedded closed disks in
Y with interiors U, Uy, ..., U, respectively, with the property that U; C Y \ 9o
for Vi, y € U, b; € U; for Vi. Let a : I — Y\ U?:lﬁi be a path such that
a(0) = yo, a(1) = y. Consider the following subset of C(yg)':
©) Nia,pm) (U, Ur, ..., Up) = {(Tiy(my v - 7], E,m(E))|

E € Np(Uy,...,Uy),7: I —U,7(0) =y}
Proposition 3.14. Letp’ : C(yo) — Y x HS (Y, y0)\ B be the G-invariant

map defined in § 3.13.
(i) The family of sets defined in (9) is a basis of a topology of C(yo)'.
(i)
(iii) The topology defined in (i) is Hausdorff.
)

The map p’ is a topological covering map.

The group G acts on C(yo)" freely by Deck transformations and p' induces a
homeomorphism C(y) /G ==Y x HS(Y,y0) \ B.

(iv

(v) The map ¢ : HY (Y, yo) — Clyo)’ defined by
((D,m) = (Fm[cyO]D’ Dvm) )
where ¢y, is the constant loop, is a continuous section of wy o p' : C(yo) —
Hy(Y.yo), such that p' o ((D,m) = (yo.(D,m)) for every (D,m) €
HE (Y, ).
(vi) For every (D,m) € HS(Y,yo) the couple
(P,(D,m) : C(yO)/(D,m) — Y\ D,((D,m))
is a pointed topological G-covering map of (Y \ D,yo) with monodromy ho-
momorphism equal to m : m (Y \ D,yo) - G.
Proof. (i) It is obvious that C(yo)" is a union of the sets (9). Let
W/ - N(o/,D’,m’) (U’, U{, ceey U{Z), W” - N(a”,D”,m”)(U”7 U{/, ceey UT,Z/)
Let z € W NW" and let 2 = (['),[8]p, D,m). Let p'(2) = (y,(D,m)), D =
{b1,...,by}. Theny € U'NU", b; € U NU/ for i = 1,...,n and furthermore
yeEY\ (ug;ﬁ; U u;;lvg). One has m = m/(D) = m" (D),

Fm[/B]D = Fm/(D) [Oé, . T/]D = Fm”(D) [Oz” . T”]D.
Let us choose disjoint closed disks U, U+,...,U, with interiors U, Uy, ..., U, re-

spectively, such that U 5y, U; 2 b;,i=1,...,n, U CcU NU", U; C U;nU/! for
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Vi and B(I) C Y\ULU;. Let W = Ng p ) (U, Ui, ..., Uy). We claim that W C
W nW" Let x € W, z = (T8 - 7lp, E,m(E)). It is clear from Diagram (5)
that m(E) = m/(E) = m”(E). One has D € Np/(Uj,...,U}), so 8 ~p (', where
B is a path in Y \U_,U;. The equality I',,,[8']p = Tn[B]p = T'im[@ - 7'] p implies
Lo 8] = Ty’ - 7']g since E € Np/(Uy, ..., U,,) (cf. § 3.12). Therefore
T = (Fm(E) [5 ’ T]Ev E, m(E)) = (Fm’(E) [O/ T T]E'7 E, m,(E))

belongs to W', since 7/ - 7 is an arc in U’. Similarly x € W”. This shows that
wWcw nw”.

(ii) Let (y,(D,m)) € Y x HS(Y,y0) \ B, let D = {by,--- ,b,}. Choose
paths a1,..., g in Y\ D with «;(0) = yo, a;(1) = y such that [o; - o ]p ¢ I'm,
if i # j. Then for every path o : I — Y \ D with a(0) = yo, (1) = y there is
a unique o; such that T'y,[a]p = ['ufog]p. Let Uy, ..., U, be disjoint embedded
closed disks in Y with interiors Uy,..., U, respectively, such that b, € U; for
i=1,...,nand o;(I) C Y \U,U; for every j =1,...,|G|. Let U C Y be an
embedded closed disk such that y belongs to its interior U and U C Y \ U, Uj;.
Then

|G
(10) P (U X Npmy(Ui,...,Uyp)) = U Na;, pm) (U, Ut ... U)

j=1
and moreover N(q, p.m)(U,U1,...,Un) "N, pm)(U, U1, ..., Uy) =0 if i # j. In
fact, it is clear that the left-hand set of (10) contains the right-hand set. Let
z = (I'y[B]E, E, 1) be a point of the left-hand set. Then E € Np(Uy,...,U,),
p = m(E). Let 8 ~g B, where 8’ is a path in Y \ U/_,U;. Let I',,[8]p =
Lplag - 7]p for some 7 : I — U. Then T'yyg)[8']5 = Dy levi - 7] (cf. § 3.12).
Hence z = ([l - 7]g, E,m(E)) € N, pm)(U,Ur,...,Uy,). This proves
Equality (10) and in particular shows that p’ is a continuous map. Suppose that
(Copylai - 7le, E,m(E)) = (Thygyla; - 7', E,m(E)) for some i # j and some
paths 7,7" in U. One has 7 ~p 7’ since U is simply connected, therefore [a; -
o; |g € I'yy(g)- This implies that [o; - a; ]p € Iy, which contradicts the choice
of {a;};. This shows that the right-hand side of (10) is a disjoint union.

Every open set Ny p.m)(U,U1,...,Uy) as in (9) is mapped by p’ bijec-
tively onto the open subset U X N(p ) (U1, ..., Uy) of Y x HE (Y, )\ B. Since ev-
ery open subset of Ny, p ) (U, U, ..., Uy) is a union of sets Ng 4,y (V, V1,..., Vp)
as in (9), this bijection, being a continuous map, is open, hence it is a homeo-
morphism. This proves (ii).

(iii) This follows from (ii) since Y x H (Y, yo)\ B is a Hausdorff topological
space.

(iv) By § 3.13 it suffices to prove that for every g € G the map ¢, :
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C(yo)" — C(yo)" defined by p4(z) = gz is continuous. Every open subset W of
C(yo)" is a union of subsets of the topology basis (9) and w;l(W) =g~ 'W. So
it suffices to prove that ¢, transforms every V' = Ny p ) (U, Uy, ..., Uy) into an
open set. Let ¢ = m([o]p), where o is a closed path in Y \ Ul U;. Let x =
(Con(ey - 7]E, E,m(E)) € V. One has by Diagram (5) that g = m(E)([o]g),
hence gr = (['yyg)lo - a - 7]g, E,m(E)). One obtains that gV C Ns.q,p,m)(U,
Ui,...,Uy,). Replacing the pair g, by ¢+
sion, therefore

(11) gN(a,D,m) (U7 Uy, ... 7Un) = N(a’-a,D,m) (U7 Uy, ... 7Un)

(v) Suppose that ((D,m) € N a,,)(V:V1,..., Vo). Let V.= (V1,..., V).
Then D € Na(Vi,..., V), m = u(D), therefore ("' Ny 4, (V,V) C Nia (V).
Moreover one has (I'y[cy,]p, D,m) = (Uypyla - 7]p, D, u(D)) for some path
7 : 1 — V such that 7(0) = a(1), 7(1) = yo, so [a-7T]p € I';;(p). This implies that
[ 7]p € T ypy for every E € N(V) (cf. § 3.12). Hence for every (E, u(E)) €
N(a,u (V) one has

C(E7/’L(E)) = (F,u(E) [Cyo]Evau(E)) = (F,u(E) [a : T]E7E7M(E)) € N(a,A,u)(Vv z)7

SO CilN(a,Aw(V, V) = Na,uv)- This proves that ¢ is a continuous map. The
other statements of (v) are obvious.

(vi) Let (D,m) € HY(Y,yo). Identifying (Y \ D) x {(D,m)} with Y\ D,
the set C(yo)'( Dym)> the action of G on it, its induced topology, the map p'( D,m) and
the point (D, m) are the same as those defined in § 3.5, therefore the monodromy
homomorphism of the pointed topological G-covering map (p’( Dm)+ € (D,m)) of
(Y\ D,yo) equals m: 71 (Y \ D,y9) - G. O

Proposition 3.15. Let p' : C(yo) — Y x HS (Y, y0) \ B be the topological
G-covering map of Proposition 3.14.

,0 - o one obtains the opposite inclu-

(i) ConsiderY x HE(Y, yo) with the structure of a complex analytic manifold
of dimension n+ 1 (cf. § 3.7). Then C(yo)' has a unique structure of a
complex analytic manifold of dimension n+ 1 such that p’ is a holomorphic
map. Furthermore p' is a finite, étale holomorphic covering map (cf. [47,

§5.0]).

(ii) Consider Y x HY(Y,yo) with the structure of an algebraic variety as in
§ 3.7. Then C(yo) and p' have a unique structure of an algebraic variety
and a finite, étale surjective morphism to'Y X HS(Y, yo)\ B whose associated
complex analytic space and holomorphic map are those of (i). The algebraic
variety C(yo)' is nonsingular, equidimensional of dimension n + 1.



66 V. Kanev

(iii) The group G acts freely by covering automorphisms on the algebraic variety
C(yo)" and p' induces an isomorphism C(yo)' /G =Y x HS(Y,y0) \ B.

(iv) The map C : HE(Y, yo) — C(yo) is a morphism of algebraic varieties. It is a
closed embedding, a section of the morphism myop' : C(yo) — HS (Y, y0)\ B
and p' o ((D,m) = (yo, (D, m)) for ¥(D,m) € HZ(Y,yo).

Proof. (i) One defines a complex analytic structure on the topological
covering space C(yp) as in [53, Ch. IX § 1]. Let M = C(yp)’ be the obtained
complex manifold. Suppose that M’ is another complex analytic manifold whose
underlying topological space is C(yo)’, such that p’ is a holomorphic map. We
claim that id : M — M’ is biholomorphic. Let z € C(yp) and let = = p/(2). Let
(W, 1) be a complex analytic chart of x such that W is evenly covered and let U
be a neighborhood of z in M such that p'|;; : U — W is biholomorphic. Let (V, ¢)
be a chart of M’ such that z € V. C U. Then tpop' op™ ! : ¢(V) — (op')(V) is a
holomorphic bijective map of domains in C"™!. Hence by Clements’ theorem it is
biholomorphic [45, Ch. 5 Theorem 5]. Therefore the restriction of id : M — M’
on V is biholomorphic. This shows that id : M — M’ is biholomorphic. The
topological covering map p’ is proper with finite fibers, so the holomorphic map
p’ is finite. It is locally biholomorphic, so it is étale. It remains to verify that
every irreducible component of C(yy)’ dominates an irreducible component of
Y x HY(Y,y0)\ B. Since these are complex manifolds, the irreducible components
coincide with the connected components (cf. [21, Ch. 9 § 2 n.1]), so this property
is obvious.

(i) By [47, Théoreme 5.1] the pair (C(yo)’,p’) has a unique structure
of a scheme of finite type over C and a finite étale morphism of schemes, such
that the associated complex analytic space and holomorphic map are those of
(i). The scheme C(yg)" is separated and smooth by Proposition 3.1(viii) and
Proposition 2.1(iv) of [47].

(iii) The group G acts by covering transformations of the topological
covering map p’ (cf. Proposition 3.14(iv)), so G acts by biholomorphic covering
maps of the finite, étale, holomorphic covering map p’. By [47, Théoréme 5.1 (1)]
the group G acts by covering automorphisms of the finite, étale morphism of
algebraic varieties p' : C(yo) = Y x HY(Y, 1) \ B. By Lemma 2.5 p’ induces a
finite morphism 7’ : C(yo)' /G — Y x HS(Y,y0) \ B. It is bijective (cf. § 3.13)
and Y x HS (Y,50) \ B is smooth, therefore ' is an isomorphism.

(iv) Yy} x HE(Y,y0)) is a closed algebraic subset of C(y)" and
the restriction of p’ on it is a finite étale morphism onto {yo} x HS (Y, o).
Identifying HE (Y, yo) with {yo} x HS(Y,yo) the map  is its continuous sec-
tion in the Euclidean topology by Proposition 3.14(v), hence ¢ (Hf (Y,40)) is
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a union of connected components of p'1({yo} x HE(Y,y0)). These connected
components in the Euclidean topology are connected components in the Zariski
topology [47, Corollaire 2.6], so ¢ (HSY (Y,50)) is a closed algebraic subset of
C(yo)'. The restriction of p’ on it is a finite, étale, bijective morphism onto
the smooth variety {yo} x HS(Y,y0), hence it is an isomorphism. This shows
that ¢ : HE(Y7 y0) — C(yo)' is a morphism, it is a closed embedding which is a
section of the morphism p’. The last statement is from Proposition 3.14(v). O

3.16. Let H be a connected component of HY(Y,yo). It is irreducible,
since HY(Y,yo) is smooth. Let C(yo)y = p' '(H). Its closed subspace ¢(H)
is pathwise connected and every fiber of C(yo); — H is pathwise connected by
Proposition 3.14(vi). Therefore C(yo)’y is pathwise connected. It is a Zariski open
subset of the smooth algebraic variety C(yo)’, hence C(yg)y is irreducible. Let us
denote by C(yo)p the normalization of Y x H in the field of rational functions
of C(yo)%y and let py : C(yo)y — Y x H be the corresponding finite, surjective
morphism. The action of G on C(yg)" can be uniquely extended to a faithful
action of G on C(yp)y by algebraic automorphisms (cf. Proposition 3.15(iii)).
The uniqueness of normalizations implies that there is a G-equivariant open em-
bedding j : C(yo)s — C(yo)m with image p~ (Y x H \ B) such that pojgz = p'.
The G-invariant morphism pg : C(yo)g — Y x H is a Galois cover. In fact the
morphism C(yo)u/G — Y x H is finite, birational by Proposition 3.15(iii), and
Y x H is smooth, so it is an isomorphism.

3.17. In the next proposition we study py at the ramification points. Let
(D,m) € H and let (b,(D,m)) € (Y x H)NB, D = {b1,...,bk,...,b,}, b= bg.
Let us choose local analytic coordinates s; at b;, such that s;(b;) =0,i=1,...,n.
Let € € R" e < 1 be such that the open sets U; = {y|si(y) < ¢} have disjoint
closures U;, i =1,...,nand yo € Y\U,U;. Let 71,...,7x, be closed paths based
at yo as in § 3.2. Let U = Uy, and let V = U X N(p (Ui, ...,Uy,). For every
v=(y,(E,m(E)) € V,wherey € U, E ={y1,...,yn},¥i € U; let t;(v) = si(yi)
and let t(v) = sk (y).

Proposition 3.18. The algebraic variety C(yo)m is smooth. Let
2=, (D,m)) € (Y x HNB, D={br,....b,....bn}, b=
and let p;Il(a:) ={wy,...,w.}. Let G(w;) be the isotropy group of w;. Then

(i) For every i = 1,...,r G(w;) is a cyclic group generated by an element
conjugated with g, = m([Vk]), G(w;) is of order e = |gi|, where er = |G|.

(i) Let V = U x N(pmy(Us, ..., Uy) be as in § 3.17. Then py' (V) = | |W;,
=1
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where W; is an open, connected neighborhood of w;, it is G(w;)-invariant,
and pg(W;) =V for everyi=1,...,r.

(i) Leti € [1,r] and let (W,w) = (W;,w;). Let E C CxV be the analytic subset
defined by the equation z¢ =t — t and let py : E — V be the projection
map.

(a) There exists a biholomorphic map ¢ : W — E such that p1 o = pr|w.

(b) The composition ¢ = (z,t1,...,t,) 0@ : W — C"™ maps W biholo-
morphically onto an open subset of C"H1.

(¢) There exists a primitive character x : G(w) — C* such that ¢ and
Y are G(w)-equivariant with respect to the actions of G(w) on E and
C™! defined respectively by g(z,v) = (x(9)z,v) and g(z,21,...,2,) =
(x(9)zs 215y 2n).

(iv) There is a G-equivariant biholomorphic map py (V) = G x Gy,

Proof. We may assume, without loss of generality, that £ = 1. Let us
denote py : C(yo)m — Y x H by p: M — N. The map p* : M — N is a
finite, surjective, holomorphic map and M*" is a reduced, normal complex space
[47, Proposition 2.1]. Let p~}(V) = |_|VVZ be the disjoint union of connected

components of p~1 (V). By [21, Ch. 9 § 2 n.1] every W is an open subset of M°",
The restriction plw, : W; — V is a finite holomorphic map. In fact, it has finite
fibers and if A is a closed subset of W; then A is closed in p~}(V), so p(A) is
closed in V since p®"* : M*" — N is a closed map. Moreover plyw, : W; — V is
an open map by the Open Mapping Theorem (cf. [21, Ch. 5 § 4 n.3]). Therefore
p(W;) = V, since V is connected. We see that W; N p~!(z) # 0 for every 4, so

l
p~}(V) has a finite number of connected components: p~ (V) = |_| W;.
i=1

Let w € p~1(z) and let W be the connected component of p~1(V') which
contains w. The set p;{l(B NY x H) is a proper, closed algebraic subset of the
algebraic variety C(yo)g = M. Hence it has no interior points in the Euclidean
topology of M (cf. [53, Ch. VII § 2 Lemma 1]), i.e. it is thin in M*". The open
set W' =W \p; (BNY x H) is connected [21, Ch. 7§ 4 n.2]. Let V' =V \ B =
V\ {v|(t —t1)(v) = 0}. Then p~}(V') — V' is a topological covering map, since
it is a restriction of C(yo) — Y x HS(Y,yo) \ B, furthermore W’ is a connected
component of p~*(V’), so ply : W' — V' is a topological covering map as well.
Let by € U \ by and let vg = (bg, (D, m)) € V'. We claim that 71 (V' ,v) = Z.
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Following the notation of [13] let Fyo(U) = {(y1,v2)lyi € U,y1 # y2}. The
topological space V' is homotopy equivalent to Fj2(U). The projection map
Fo2(U) — U given by (y1,y2) — y1 is a locally trivial fiber bundle with fibers
homeomorphic to U \ by (cf. [13], or [5, Theorem 1.2]). By [27, Ch. 6 Sect. 6] one
has an exact sequence of homotopy groups

7T2(U, bl) — 7T1((U \ bl) X {bl}, (bo,bl)) — 7T1(F072(U), (bo,bl)) — 7T1(U, bl) — 1.

Therefore w1 (V' v) = m1(Fo2(U), (bo,b1)) = Z. This implies that ply: : W' —
V' is a topological Galois covering map whose group of Deck transformations
Deck(W'/V") is isomorphic to the cyclic group C, C C of order e for a certain
integer e > 1.

Let F C C x V be the analytic subset defined by 2¢ = ¢t — ¢;. This is a
complex manifold of dimension n+1, the holomorphic map ¢ : E — C"*! defined
by ¢(z,v) = (2,t1(v),...,t,(v)) is injective and the Jacobian map T{; )¢ is an
isomorphism for every (z,v) € E. Therefore ¢(E) is an open subset of C"! and
¢ : E — ¢(FE) is a biholomorphic map (cf. [15, Prop. 2.4]). The projection map
p1: E — V given by (z,v) — v is a finite, surjective, holomorphic map [21, Ch. 2
§3n.5]. Let B’ = p; {(V’) = E\ {2z = 0}. Then the restriction of py, p} : B/ — V'
is locally biholomorphic. It is also proper [21, Ch. 9 § 2 n.4], hence p} : E' — V' is

21
a topological covering map. The cyclic group C. = {wl|q € Z}, w = exp ( T ),
e

acts on FE by w?(z,v) = (w?z,v) and this action is by holomorphic automorphisms
of E which preserve the fibers of p; : E — V. Furthermore E’ is connected,
py : E' — V' is a topological Galois covering map and Deck(E'/V’) = C,.
Indeed, C¢ acts transitively on the fibers of p/fl(vo), then, in order to prove that
E’ is connected, let us verify that m(V’,vy) acts transitively on the right on
pfl(vo). It suffices to prove the analogous statement replacing V by A x A,
where A = {z € C||z| < €} and V' by Fya(A) = {(21,22)|zi € A, 21 # 22}. Let
(z,21,22) € C x Fya(A) satisfy 2° = z; — z9. Let w? € C,. Then the path

(12) (1) = (W(T)%2,w(7)"21,w(T)%22), w(T)=exp <@T>

is a lifting of a closed path in Fy2(A) based at (z1,22) which connects (z, 21, 22)
with (wiz, 21, 22).
We conclude that there is a covering homeomorphism ¢’

(13) W

NS
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which is Ce-equivariant. It is biholomorphic since both p’|y and p} are locally
biholomorphic. According to [47, Proposition 5.3] there is a unique extension of
¢’ to a biholomorphic covering map ¢

(14) w—* F

N

The composition ¢ = ¢gop : W — ¢(FE) is a biholomorphic map. We see that M*"
is a nonsingular complex space, therefore C(yp) is a smooth algebraic variety.
The restriction of (14) to VN B yields three bijective maps, hence p~*(z)N
W consists of one point. This shows that the number of connected components
of p~1(V) equals r = [p~!(x)|. We may enumerate them so that w; € W;,i =
1,...,7. Let i € [1,r] and let (W, w) = (W;,w;). Let G(w) = G(w;) C G be the
isotropy group of w = w;. The group G acts on M*" by biholomorphic covering
maps, hence it permutes transitively the connected components of p~ (V). There-
fore W = W; is invariant under the action of G(w), p|w : W — V' is a topolog-
ical Galois covering map and G(w) is isomorphic to Deck(W’/V’). The compo-
sition G(w) — Deck(W'/V') — C, is a primitive character x : G(w) — C, for

Gl

which the statements of Part (iii) hold. Furtermore one has e = |G(w)| = — as
r

claimed in Part (i).

Next we prove that G(w) is generated by an element conjugated with
m([y1]). Let us consider the loop 81 : I — U; \ by based at by (U = Uy), defined
by s1(B1(7)) = €™ s1(by) (cf. § 3.17). Let 8 : I — V' be the loop B(7) =
(B1(7), (D,m)). Let wog € W', p'(wgy) = vo. Lifting 8 in W' with initial point wy

2
the terminal point is w8 = gwp, where g € G(w) and p(gwy) = ea:p(ﬂ)go(wo)
e

(apply (12) with & = 1,21 = s1(by), 22 = s1(by) = 0). Therefore g generates
G(w). The closed path v; is homotopic to n; - 81 -y, where n; : I — Y \ D is
a path such that 71(0) = yo, m (1) = bg. Let n : I — Y x H \ B be the path
() = (m(7),(D,m)). Let 29 = {(D,m) € C(yo)’(D,m). Let 7: 1 — C(yo)'(D’m) C
C(yo)y be the lifting of n with initial point 7(0) = 2. Then 7(1) € p'~(vp),
so 7(1) = hwg for some h € G. Let g1 = m([y1]). By Proposition 3.14(vi)
lifting ~; in C(yo) with initial point 2o the terminal point is g;29. The lifted path
is equal to the product 7 - 3 - (n7)~ of the liftings of 7, 3 and 1~ respectively.
Now, since C(yo)yy — Y x H \ B is a topological Galois covering map and the
terminal point of (7)™ is g12¢, the initial point of (7)™ is ¢17(1) = g1(hwy).
The initial point of (™)~ is the terminal point of 7- 3. This terminal point equals
zo(n - B) = (hwo)B = h(wopB) = h(gwo), hence g1 (hwo) = h(gwo), which implies
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g =h1gi1h. Parts (i), (ii) and (iii) are proved.
(iv) The map G x™) W — p=Y(V), given by (g,z) — gz, is biholomor-

phic since p~ (V) = I_I giW, where g;g; ' ¢ G(w) if j #i. O
i=1

3.19. Let p : Clyg) — Y x HS(Y,yo) be the disjoint union of py :
C(yo)y — Y x H, where H runs over all connected components of HS (Y, o).
There is a G-equivariant open embedding C(yg)" < C(yo) whose image is p~ (Y x
HE(Y,y0) \ B) and which we identify with C(y)’. Let ¢ : HS(Y,y0) = C(yo)’ be
the morphism of Proposition 3.15(iv).

Theorem 3.20. Let Y be a smooth, projective, irreducible curve of genus
g > 0. Let n be a positive integer. Let yg € Y. Let G be a finite group which can
be generated by 2g +n — 1 elements. The pair

(15) (p:Clyo) =Y x HS (Y, y0), ¢ : HE (Y, 50) — C(y0))

is a smooth family of pointed G-covers of (Y,yo) branched in n points. For every
(D,m) € HS(Y, Yo) the pointed G-cover (C(yo)(p,m) — Y,¢(D,m)) of (Y,y0) has
monodromy invariant (D, m) (cf. § 3.3). Every pointed G-cover (C' =Y, zy) of
(Y, y0) branched in n points is G-equivalent to a unique pointed G-cover of (Y, yo)
of the family (15).

Proof. The composition f : C(yo) —= Y x HS (Y, yo) =2 HS (Y, 1) is
a proper morphism since p is finite and w9 is proper. The map f is a morphism
of smooth algebraic varieties. For every z € C(yo) the induced linear map on
the tangent spaces T, f is surjective with one-dimensional kernel. This is clear if
z € C(yp)' and follows from Proposition 3.18(iii) if p(z) € B. Therefore f is a
smooth morphism [26, Ch. IIT Prop. 10.4]. For every (D,m) € HY(Y,yo) the fiber
C(Y0)(D,m) is a smooth, projective curve and the restriction p(p ) : C(¥0)(p,m) —
Y x{(D,m)} is a finite, surjective morphism. The Zariski open subset C(yo)'(am),
the preimage of (Y \ D) x {(D,m)}, is connected in the Euclidean topology, so
it is irreducible. Hence C(yo0)(p,m) is irreducible. Furthermore C(yo)(p,m)/G =
Y x {(D,m)} by Proposition 3.14(vi). The G-cover C(yo)(p,m) — Y is ramified
at every point of D by Proposition 3.18(i) and is unramified over Y \ D, where
the restriction is G-equivalent to C(yo)’(am) — Y \ D. By Proposition 3.14(vi)
the monodromy homomorphism of the pointed G-cover (p(pm) : C(¥%0)(p,m) —
Y,{(D,m)) of (Y,y0) is m : m (Y \ D,yo) = G. The last statement is clear (cf.
§3.5). O
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4. Lifting of morphisms.

4.1. We consider separated schemes of finite type over the base field
k = C. Given such a scheme one denotes by X" the associated complex space
[47, § 1]. We recall that a morphism (p,p*) : (X,0x) — (Y,0y) of schemes is
called unramified at a point x € X(C) if pi(mp(x))(’)x = m,. This condition is
equivalent to each of the following ones: a) Q}(/Y(a:) =0;b) Q}(m/yan () =0;¢)
p™ X9 — Y is an immersion at z (cf.[3, Ch. VI Prop. 3.3], [47, Prop. 3.1(ii)],
[24, Prop. 3.1], [46, Prop. 1.24]). If moreover p is flat at z, then p is étale
at £ € X(C). A morphism p : X — Y is étale at = € X(C) if and only if
p™ : XY — Y is locally biholomorphic at x (cf. [47, Prop. 3.1(iii)] and [23,
Théoréme 3.1]).

Proposition 4.2. Let X,Y and Z be schemes of finite type over C. Let
f:Z =Y andp: X =Y be morphisms. Suppose that p: X — Y is unramified
(at Vx € X(C)). Suppose that there exists a holomorphic map h : Z" — X"
such that f*" =p* oh

Xan

P
Zan Y(ln
fan
Then there exists a unique morphism g : Z — X such that f = pog and g*" = h.

Proof. We may assume, without loss of generality, that Z is connected.
The diagonal morphism A : X — X Xy X is a closed and open morphism since
X and Y are separated schemes and p : X — Y is unramified. This implies that

AT X 5 (X Xy X)™ 22 X xyan XN
is a closed and open immersion (cf. [15, Cor. 0.32] and [47, § 1.2]). One has the
following Cartesian diagram (cf. [20, Prop. 9.3])

idx h
Zn 28 79 Xyan X O

;{ [

an Aan an an
XM —— X Xyan X

T
It implies that id x h is a closed and open immersion. Let Z xy X = |_| W; be

1=1
the decomposition of the scheme Z xy X into connected components. According
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to [47, Cor. 2.6] Z" is connected and

T
79 X yran X9 (Z Xy X)an — |_| Wian
i=1
is the decomposition into connected components. Therefore I', = (id x h)(Z"),
the graph of h, coincides with W for some i. Let G = Wj;. Then the composition
G — Z xy X =% Z is an isomorphism since G*™ =T, < (Z xy X)™ — Z is
a biholomorphic map [47, Prop. 3.1]. The composition g = m|go (m1|g) ™' : Z —
G — X is a morphism which satisfies f = po g and h = ¢g*". The uniqueness of
g follows from the uniqueness of the closed subscheme G C Z xy X whose ideal
sheaf satisfies (Jq)™ = Jr,, (cf. [47, Prop. 1.3.1]). O

Lemma 4.3. Let X,Y and Z be complex spaces. Let (f,f): (Z,0z) —
(Y,Oy) and (p,p) : (X,0x) — (Y,Oy) be holomorphic maps. Suppose that one
of the following conditions holds:

(i) (p,p) is locally biholomorphic;
(i1) (p,p) is an immersion at every v € X and (Z,0z) is reduced.

Suppose that there is a continuous lifting h of f: f =poh
| X

7|
p
12— ||

Then h is the underlying continuous map of a holomorphic map (h,h) : (Z,0z) —

(X, Ox), which is a holomorphic lifting of (f,f): (f,f) = (p,p) o (h, h).

Proof. Case (i). In this case the stalk map p, : Oy p) — Ox is
an isomorphism for every x € X. Let z € Z, © = h(z), y = p(x). One defines
a local homomorphism h, Ox. — Oz, by ﬁz(sx) = fz(ﬁgl)(sx). Let V be
an open subset of X, let U = h™}(V). Let s € I'(V,Ox). For every z € U
let t, = ﬁz(sh(z)). Lett : U — |_| Oz be the map defined by z — t,. We

zeU
claim that ¢t € I'(U,Oyz). For every z € U let V, be an open neighborhood of

x = h(z), V; C V, which is mapped by p biholomorphically onto W, C Y. Let
U, = h™'(Vi). Let r € T(W,,Oy) satisfy (p|,)(r) = sly,. Then t|y. = f(r)
belongs to I'(U,,Oz). This shows that ¢t € I'(U,Oz). One defines in this way
a morphism of sheaves h : Ox — h,Oz and (h,h) : (Z,07) = (X,0x) is a
holomorphic lifting of (f, f) : (Z,0z) — (Y, Oy).
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Case (ii). Here one defines h, Ox, — Oz, as follows. By hypothesis
Pz : Oyy = Ox  is surjective. Let s, = pg(ry). Let t, = fz(ry). We claim that
t. does not depend on the choice of r,. In fact, let s, = py(ry) = Po(ry). There
are neighborhoods V;, of  and W, of y such that ply, : V; — W), is a closed
embedding, 7, and 7, are germs of r,7’ € T'(W,,Oy) and pl|y,(r — ') = 0. In
particular (r—r")(w) = 0 for Vw € p(Vy). Let U, = h=*(V3). Then f(U,) C p(Vy),
therefore f(r — r')(u) = (r — ')(f(u)) = 0 for Yu € U,. This implies that
flu.(r = 7") = 0 by [21, Ch. 4 § 3 n.3| since (Z,Oz) is reduced. This shows
that fz(ry) = fz(r’y) as claimed, so the local homomorphism A, : Oxqe— Oz, is
well-defined. One concludes the proof as in Case (i). O

Combining Proposition 4.2 and Lemma 4.3 one obtains the following
proposition

Proposition 4.4. Let X,Y and Z be separated schemes of finite type
over C. Let f:Z — Y and p: X — Y be morphisms. Suppose one of the
following conditions holds:

(i) p is étale;
(ii) p is unramified and Z is reduced.

Suppose there is a continuous lifting ¢ of f%": f*" =p" oc

R&a

/ J/ an
p
20— e
Then there is a morphism (g,¢*) : (Z,02) — (X,Ox) such that f = pog and

such that g(z) = ¢(z) forVz € Z(C).

Recall that if p : X — Y is an étale cover of algebraic varieties, then
p™ | XY — |Y"| is a topological covering map (see e.g. the proof of Proposi-
tion 2.6(iv)).

Corollary 4.5. Let X,Y and Z be algebraic varieties. Let

s
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be a commutative diagram of maps, where f is a morphism, p is an unramified
morphism and g : |Z"| — |X"| is continuous. Then g is a morphism. In
particular, if p: X —'Y is an étale cover, then Deck(|X"|/|Y ") = Aut(X/Y).

Corollary 4.6. Let p: X — Y be a map of sets. Suppose that Y has a
structure of an algebraic variety (Y,Oy) and X has two structures of algebraic
varieties (X,0x) and (X,O%) such that p: X — 'Y is unramified morphism for
both structures of X. Suppose that the Fuclidean topologies on X associated with
(X,0x) and (X,0%) coincide. Then the two Zariski’s topologies on X coincide
and Ox = O'x.

Proof. The map idx : X — X is a continuous lifting of the two unram-
ified morphisms, so by Proposition 4.4(ii) it is an isomorphism of the algebraic
varieties (X,0x) and (X,0'x). O

5. Hurwitz moduli varieties parameterizing pointed G-covers.
Let Varc be the category of algebraic varieties over C.

Definition 5.1. For every S € Varc we denote by H}G/n(S) the set of all
smooth families of G-covers of Y branched in n points p: C =Y x S modulo G-
equivalence (cf. Definition 3.8). We denote by H(GY,yo),n(S) the set of all smooth
families of pointed G-covers of (Y,yo) branched in n points (p : C = Y x S,()
modulo G-equivalence (cf. Definition 3.9).

5.2. Let u : T'— S be a morphism of algebraic varieties. Given a smooth,
proper morphism C — S of reduced, separated schemes of finite type over C, the
pullback morphism Cp := C xgT — T is smooth and proper, in particular C xgT'
is a reduced scheme, since 7" is reduced (cf. [42, p.184]). Hence the scheme C xgT
is isomorphic to the closed algebraic subvariety of C x T whose set of points is
the set-theoretical fiber product C(C) x g(c) T'(C).

Given a family of G-covers p : C — Y x S as in Definition 3.8 let
pr : Cr — Y X T be the morphism obtained from C xgT — T and C xgT — C —
Y. This is the pullback family of covers. One defines an action of G on Cp in-
duced by the action of G on the first factor of C xgT". Then pr is G-invariant and
for every t € T' the G-cover (Cr); — Y is G-equivalent to C,;) — Y. Therefore
pr : Cr — Y x T satisfies the conditions of Definition 3.8. Clearly the pullbacks of
G-equivalent families of G-covers are G-equivalent. This defines a moduli functor
Hgn : Varc — (Sets).

Given a family (p: C — Y x S, () of pointed G-covers of (Y, yg) branched
in n points as in Definition 3.9 and a morphism w : T' — S the G-covers of the
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pullback family pr : Cr — Y X T are unramified over yg. Let (7 : T — Cr
be the morphism (r(t) = ({(u(t)),t). One has pr(¢r(t)) = (yo,t). Therefore
(pr : Cr = Y x T,(r) satisfies the conditions of Definition 3.9. This defines a

moduli functor ’Hgf’yo),n : Varc — (Sets).

Proposition 5.3. Let (p:C =Y x S,(: S — C) be a smooth family of
pointed G-covers of (Y,yo) branched in n points. Let B C'Y x S be the branch
locus of p. For every s € S let

(16) U(S) = (B87mC(s)) € HS(Y, y0)> Me(s) - WI(Y \ BsayO) -G

be the monodromy invariant of (ps : Cs — Y,((s)). Thenu:S — HS(Y,yo) is a
morphism.

Proof. Themap f:S5 — (Y\yo)ﬁn) c Y™ given by S(s) = B, is a
morphism by Proposition 2.6(vi). The map wu fits in the following commutative
diagram

HE(Y7 yO)

/ lé (n)

55 (¥ \ o)t

Here §, defined by (D, m) = D, is a finite, surjective, étale morphism (cf. [32,
Prop. 1.8] and § 3.7). By Corollary 4.5 it suffices to prove that u : S — HnG(Y, Yo)
is a continuous map with respect to the Euclidean topologies of S** and that
of HS(Y, yo) defined in § 3.7, i.e. we have to show that for every s € S and
every neighborhood W of u(s) the point s is internal of «~1(W). Let sy be an
arbitrary point of S. Let u(sg) = (D,m), where D = {b1,...,b,}, 20 = ((s0),
m = my, : (Y \ D,y0) = G. Let N(p ) (U, ...,Up) be any of the open sets of
the neighborhood basis of (D,m) in HY (Y, yo) (cf. (7)). One has to prove that
there exists a neighborhood V' C [S*"| of sq such that u(V') C N(p m)(U1,...,Uy).
There is a neighborhood Vi C |5 of s¢ such that 8(V1) C Np(Uy,...,U,) since
B is a holomorphic map. The complex space S is locally connected (cf. [21,
Ch. 9§ 3 n.1]) and C*\p ! (B) — (Y x §)™\ B is a topological covering map by
Proposition 2.6(iv). Therefore there is an embedded open disk U C Y \ U, U5,
yo € U and a connected neighborhood V' of sg, such that V- C V;, UxV C Y xS\B
and p~}(U x V) is a disjoint union of connected open sets homeomorphic to U x V.
Let W be the connected component of p~* (U x V) which contains ¢(sg). One has
CV) cp *{yo}xV) c p~HUXV), s0 (V) C W since V is connected. We claim
that w(V) C N(pm)(U1,...,Uy). For every s € V one has u(s) = (B(s), m¢(s)),
so one has to prove that m¢) = m(B(s)) for Vs € V. It suffices to verify the
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equality mg(s)([y]ﬁ(s)) = m(ﬁ(s))([y]g(s)) for every closed path vy : I — Y \U_,U;,
~v(0) = (1) = yo. Let g = m([y]p). Then m(ﬁ(s))(['y]ﬁ(s)) = g according to (6).
Hence we have to verity that for every s € V the lifting of y x {s} in Cs \ p; ' (Bs)
with initial point ((s) has terminal point g((s). This follows from the covering
homotopy property. Indeed, let F' be the continuous map

F:0,1] xV =Y xS\B, F(ts)=(y(t),s).

The map Fp {0} xV = C \ p~Y(B), Fy(0,5) = ¢(s) is a continuous lifting of
F|{0}><V' Let F

C\p~'(B)

Al
0,1]] xV——Y xS\ B

be the unique continuous lifting of F' which extends Fy (cf. [54, Ch. 2§ 2 Th. 3]).
For every s € V the path t — F(t, s) is the unique lifting in C,\ p; * (Bs) of v x {s}
with initial point ((s), so

F(1,5) = me)([7]5s))C(5)-

One has that F({1} x V) € p~*({yo} x V) € p~ (U x V) and F(1,s0) = g{(s0) €
gW , therefore F({1} x V) C gW, since V is connected. This shows that F(1,s) =
9¢(s), hence m¢(5)([7]ps)) = g for Vs € V. O

We need the following result [33, Theorem 2] in the proof of Theorem 5.5
below. Here we state it in the form we will use it.

Proposition 5.4. Let X, S and P be algebraic varieties. Let h: X — S
be a smooth morphism whose nonempty fibers are irreducible curves. Let P — S
be a proper morphism. Let U be an open subset of X such that U N hfl(s) £ 0
for every s € h(X). Let ¢ : U — P be an S-morphism. Let I' = {(z, p(z))|z €
U} C U x P be its graph and let T C X x P be its closure. Suppose that the
projection morphism T — X has finite fibers. Then there is a unique extension
of ¢ to X: an S-morphism ¢ : X — P such that ¢|y = ¢.

Theorem 5.5. Let Y be a smooth, projective, irreducible curve of genus
g > 0. Let n be a positive integer. Let yo € Y. Let G be a finite group which
can be generated by 2g + n — 1 elements. The algebraic variety HS(Y, Yo) 1S a
fine moduli variety for the moduli functor Hg/’yo),n of smooth families of pointed

G-covers of (Y,yo) branched in n points. The universal family is

(17) (p:Clyo) = Y x HY (Y,10),¢ : H (Y, 50) — C(yo))
(cf. Theorem 3.20)
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Proof. Let[g: X =Y x8,n:85— X]€Hf, (). Let BCYxSbe

the branch locus and let u : S — HS (Y, o), u(s) = (Bs, my(5)) be the morphism
of Proposition 5.3. We want to prove that (X — Y x S,n) is G-equivalent to
the pullback by w of the family (17). This is the unique morphism with this
property since the monodromy invariant classifies the pointed G-covers up to G-
equivalence. For every s € S there exists a unique G-equivariant isomorphism
Js 1 Xs — C(yO)u(s) such that p; o fs = ¢s and fs(n(s)) = ((u(s)). Let f: X —
C(yp) be the G-equivariant map, which equals fs on every X . One obtains the
following commutative diagram

(18) x —L e

ql lp
Y x Sy HE(Y, yo)
We want to prove that f is a morphism and that (18) is a Cartesian diagram.
Let B be the branch locus of p. Then B = (id x u)~(B) is the branch locus of q.
Let X' = X\ ¢ Y(B), ' = flx', ¢ = q|x. Restricting (18) on the complements
of the branch loci one obtains the commutative diagram

X —L ey

1

Y x 5\ By « HE(Y,y0) \ B

We claim that f is continuous with respect to the Euclidean topologies of X"
and C(yo)" (cf. Proposition 3.14). Let z € X. and let A : I — X! be a path such
that A(0) = n(s), A(1) =z. Then ¢’ o\ : I — Y \ By is a path with initial point
yo. Lifting ¢’ o\ in C(yo);(s) with initial point ((u(s)) = (I'm,,, [cyol B+ Bss Myy(s))
its terminal point is

(19) f,(.l‘) = f;(x) = (me,(s) [q, o )‘]337387 mn(s)) € C(yo);(s)

(cf. § 3.5). For every xy € X' and every neighborhood N of f/(z¢) in C(yo)
we have to prove that zg is an internal point of f'~'(N). Let ¢'(z0) = (3, 50),
D = B(s0), m = my(s) : 11 (Y \ D,yo) = G, let A: I — X be a path such that
A0) = n(s0), A(1) = 29 and let o« = g5 0 A : I — Y \ D. One has a(0) = yo,
a(1) =y and f'(xo) = (Tm[e]p, D,m) € C(yo)". Let N, pm)(U,Ut,...,Uy,) be a
neighborhood of f’(x¢) as in § 3.13 contained in N. We want to show, that there
exists a neighborhood W of xy such that f'(W) C N(q,pm)(U,Ui,...,Uy,). The
argument is similar to the one of Proposition 5.3. Shrinking U one can choose
a connected neighborhood V' of sy in |S"| such that B(V) C Np(Uy,...,Uy),
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UxV CY xS\Band ¢ (U x V) is a disjoint union of connected open sets
homeomorphic to U x V. Let W be the connected component of q’_l(U x V)
which contains xg. We claim that f'(W) C N pm)(U,Ui,...,Uy,). Consider
the homotopy

F:[0,1]xV =Y xS\B, F(ts)=(at),s)

By the covering homotopy property of topological covering maps (cf. [54, Ch. 2
§ 2 Th. 3]) there exists a unique continuous lifting

e

[0,1] xV—L5Y xS\ B

such that F(0,s) = n(s) for Vs € V. We have ¢’ o F(0,s) = ¢'(n(s)) = (vo,5) =
((0),s). Let s € V. The path t — F(t,s) is a lifting of o x {s} with initial
point 7(s), so ¢'(F(1,s)) = (a(1),s) = (y,s) € U x V. If s = 59, then F(1,s0) =
A1) = xg. This implies that F({1} x V) c W since V is connected. The
map ¢|w : W — U x V is a homeomorphism. Let € W and let ¢/(z) =
(2,8). We construct a path in X which connects 7(s) with z as follows. The
path @,(t) = F(t,s) has initial point 5(s) and terminal point w € W such that
¢ (w) = (a(1),s) = (y,s). Let 7: I — U be a path such that 7(0) =y, 7(1) = 2.
Then p = a5 - ((¢'|w)~" o (7 x {s})) is a path in X which connects n(s) with z
and ¢,opu = a-7. Let (s) = E € Np(Uy,...,U,). We showed in Proposition 5.3
that m, ) = m(E). So, according to (19)

f/(.l') = (Fm(E) [Oé ’ T]Ev Evm(E))

This shows that f'(W) C N, pm)(U,U1,...,Uy,). The claim that f’ is continu-
ous is proved.

n(s

We apply now Corollary 4.5 to the commutative diagram

C(yo)/

/ G
X(W—W;qlf x HZ(Y,y0) \ B

and conclude that f': X’ — C(yo)’ is a morphism.
Let C(yo)s be the fiber product of C(yg) — HS(Y,y0) and u : S —
HE(Y,y0). The composition X’ i C(yo)" — C(yo) yields an S-morphism
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¢ X' — C(yo)s which fits in the following commutative diagram of morphisms

X X! 2 Clyo)s

Nl A

The graph I" of ¢ is contained in the set-theoretical fiber product X xy s C(yo)s
which is a Zariski closed subset of X x C(yg)s, so it contains the closure I'. There-
fore the projection morphism I' — X has finite fibers. Applying Proposition 5.4
we conclude that ¢ can be extended to an S-morphism ¢ : X — C(yo)s. For every

s € S the composition X; =% (C(yo)g)s — C(Y0)u(s) is @ morphism which co-
incides with f! on X’. Hence this composition equals fs. This implies on one

hand that f is equal to the composition X —2» C(yo)s — C(yo), so f is a mor-
phism, and on the other hand that ¢ is a G-equivariant isomorphism for every
s € S. Applying [22, Proposition (4.6.7)] we conclude that ¢ : X — C(yg)s is a G-
equivariant isomorphism. It is clear that pso® = ¢ and ¢(n(s)) = p(n(s)) = (s(s)
for every s € S. Therefore (18) is a Cartesian diagram, so (¢ : X — Y x S,n)
is G-equivalent to the pullback of the family (17) by the morphism u : S —
Hg (Y> yO)' O

Definition 5.6. Let Oq,...,0; be conjugacy classes of G, O; # O; if
i # j. Let n = n1O01 + -+ + niOy be a formal sum, where n; € N. Let |n| =
ny+ - +ng =n. We say that a pointed G-cover (p : C — Y, z9) of (Y,40)
branched in n points is of branching type n if, for every i = 1,...,k, n; of the
branch points of p have local monodromies in O;, i.e. if its monodromy invariant
(D,m) = (D, my,) satisfies the property (cf. § 3.2)
(20) n; of the elements m([y;]) belong to O; for i=1,... k.

5.7. Let HS(Y, yo) be the subset of HS (Y, o) consisting of the elements
(D, m) which satisfy Condition (20). One has
HY(Y,90) = | | HE(Y,0)
|n|=n
and every HHG (Y,y0) is an open subset in the Euclidean topology of HS (Y, y0).
Therefore every nonempty HHG (Y,y0) is a union of connected components of

|HE (Y, 19)®|, so every nonempty HﬂG (Y, y0) is a union of connected components
in the Zariski topology of HY(Y,yo) [47, Cor. 2.6] and inherits the structure of
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algebraic variety from HS (Y, yo).

Suppose HE (Y, yo) # . Let us denote by py, : Cu(yo) — Y x HE (Y, o)
the restriction of the family p : C(yo) — Y x HY(Y,yo) and let ¢, : HS (Y, o) —
Cn(yo) be the restriction of the morphism ¢ : HS (Y, y0) — C(yo). Let us denote
by

H&yo)@ : Varc — (Sets)
the moduli functor which associates with every algebraic variety S the set
{[C = Y x S,n]} of smooth families of pointed G-covers of (Y,yp) of branch-
ing type n modulo G-equivalence and with every morphism 7" — S the pullback
of families of G-covers. Theorem 5.5 implies the following one.

Theorem 5.8. LetY be a smooth, projective, irreducible curve. Let yy €
Y. Let G be a finite group. Let O1,...,0 be congugacy classes in G, O; # O;
ifi #j. Let n = n1O1 + -+ + niOy be a formal sum, where n;,i =1,...,k are
positive integers. Suppose that HS(Y, yo) # 0. The algebraic variety HS(Y, Yo)

is a fine moduli variety for the moduli functor ’Hg/,yo) The universal family is

72.

(21) (Pn 2 Ca(yo) = Y x HS (Y, 40), G+ HS (Y, y0) — Ca(%0))-

6. Parameterization of G-covers.

6.1. Let p : C — Y be a G-cover branched in D C Y, [D| =n > 1.
Endowing C' and Y with the canonical Euclidean topologies of |C*"| and |Y*"|
respectively, consider the topological covering map p’ : C' — Y \ D, where C' =
p Y (Y \ D), p = p|cr. For every y € Y \ D and every z € p (y) let m, :
m1 (Y \ D,y) — G be the monodromy epimorphism defined in § 3.2: m,[a] = g if
gz = za. Every m, satisfies Condition ((3)) with closed paths based at y. Every
two m,, and m,, are pathwise connected (cf. [56, § 1.3], [32, Section 1]): there is
apath 7: I =Y\ D, 7(0) = y1 = p(21), 7(1) = y2 = p(22), image of a path in
C’ with initial point z; and terminal point 25, such that

Mz (la]) = me, [ a - 771 = mI ([o])
for every [a] € (Y \ D,y2). The set m, = {m.|z € p 1(Y'\ D)} forms an equiv-
alence class with respect to pathwise connectedness in the set of epimorphisms
m:m (Y \D,y) » G, where y € Y\ D.

Definition 6.2. Given a G-cover p: C' =Y branched in D CY the pair
(D,m,,) is called the monodromy invariant of p.

Definition 6.3. Let g = g(Y), let n be a positive integer. Let G be a
finite group which can be generated by 2g+n —1 elements. We denote by HS(Y)
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the set of pairs (D, m), where D € Y*(n) and m is an equivalence class of pathwise
connected epimorphisms m : (Y \ D,y) — G, where y € Y \ D, which satisfy
Condition ((3)).

6.4. HY(Y) # 0 and the map HE(Y) — Y™ given by (D, m) — D) is
surjective. Riemann’s existence theorem yields that the mapping [p: C — Y] —
(D,m,) stabilizes a bijective correspondence between the set of G-equivalence
classes of G-covers branched in n points and the set HS (Y).

Let y € Y\ D. Let m : m (Y \ D,y) = G be an epimorphism. Then
my : (Y \ D,y) = G is pathwise connected with m if and only if m; = gmg™*
for some g € G. Let U(y) € HY(Y) be the subset {(D,m)|ly ¢ D}. One has
HY(Y) = UyeyU(y). The map HS(Y,y) — U(y), defined by (D,m) — (D, m)
is invariant with respect to the action of G on the set HS(Y,y) defined by h *
(D,m) = (D,hmh™"). This action induces a free action of G = G/Z(G) on
HE(Y,y). Theset U(y) is bijective to the quotient set ¢\HS (Y, y) = \HE (Y, y).

Remark 6.5. The set HS (P!) is the one denoted by H"(G) in [18, § 1.2].

Proposition 6.6. For everyy € Y the action of G on HS(Y, y) defined by
h* (D,m) = (D,hmh™1) is an action by covering automorphisms of the étale
cover § - HS (Y, y) — (YV'\ y)&n), where 5(D,m) = D. The set HZ(Y') can be en-
dowed with a structure of an algebraic variety which has the following properties.

(i) The map HE(Y) — y, ™ defined by (D, m) — D is a surjective, étale, finite
morphism.

(ii) For every y € Y the set U(y) is an affine open subset in HS(Y) and the
map v : HE(Y,y) — U(y) defined by v(D,m) = (D,m) is an étale Galois
cover with respect to the x-action with Galois group G = G/Z(G).

(iii) HY

(YY) is a quasi-projective variety. If Y = P! it is an affine variety.

Proof. The action of G = G/Z(G) on HS(Y,y) is by covering homeo-
morphisms of the topological covering map ¢ : HS Y,y) — (Y'\ y)&n) since

h * N(D,m)(Ulu ey Un) = N(D,hmh—l)(Uh ey Un) for Vh e G.
The map ¢ is on the other hand an étale cover of affine varieties, so by Corol-
lary 4.5 this action is by automorphisms of HS (Y, y). Endow U(y) with a struc-
ture of an affine variety as the quotient a\HnG (Y,y). The associated Euclidean
topology, i.e. that of (G\HS(Y, y))*", is the quotient topology of HS(Y, y)™" by
Lemma 2.5. Let us verify the patching condition for the subsets U(y) ¢ HY(Y),
y €Y. Let y1,y2 € Y, y1 # y2. The set U(y1) N U(yz2) is Zariski open in
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U(y;) for i = 1,2 since it is the preimage of (Y \ {1, yg})in) with respect to the
morphism U(y;) — (Y'\ yi)gfl). The Euclidean topology of U(y;1) N U(ysz) inher-
ited from U(y;) has a basis consisting of the open sets v;(N(p m,)(U1,--.,Un)),
where D C Y \ {yl,yg}, m; : 7T1(Y \ D,yz) — G, U?Zlﬁj cY \ {yl,yg} and
vi - HS(Y,y;) = U(y;) is the quotient map. Now, given D € (Y \ {yl,yg})gfl)
and Uy, ..., U, as in § 3.7 such that Uj_,U; C Y \ {y1,y2} let us choose a path
7: I — Y \UJ_,U; such that 7(0) = y1, 7(1) = y2. Then one has
Vi(N(pmy) (Ut -+, Un)) = v2(Np 7y (U, .., Un)).
This shows that the two Euclidean topologies on U(y;)NU (y2) coincide. Applying
Corollary 4.6 to the map

Uy) NU(y2) = (Y \ {1,521, (D,m) — D

we conclude that the two structures of algebraic varieties on U(y;) NU(y2) inher-
ited from U(y;) and U(ys) coincide. This shows that one can define on HS (Y)
a structure of a reduced scheme over C such that every U(y) is an affine open

subset of HY(Y). The map HY(Y) — Y*(n), defined by (D,m) — D is a finite,
étale, surjective morphism since these properties hold for U(y) — (Y \ y)&n) for
Vy € Y. This implies, in particular, that H,? (Y) is a reduced, separated scheme

of finite type over C, i.e. an algebraic variety, since the open subset Y*(n) cy®
has these properties. Parts (i) and (ii) are proved. Part (iii) is proved in [32,
Proposition 1.9]. O

Let 3o € Y. Let us define a left action of G on Y x HY(Y,yg) by

(22) hx (y, (D,m)) = (y, (D, hmh™")).

The open subset Y x HS (Y, yo) \ B (cf. (8)) is G-invariant and by Proposition 6.6
G acts on it by covering automorphisms of the étale cover

Y x HS(Y,y0) \ B =Y x (Y \ yo)" \ 4

(cf. § 2.2). For every h € G and every z = (I');y[a]p, D, m) € C(y)' let us define
hx*z € C(yo) as follows. Let h = m([n]p), where 7 is a loop based at yo. Let

(23) h * (Fm[a]D7 D7 m) = (]'—‘hﬂ’Lh_1 [T]_ : OZ]D7 D7 hmh_l)’
Proposition 6.7. The following properties hold.
(i) (h,2) — h*z is a left action of G on the set C(yg)'.

(i) The two actions of G on C(yo)" defined by (g,2) — gz and (h,z) — hx* z
commaute.

(iii) p'(h*2) =hxp/(2) for Vh € G and Vz € C(yo)'.
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(iv) The *-action of G on C(yg) is an action by covering automorphisms of the
composed étale cover

24)  Clyw) Y x HS(V,90) \ B — ¥ x (V \ y0)™ \ A.

(v) The x-action of G on C(yo)' can be uniquely extended to a left action of G
on C(yo) by covering automorphisms of the composed ﬁnite morphism

Clyo) Y x HE(Y,y0) Ly x (v \ o)™

This action commutes with the action of G on C(yo) relative to the Galois
cover p : Clyg) = Y x HS (Y, ) and p is equivariant: p(h x z) = h % p(z)
for Yh € G and ¥z € C(yo).

(vi) For every h € G the automorphism of C(yo) defined by z +— h * z induces a
G-equivalence between C(Yo)(p,m) — Y and C(yo)(p,pmn-1y — Y for every
(D,m) € HF (Y, o).

Proof. Let z= (I'yla]p, D,m) € C(yo)'.
(i) Let hl,hQ S G, h; = m([m])p
(hih2) * 2 = (T pom(haha)-1 M5 07 - &]p, D, hiham(hihg) ™)
hg*Z:(Fthh [77 ]D,D thh )

hi = m([m]p) = hamhy ([ - m - mo]p) and (1 -1 -72)~ =15 -7y - 72, hence
hu (ho % 2) = (Uy, syt 07 07 - m2) -1 - alp, D, ha(hamhy M)Ay,

We see that (hihg) * 2 = hy * (hg * 2).

(ii) Let g = m([o]p), h = m([n]p). Then

hx(gz) = h* (Twmlo - alp,D,m) = (Cpmp-1[n~ -0 -a]p, D, hmh™1)
hxz=pmn-1n" - alp, D, hmh™1).

One has g = m([o]p) = hmh™ ([n~ -0 -1|p), so
g(h*2) = (Cppp-1ln~ -0 -n-n" -alp, D, hmh ™).
(9

*
We see that h x (gz) = g(h * 2).
(iii) Let y = a(1). Then p/(2) = (y, (D, m)) and according to (23)

p(hxz2)=((n"-a)1),D,hmh™") = (y,D,hmh™') = h x p/(2).

(iv) Let N, p,m)(U,U1,...,Uy) be as in (9). Let h € G, h = m([n]p),
where 7 is a closed path contained in Y \ U ;U;. Then

h * N(a,D,m)(U7 Ul, . ,Un) = N(n‘-a,D,hmh_l)(Uv Ul,. . ,Un)
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This shows that the *-action of G on C(yp)’ is an action by covering homeomor-
phisms of the topological covering map C(yo)' — Y x (Y'\ yo) \A This map is
a composition of étale covers (24), so by Corollary 4.5 the *-action is an action
by covering automorphisms of the composed étale cover.

(v) It is clear from the definition of C(yp) as the disjoint union of normal-
izations (cf. § 3.19) that the *-action of G on C(yp)’ can be uniquely extended
to a left action of G on the algebraic variety C(yp). The other statements follow
from (iv), (i) and (iii).

(vi) This follows from (v). O

Our next goal is, provided Z(G) = 1, to construct a smooth family of
G-covers of Y branched in n points 7 : C — Y x HY(Y) such that for every
(D,m) € HY(Y) the G-cover C(p,m) — Y has monodromy invariant (D, m).

6.8. Let G be a finite group with trivial center. We use the following
construction due to H. Volklein [57, § 10.1.3.1]. Let
C'={(y,D,m)|D e Y\, y e Y\ D,
m:m (Y \D,y) » G satisfies Condition ((3))}
Let B = {(y,(D,m))ly € D} C Y x HS(Y). Consider the map

7 C Y x HE(Y)\ B, (y.D.m) ™ (y.(D,m)).

One defines a left action of G on C’ by
(26) 9(y, D,m) = (y, D, gmg™").
This action is free since Z(G) = 1, 7’ is G-invariant and the quotient set C'/G is
bijective to Y x HY(Y) \ B.

Let yo € Y. Let Clyo] = 7'~ (Y x U(yo) \ B). Let &’ : C(yo) — Clyo]’ be
the map defined by
(27) K'((Cmla]p, D,m)) = (a(1), D, m?).
This map is G-equivariant. Indeed, let ¢ = m([o]p). Then g(I'y[a|p, D, m) =
(Tynlo-a]p, D, m) is transformed by #’ in (o-a(1), D,m" %) = (a(1), D,gm%g™1).
The map &’ fits in the following commutative diagram

(28) C(yo)’ . Clyo)’

(idxv)’

YXHG(YyO)\B—>Y x Ul(yo) \

where v : HY(Y,y0) — U(yo), given by v(D,m) = (
cover with Galois group G (cf. Proposition 6.6(ii)) and

(25)

I

D,m), is an étale Galois
(idy x v)" is the quotient
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morphism of the s-action of G (cf. (22). This action is moreover free since

Z(G) = 1.

Lemma 6.9. Suppose G has trivial center. The x-action of G on C(yo)’
(cf. Proposition 6.7) is free, & : C(yo) — Clyo] is invariant with respect to it
and every fiber of k' is a G-orbit. The set Clyo]' has a structure of a quotient
algebraic variety variety ¢\C(yo)', &' : C(yo) — Clyo]’ is an étale Galois cover
and the map 7' : Clyo]' — Y x U(yo) \ B is an étale Galois cover whose Galois
group is isomorphic to G with respect to the action (26) of G on Clyo). The
morphism ' : C(yo) — Clyo]" is equivariant with respect to the actions of G as
Galois groups of the covers p' and 7.

Proof. The morphism p’ is equivariant with respect to the x-action of
G by Proposition 6.7(iii) and G acts without fixed points on Y x HS (Y, y0)\ B, so
the x-action of G on C(yp) is free. Let h = m([n|p), z = (Cim[a]p, D,m) € C(yo)'.
Then

E(hxz)=(n"-al),D, (hmh™ )T %) = (a(l), D,m®) = &/(2).
Let x/'(2) = K'(21), where z; = (U, [Blp, D,m1). Then a(1) = 3(1) and m® =
mf Let n=a- 67, h=m([n]p). Then [8]p = [n~ - a]p, my = m*? = hmh™'.
Therefore z1 = h * 2.

By Proposition 6.7 the group G x G acts on C(y)’ by automorphisms as
(g9,h)z = g(h*2z). This action is free and (idy x v) op’ : C(yo) — Y x U(yo) \ B is
the associated étale Galois cover with Galois group isomorphic to G X G. Let us
endow the set C[yp]" with the structure of the quotient algebraic variety ¢\C(yo)’
with respect to the #-action (cf. Lemma 2.5). The map ' : C(yo)" — Clyo
becomes an étale Galois cover with Galois group isomorphic to G. The action
(g,2) — gz descends to Clyo]’ as the action (26), since " is G-equivariant. Hence
7 :Clyo] = Y x U(yp) \ B is an étale Galois cover. O

6.10. The topological space |C[yo)*"| is the quotient by G of the topo-
logical space |C(yo)"®"| (cf. Lemma 2.5). Let (y, D,m) € Clyo)’. Let m = mg,
where

mo:m (Y \D,y) > G, a:I—=Y\D, «af)=uyy, a(l)=uy.

Let Ng,pmo)(U, Ui, ..., Uy) be as in (9). Then &' (N(q,p.me) (U, Ut,...,Uy)) is a
neighborhood of (y, D,m) in the Euclidean topology of C[yo)’. Let us denote it
by Niy.p,m)(U,U1,...,Uy). One has by (27) that

N(y,D,m)(Ua Ui, ... ,Un) = {(Z,E,m(E)T)‘Z eUFE € ND(Ul, ey Un),

(29) 7:1—-U71(0)=y,7(1) = z}.
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Varying the embedded open disks U > y, U; 3 b;, ¢ = 1,...,n, one obtains a
neighborhood basis of (y, D, m) in the topological space |C[yo]*"|.

Proposition 6.11. Suppose G has trivial center. The setC' (cf. (25)) has
a structure of an algebraic variety such that for every y € Y the map ¢\C(y) —
Cly) € C' is an open embedding. The map ' : C' =Y x HE(Y)\ B is an étale
Galois cover with Galois group isomorphic to G, where G acts as in (26).

Proof. One has C' = UyeyCly]" and each C[y]’ has the structure of an
algebraic variety defined in Lemma 6.9. Let us verify the patching conditions.
Let y1,y2 € Y, y1 # y2. Then Cly1]' NClys]" is Zariski open in Cly]’, i = 1,2,
since it is the preimage of ¥ x (Y \ {y1,52})™ with respect to the composed
morphism Cly;]’ — Y x U(y;) = Y x (Y \ 5:)"™. It is clear from § 6.10 that the
two Euclidean topologies on C[y;1]’ N C[ys]’ induced by C[y1]" and Clys]’ coincide.
Applying Corollary 4.6 to the map Cly1) NClys) — Y x (Y'\ {yl,yg})(”) given
by (y, D,m) — (y, D) we conclude that the two structures of algebraic varieties
on C[y1]' N Cly2] inherited from C[y;]" and C[ys]’ coincide. This shows that one
can endow C’ with a structure of a reduced scheme over C such that every Cly]’
is a Zariski open subset of €. The map 7’ : ¢’ — Y x HS(Y) \ B given by
7' (y, D,m) = (y,(D,m)) is an étale Galois cover since this property holds for
every U(y) by Lemma 6.9. This implies, in particular, that C’ is a separated
scheme of finite type over C since these properties hold for Y x HS (Y)\ B. This
shows that C’ is an algebraic variety. O

6.12. Let H be a connected component of HS(Y). Let Cly = '~ }(Y x
H \ B). We claim that this algebraic variety is irreducible. It suffices to prove
the irreducibility of C}-IﬂU(yo) =YY x HNU(yo) \ B) for every yo € Y. Let H
be a connected component of H,? (Y, yo) which maps surjectively to H N U (yo).
Then C(yo)’; is irreducible by § 3.16 and it maps surjectively onto CQJOU(yO) by the
morphism «” : C(yo)" — Clyo]’ (cf. Lemma 6.9), hence Cyrp(,, is irreducible. Let
Cy be the normalization of Y x H in the field C(Cy) and let 7y : Cy — Y x H
be the corresponding finite, surjective morphism. The action of G on Cj; (cf.
Proposition 6.11) can be uniquely extended to an action of G on Cy by algebraic
automorphisms. Let

c= || cu

HCHG(Y)

Let 7 : C — Y x HS(Y) be the finite morphism which restricts to 7y over
every connected component H ¢ HS(Y). The G-invariant morphism 7 : C —
Y x HY(Y) is a Galois cover with Galois group G.
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For every yo € Y let Clyo] = 7 (Y x U(yo)) and let & : C(yo) — Clyo)
be the morphism, extension of k" : C(yp)" — C|yo]’ relative to the normalizations.
Every Cly| is a Zariski open, dense subset of C and

C= UyEYC [y]

Lemma 6.13. Let Z(G) = 1. Let yo € Y. The x-actions of G on
Y x HS(Y,y0) and C(yo) defined in (22) and Proposition 6.7(v) are without
fized points. There is a commutative diagram of morphisms, extension of Di-
agram (28),

(30) C(yo) ——— Clyo]

Pl lfr
Y x Hg(Y’yo)MY x Ul(yo)

where v(D,m) = (D,m), the two horizontal morphisms are invariant with respect
to the free x-actions of G and are isomorphic to the respective quotient morphisms.
The variety Clyo] is smooth. The morphism k is equivariant with respect to the
actions of G as Galotis groups of the covers p and .

Proof. The morphism p is equivariant with respect to the *-actions of
G by Proposition 6.7(v) and G acts without fixed points on ¥ x HE (Y, yo) since
Z(G) = 1. Hence the #-action of G on C(yg) is without fixed points. The mor-
phism « : C(yo) — Clyo] is invariant with respect to the x-action of G since this
property holds for x" : C(yg)" — C[yo]’ by Lemma 6.9. The quotient algebraic va-
riety ¢\C(yo) is well-defined by Proposition 6.7(v) and Lemma 2.5. The smooth-
ness of C(yp) (cf. Proposition 3.18) implies the smoothness of ¢\C(yp) since the -
action of G is free. The morphism (idy xv)op : C(yo) — Y xU(yp) is finite and sur-
jective, so the same holds for the morphism ¢\C(yo) = Y x U(yp). Furthermore
\C(yo) contains a Zariski open, dense subset isomorphic to ¢\C(yo)" = Clyo]'-
Therefore % : C(yg) — C[yo] induces an isomorphism ¢\C(yo) — Clyo] by the
uniqueness of normalizations. The morphism k is G-equivariant since this prop-
erty holds for ' (cf. Lemma 6.9). O

Theorem 6.14. Let Y be a smooth, projective, irreducible curve of genus
g > 0. Let n be a positive integer. Let G be a finite group which can be generated
by 29 +n — 1 elements. Suppose G has trivial center. Then the morphism

(31) m:C—=Y x HY(Y)
is a smooth family of G-covers of Y branched in n points. For every (D,m) €

HE(Y) the G-cover Cpmy — Y has monodromy invariant (D,m). Every G-
cover C' =Y branched in n points is G-equivalent to a unique G-cover of Y of
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the family (31).

Proof. The algebraic variety C is smooth since every one of its Zariski
open subsets C[y] = ¢\C(y) is smooth by Lemma 6.13. The composition C ——
Y x HY(Y) — HY(Y) is proper since 7 is finite and Y is projective. This is
a morphism of smooth varieties of relative dimension 1 and for every z € C the
induced linear map on the tangent spaces is surjective. Indeed, this property
holds for m o p : C(yo) — HY(Y,yo) for Yyg € Y (cf. Theorem 3.20), the
morphism 79 o p is equivariant with respect to the free x-actions of G and one
applies Lemma 6.13. By [26, Ch. III Prop. 10.4] we conclude that C — HS(Y) is
a smooth morphism.

Let (D,m) € HE(Y). Let yo € Y \ D and let m : (Y \ D,y0) — G
belong to m. One has C(p p) = 7YY x {(D,m)}) and by (30)

£ Cpm) = || CWo) (D pmn-1)
hed
where klc(,,) (Do) C(Y0)(p,;m) — C(p,m) is a G-equivariant isomorphism. Using
Theorem 3.20 we conclude that C(p,) — Y has monodromy invariant (D, m).
The last statement is clear from § 6.1 and § 3.5. O

6.15. The map 7 : C — Y x HS(Y) has the following local analytic form
at the ramification points. Let 7w(z) = (b, (D, m)), where D = {b1,...,bg,... by},
b = bx. The isotropy group G(z) C G is cyclic of order e > 2. There are local
analytic coordinates (s,t1,...,t,) of C at z such that the map 7 and the action
of G(z) are given locally at z by

(8,1, tn) = (8 +tp,tr, o tpy ooy tn)

g(s,t1, ... tn) = (x(9)s,t1, ..., ty)
where y : G(z) — C* is a primitive character of G(z). This follows from Proposi-
tion 3.18 and Lemma 6.13, since the horizontal morphisms s and idy X v in (30)
are locally biholomorphic.

7. Hurwitz moduli varieties parameterizing G-covers In this
section we assume that Y is a smooth, projective, irreducible curve of genus
g > 0, n is a positive integer and G is a finite group which can be generated by
2g +n — 1 elements.

Proposition 7.1. Letq: X — Y xS be a smooth family of G-covers of Y
branched in n points. Let B C'Y x S be the branch locus of q. Letv : S — HS(Y)
be the map

(32) v(s) = (Bs,m,), se€S
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where (Bs,m,) is the monodromy invariant of qs : Xs — Y (cf. Definition 6.2).
Then v is a morphism.

Proof. Let 8:5 — Y™ be the morphism defined by 3(s) = B (cf.
Proposition 2.6(vi)). One has HY (Y) = U,eyU(y), every Ul(y) is a Zariski open
subset and v~ (U(y)) = B7H((Y \ »)™) is a Zariski open subset of S for every
y € Y. Proving that v is a morphism is a local matter so we may assume, without
loss of generality, that there is a point yg € Y such that every ¢s : X — Y is
unramified at yo. Then v(S) C U(yo) € HS(Y). One has {y} x S CY x S\ B.
Let T = ¢ '({yo} x S). The composition u : T — {yo} x S — S is finite,
étale, G-invariant and 7'/G = S. In fact, X/G =Y x S by Proposition 2.6(viii),
T — {yo} xSisapullback of ¢ : X — Y xS by {yp} xS — Y xS and one applies
[35, Prop. A 7.1.3]. Let g7 : X7 = X xgT — Y x T be the pullback family. The
morphism 0 : T — X xg T defined by 0(t) = (¢,t) satisfies qp o 6(t) = (yo,t) for
Vt e T, so (Xr — X xT,0) is a smooth family of pointed G-covers of (Y, o).
For every t € T, if s = pu(t), one has (X7); = X x {t}, the monodromy invariant
of (Xs,t) = (Y,yo) is (Bs,m¢ @ m(Y \ Bs,y0) — G), my belongs to m, and
mps = hmyh ™! for YVh € G. We obtain the following commutative diagram of
maps

T —— HS(Y,yo)

|l

S —— Ul(yo)

where u(t) = (B, m), v(s) = (Bs,m,) and the vertical maps are quotient
morphisms with respect to the actions of G defined respectively by ¢t — ht and
hx (D,m) = (D,hmh™1) for Yh € G (cf. Proposition 6.6). By Proposition 5.3
the map u is a morphism, hence v is a morphism. O

The next proposition is a partial inverse of Proposition 7.1.

Proposition 7.2. Letv:S — HS(Y) be a morphism. For every s € S
there exists a Zariski open neighborhood U of s, an étale Galois cover i : U—U
with Galois group G = G/Z(G) and a smooth family of G-covers of Y branched
mn points q: X =Y X U such that v|y o equals the morphism U : U — HS(Y)
associated with ¢ : X =Y x U.

Proof. Let v(s) € U(yg) for some yg € Y. Let U = v (U(yo)). Let
v HS(Y,y0) — Ul(yo) be the étale morphism v(D,m) = (D,m) (cf. Proposi-
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tion 6.6(ii)). Let U = U XU (yo) HY(Y,y0). One has a Cartesian diagram

U———=U(yo)

in which p : U — U is an étale Galois cover with Galois group G since this
property holds for v (cf.[35, Prop. A 7.1.3]). Let (¢: X =Y xU,n: U — X)
be the pullback by u of the universal family (17). Then the morphism o : U—
HE(Y) associated with ¢ : X — Y x U equals v ou. Hence v|y oy = 9. O

In the next proposition we give the local analytic form at the ramification
points of an arbitrary smooth family of G-covers of Y branched in n points.

Proposition 7.3. Letq: X — Y xS be a smooth family of G-covers of Y
branched in n points. Let B C'Y x S be the branch locus of q. Let 5: S — Y*(n)
be the morphism defined by B(s) = Bs (cf. Proposition 2.6(vi)). Let x € X
be a point such that q(x) = (b,so) € B. Let Bsy = D = {b1,...,bg,...,bp},
b="0bg. Let yo € Y\ D and let U; 5 b;, s; : Uy — C be as in § 3.17. Denote
the restriction of (s1,...,5n)0 8 on B~ Y(Np(Uy,...,Uy)) by (B1,-..,Ba). There
exist open neighborhoods V' C |S"| of so and W C | X*"| of x such that 5(V) C
Np(Uy,...,Uyn), q(W) =U x V and the following properties hold.

(i) The isotropy group G(x) is cyclic of order e > 2. Let F C Cx U x V be
the analytic subset F' = {(z,t,s)|2° =t — Br(s)} and let 1 : FF — U x V
be the projection map. There exists a biholomorphic map ¢ : W — F such
that qlw = q1 © 6.

(ii) The composition ¥ = (z,idy) o ¢ : W — C x V maps W biholomorphically
onto an open neighborhood of (0, sp).

(iii) W is G(x)-invariant and there exists a primitive character x : G(x) — C*
such that ¢ and ¥ are G(x)-equivariant with respect to the actions of G(x)
on F and Cx 'V defined respectively by g(z,t,s) = (x(g9)z,t,s) and g(z,s) =
(x(9)2, ).

(iv) There is a G-equivariant biholomorphic map ¢~ (U x V) = G x@) W

Proof. Replacing S by an étale cover of a Zariski open neighborhood
of sg, as in the proof of Proposition 7.1 we may assume that there exists a
morphism 7 : S — X such that (¢ : X — Y x S,n) is a smooth family of pointed
G-covers of (Y,o). Let u: S — HY(Y,y0) and f : X — C(yo) be the morphisms
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of Theorem 5.5 (cf. (18)). Let u(so) = (D,m), f(z) = w. Denote HS(Y,yo)
by H, N(pm)(Ui,...,Uy) of § 3.17 by N, the neighborhood of w € C(yo) of
Proposition 3.18(iii) by W. One has by Theorem 5.5 that X = S x g C(yo).
Therefore X 22 S x pran C(yo)*" (cf. [47, § 1.2]). Let W = (f*)~*(W). Then
W =W Xeye)en X (cf. [15, Prop. 0.27]. Hence

(33) W = Xan Xc(yo)an W = (San XHG«TI C(yo)an) Xc(yo)an W = San XHan W

Let V =4 Y(N). Then Bly = 6|y ouly. We have t; = s;068|n, i =1,...,n (cf.
§ 3.17), therefore S;|yy = t; o u®"|y. Let E be the analytic subset of C x U x N
defined by the equation z¢ =t — t;, (cf. Proposition 3.18(iii)). The inverse image
By = (idc x idy x u®)"Y(E) is the closed complex subspace of C x U x V
whose ideal sheaf is generated by the holomorphic function h(z,t,s) = 2¢ — (t —
Br(s)) (cf. [15, Prop. 0.27]). Let ¢ : W — E be the biholomorphic map of
Proposition 3.18(iii). By base change p1 : W1 =W xgp E1 — E xp E1 = Ey is
a biholomorphic map of complex spaces and one has the following commutative
diagram in which every square is Cartesian

(34) Wl%E1<—>(C><U><V—>UxV—>VC—>S“”

W%E<—>CXU><N—>U><N—>NC—>H‘W

Therefore the external rectangle is Cartesian (cf. [20, Prop. 4.16]). Comparing
with (33) we conclude that W = W;. The complex space E; is reduced since
W is an open subspace of X" which is reduced. Therefore £y = F. We may
thus replace ¢1 : Wi — Ej by a biholomorphic map ¢ : W — F in (34). The
composition of the bottom maps W — U x N in (34) equals p|yy (cf. Proposi-
tion 3.18(iii)), so by the Cartesian diagram (18) of Theorem 5.5 the composition
of the top maps W — U x V in (34) equals q|w, therefore ¢l = q1 0 ¢. Part (i)
is proved. The other parts follow similarly from Proposition 3.18, parts (iii) and
(iv), by pullback replacing U x N by C x N and U x V by C x V in (34). O

Theorem 7.4. Let Y be a smooth, projective, irreducible curve of genus
g > 0. Let n be a positive integer. Let G be a finite group which can be generated
by 2g + n — 1 elements. Suppose G has trivial center. The algebraic variety
HS(Y) is a fine moduli variety for the moduli functor ’Hgn of smooth families
of G-covers of Y branched in n points (cf. § 5.1). The universal family is (cf.
Theorem 6.14)

(35) m:C =Y x HY(Y).
Proof. Let[qg: X — Y xS] € H{,(S). Let v : § — HS(Y),



Hurwitz moduli varieties 93

v(s) = (B(s), mg) be the morphism of Proposition 7.1. We want to prove that
q: X — Y x S is G-equivariant to the pullback by v of the family (35). This is
the unique morphism with this property since the monodromy invariant classifies
the G-covers up to G-equivalence. Since Z(G) = 1, for every s € S there exists
a unique G-equivariant isomorphism @5 : X5 — Cy(,) such that m,) o @s =
(idy xv)ogqs. Let ¢ : X — C be the G-equivariant map which equals ¢ on every
Xs. One obtains the following commutative diagram of maps

(36) xX—*% ¢

qJ |
Y x §X% y « HE(Y)

We aim to prove that ¢ is a morphism and (36) is a Cartesian diagram. One has
that HS(Y) = UyeyU(y) is a covering of Zariski open sets (cf. Proposition 6.6)
and o Y Y Y xU(y))) = ¢ 1 ((idy xv) (Y xU(y))) is a Zariski open subset of
X for Vy € Y. Proving that ¢ is a morphism is a local matter so we may assume,
without loss of generality, that there exists a point yg € Y such that g5 : X; — Y is
unramified at yo for every s € S. Then v(S) C U(yo) and ¢(X) C Cy(y,) = Clyo]-
Let T = ¢ '({yo} x S) and let (g7 : X7 — Y x T,6) be the smooth family of
pointed G-covers of (Y, yg) defined in the proof of Proposition 7.1. Consider the
following commutative diagram of morphisms

Xr— s Cly)) ————Clyo)

QT‘[ lp lﬂ

Y x T22% y x HE(Y, y0) “2% Y x Uyo)
where the left square is from (18) and the right one from (30). There are two
actions of G on Xp = X xgT, namely g(x,t) = (gz,t) and h*(z,t) = (z, ht), and
these actions commute. We claim that f(h* z) = h* f(z) for Vh € G,Vz € Xp
(cf. (23)). It suffices to prove this for Vz € ¢;-' (Y x T\ Br). Let (z,t) € X} x {t},
where s = pu(t). Let A : I — X_ be a path with A\(0) = ¢,A\(1) = z. Then the
path A x {t} connects (t) = (t,t) with (z,¢) in X. x {t} = (X xgT)}, so by (19)

f(l‘,t) = (Fmt [qS o )‘]5(8)7/8(8)>mt)'

Let h = my([n](s)) and let 7 be the lifting of 7 in X such that 7(0) = ¢, 7(1) = ht.
Then 7~ - X is a path in X which connects ht with z, therefore (7~ - A, ht) is
a path in X, x {ht} = (X xg T)}, which connects 0(ht) = (ht, ht) with (z, ht).
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Therefore by (19
flhox (@, 1)) = [z, ht) = (T, g5 © (77 - Nl g(s)s B(s), mne)
= (Chmen—1[17 - (@5 © V]g(s), B(s), hmeh ™)
= hx* f(z,t).
By Lemma 6.13 this defines a commutative diagram of quotient morphisms

(37) A\ X7 ——— &\C(yo) ———— Clyo]

| l |

A\Y X T —— \Y x HE(Y,y0) —— Y x U(yo)
By [35, Prop. A.7.1.3] one has ¢\Xr = X since ¢\T = S. Furthermore the

restriction of k o f on every fiber (Xr); is the composition of the G-equivariant
isomorphisms

X x At} = C(yo)8(s),me) = Ca(s)m,)-
Hence Diagram (37) is, up to the open embedding C[yy] < C, the same as Dia-
gram (36). This proves that ¢ : X — C is a G-equivariant morphism.
Consider the decomposition of ¢

X 25y C
N
S—— HE(Y)

where the right square is Cartesian. The morphisms X — S and Cg — S are
proper and smooth and ¢g induces an isomorphism on every scheme-theoretical
fiber Xy — (Cg)s = Cy(s) for Vs € S(C), therefore by [22, Prop. (4.6.7)] 5 : X —
Cg is an isomorphism. This shows that the family of G-covers ¢ : X — Y x S is G-
equivalent to the pullback by v : S — HS (V) of the family 7 : ¢ — Y x H¢(Y). O

7.5. Let M be an algebraic variety. For every algebraic variety S denote
by Hom(S, M) the set of morphisms from S to M. Let us denote by SpecC the
algebraic variety with one point 0 € C. Then Hom(SpecC, M) = M(C) is a set
bijective to M. The mapping hs(S) = Hom(S, M) defines a contravariant func-
tor hps : Varc — (Sets) from the category of algebraic varieties to the category
of sets.

In the next theorem we use the definition of coarse moduli variety of [43,
Definition 5.6] adapted to the category Varc of algebraic varieties over C.

Theorem 7.6. Let Y be a smooth, projective, irreducible curve of genus
g > 0. Let n be a positive integer. Let G be a finite group which can be generated
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by 29 +n — 1 elements. The mapping which with every [C —Y x S] € ’HXG/,n(S)
associates the morphism v(S) : S — HS(Y) of Proposition 7.1 is a well-defined
natural transformation of contravariant functors ¢ : Hgn — hyayy. The couple

(HS(Y), @) is a coarse moduli variety for the moduli functor H%}’n

Proof. IfC — Y x S is G-equivalent to C; — Y x S, then for every
s € S the G-covers Cs — Y and (C1)s — Y have the same monodromy invariant,
so both families define the same morphism v(S) : S — HY(Y). If u: T — S is a
morphism and Cr — Y x T is the pullback of C — Y x S, then for every t € T,
(Cr)¢ — Y is G-equivalent to Cy,) — Y, s0 v(T') = v(S) ou. This shows that the
collection of mappings

$(S) : HY(S) = Hom(S, H (Y))
is a well-defined natural transformation ¢ : ’H;@n = hga(y)-
If S = SpecC, then ’H%n(Spec C) is the set of G-equivalence classes of

G-covers of Y branched in n points and ¢(Spec C) transforms every [p: C — Y|
in its monodromy invariant (D, m). Hence
¢(SpecC) : Hgn(Spec C) = HS(Y)

is a bijection by Riemann’s existence theorem. This is Condition (i) of [43,
Definition 5.6]. Let us verify Condition (ii). Suppose there is an algebraic variety
N and a natural transformation ¢ : ’Hgn — hn. By Yoneda’s lemma we have to
prove that there exists a unique morphism f : HS (Y) — N such that for every
C—=Y xS|e Hgn(S) if the morphisms v(S) : S — HS(Y) and w(S) : S = N
are the images of [C — Y x S| by ¢(S) and ¥(S) respectively, then the following
diagram commutes

(38) 529, HE(Y)

RN

N

The uniqueness of f, if it exists, is clear since ¢(Spec C) is bijective, so ¥ (Spec C)
determines in a unique way the map of sets f : HnG (Y) — N. Let us prove the
existence of such morphism. Define the map of sets f : HS(Y) — N as follows.
For every (D,m) € HS(Y) let Com) — Y] € Hgn(Spec C) be the equivalence
class of G-covers with monodromy invariant (D, m). Let f(D,m) = ¥([C(pm) —
Y]). The equality of maps of sets w(S) = f o v(S) holds since v(S) and w(S)
are functorial with respect to base change so, by the definition of f, evaluating
at every s € S, one verifies that Diagram (38) commutes. The variety H,? (Y)
is a union of the Zariski open subsets U(y): HS(Y) = U,eyU(y). In order
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to prove that f is a morphism it suffices to prove that fli (. : U(yo) — N is a
morphism for every yo € Y. Let § = HY (Y, ) and let (C(yo) — Y xHS (Y, 40),¢)
be the universal family of pointed G-covers of (Y,yp) (cf. Theorem 3.20). Let
w(S) : S — N be the associated morphism. We saw in Proposition 6.7(vi)
that for Vh € G the map defined by z — h % z is a G-equivalence between
C(Yo)(p,my — Y and C(yo)(p,hmn-1) — Y. Therefore w(S) : S — N is G-invariant
with respect to the action of G on HS (Y, o) defined by hx (D, m) = (D, hmh™1).
By Proposition 6.6 U(yg) = G\H,? (Y,y0) and clearly one has equality of maps
w(S) = flu(y) © v, where v : HE(Y,y0) — Ul(yo) is the quotient morphism.
Therefore f|i(,,) is @ morphism by the universal property of quotient varieties. O

7.7. Let n =n101+ - +n;Ok, |n| =n be asin § 5.6. Let D € Y*(n), let
y1,y2 € Y\ D, let my : m (Y \ D,y1) - G and my : m (Y \ D,y2) - G be two
path-connected epimorphisms (cf. § 6.1). Then m; satisfies Condition ((20)) if
and only if mq satisfies it. We say that a G-cover p : C — Y branched in n points
is of branching type n if its monodromy invariant (D, m) has the property that
every epimorphism of m satisfies Condition ((20)). We denote by HS (Y) the set

of (D,m) € HS(Y) of this type. One has
Hi(Y)= || HF(V),
In|=n
every nonempty HﬂG (Y) is a union of connected components in the Zariski topol-
ogy of HS (Y) and Hg (Y') inherits the structure of algebraic variety from HS (Y).
Let us denote by
’HXG/@ : Varc — (Sets)

the moduli functor, which associates with every algebraic variety S the set
{[X = Y x S]} of smooth families of G-covers of Y of branching type n modulo
G-equivalence and with every morphism 7" — S the pullback of such families of
G-covers. If the center of GG is trivial let us denote by

Tn:Cp— Y x HE(Y)
the restriction of the family 7 : C — Y x HS(Y) (cf. Theorem 6.14). Theorem 7.4
and Theorem 7.6 imply the following ones.

Theorem 7.8. Let Y be a smooth, projective, irreducible curve. Let G
be a finite group with trivial center. Let n = ni101 + -+ + 1Oy, |n| =n be as in
§ 5.6. Suppose HS(Y) # (). The algebraic variety HS(Y) is a fine moduli variety

for the moduli functor Hgﬂ of smooth families of G-covers of Y of branching type
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n. The universal family is

Ty i Cp = Y x HY(Y).

Theorem 7.9. Let Y be a smooth, projective, irreducible curve. Let G

be a finite group. Let n = n1O1 + -+ + niOg, |n| = n be as in § 5.6. Suppose
HE(Y) # (0. The mapping which with every [C — Y x S| € ’H%ﬂ(S) associates the
morphism v(S) : S — HS(Y) of Proposition 7.1 is a well-defined natural trans-

formation of contravariant functors ¢ : H;C/;,ﬂ — hygy). The couple (HE(Y), ®)

s a coarse moduli variety for the moduli functor ’H;C}iﬂ of smooth families of G-
covers of Y of branching type n.
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