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ABSTRACT. A general family of positive linear operators associated with a
power expansion is studied. Sufficient conditions are provided to verify that
the sequence of operators are an approximation process in weighted spaces
with polynomial weights. Examples of applications are included.

1. Introduction. Throughout the work we denote by P,, the spaces of
all algebraic polynomials of degree non greater than n. For each j € Ny, we use
the notations

ej(z) = a7
Moreover, I = [0, c0).

Let us begin with a general approach to construct sequences of positive
linear operators (see [1], [11] and [12]).

For fixed sequence {a,  }7— of positive real numbers and = € I, set

o
a
(1) gn(z) = Z'k z*, where limsup (
k=0 : k—o0

Qn, K 1/k i
k! ) =0
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Here we consider the operators

(2) Lu(/, i’“ (5 )

k:O

where B(n) > 1 and nh_g)lo B(n) = oo. Notice that, if g,(z) = e ™ and p(n) =
we obtain the operators of Szdsz-Mirakyan (see [16]), here denoted by S,,.

For the definition of L,, it is sufficient that a, o # 0, but in the proof of
Theorem 2 we need that ¢ (z) > 0, for all i € N and z € I. That is the reason
why we assume that a,; > 0 for all k. Moreover, we don’t consider the case
when g, is a polynomial. We remak that the operators L, are related with other
ones studied by Mortici in [11].

Let D(L) be the family of all functions f € C(I) such that, for each n € N,
the series Ly, (f) converges absolutely.

We will show that the approx1matlon properties of the operators L,, are
related with the the behaviour of ¢ (z)/(8"(n)gn(x)). Hence we will assume two
different kind of asymptotic: (1) for fixed r € N and x > 0,

(i)

(z)

¥ A 5 )

and (2) for fixed n,r € N, there exist positive constants Cy(1),...,Cy(r) such
that, for each i € {1,...,r},

=1, ie{l,...,r},

Lo (@)
im —————
=00 3'(n)gn ()
We prove in Theorem 1 that conditions (3) are sufficient for the pointwise
convergence Ly (e;,x) — z' (i € {1,...,7}). But for studying convergence in
weighted norm we need estimates of the rate of convergence in (3). We will
assume that one of conditions given below holds.

For r > 0 set

(4) = Cy ().

[r] = {mink e N: r < k}.

Definition 1. For r > 0, we say that the sequence {Ly} satisfies the
(I,7) condition, if there exist constants Ki, ..., K[, such that, for every x > 0,
neNandie{l,...,[r]}, one has

(1)
gn (m) . K;
Fgm@ 1= By

(5)
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Definition 2. Forr > 0, we say that the sequence {L,} satisfies that the
(II,r) condition, if there exist constants K, . .. , K[y such that, for every x >0,
neNandie{l,...,[r]}, one has

(4)
(6) 9”7(37) 1l < _ K
Bi(n)gn(x) 1+ B(n)x
Notice that conditions (6) implies (3) and (4).
By a weight we mean a bounded continuous function g : I — I. Let C,(I)
the family of all f € C(I) such that the function (of)(z) is bounded in I. In
Cy(I) a norm is defined by

(7) £l Zilél;\ (ef)(x) ] .

The family of all functions f € C,(I) such that o(x)f(x) has a finite limit
as x — oo is denoted by Cj ().

Suppose that, for each n € N, M,, : Cp (L) = Cfpoo(I) is a positive linear
operator. We say that {M,,} is an approximation process if, for each f € Cy oo (1),

i [[Mo(f) ~ fllp = 0.

Throughout this work, for » € R, r > 2, we consider the weight

1
(8) or(7) = m

To simplify notations we set

[fllr = [1fllgrs  Cr(1) = Co, (1), and  Cr.oo(I) = Cpp 00 (1)-

In this work we present sufficient conditions to verify that {L,} is an
approximation process in Cj o (I), for r > 2. We remark that in [11] Mortici, for
f € C2.5(I), only proved convergence on compact subsets of I.

Some related results appeared in published papers for particular opera-
tors, but with some restrictions. For the weight o(z) = 1/(1 + z?) and a se-
quence a positive linear operator My, : C,(I) — C,(I), Gadzhiev [8] proved that
| Mn(f) = fllo = 0 as n — oo, for any Cy o (I). But we have not found a similar
results for r > 2.

Ispir and Atakut in [9] studied Szdsz-Mirakyan operators S, with the
weight o(z) = 1/(1+ %) and Sy, : Cpe0(I) — Cys oo (I) (see also [6]). Notice that
different weighted spaces are involved.
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In Section 2 we present several properties of the operators (2) related
with the test functions e;. In Section 3 we provide sufficient conditions to verify
that, for each n € N, L;, : Cpo(I) = Croo(I). Moreover, we prove that L,
Croo(I) = Croo(I) is a uniformly bounded sequence of operators. In Section 4
we proved that limy, || Ln(fi) — fill- = 0 for some particular functions f;. In
Section 5 that, under certain conditions, the sequence {L, } is an approximation
process in C, (I). For obtaining this property the result of Section 4 are very
important. Finally, in Section 6 we present several families of operators for which
our approach can be applied (some of them are new).

2. Test functions and polynomials. In Proposition 1 we show that
D(L) contains every algebraic polynomial.

Proposition 1. Assume L, is given by (2).

(i) If f € D(L), then Ln(f,0) = f(0).
(ii) Set Pi(z) =z and, for j € N and x > 0, and

(9) P]_i_l(x):x<x—ﬁ(lm>(x—ﬁ‘(jm)

For each j € N one has

. AC) . e g @) g ()
Intero)=agia@ @4 Il D) = s @ T B (@)

Proof. (i) Since ¢,(0) = ano, Ln(f,0) = £(0), for each f € D(L).
(ii) It is clear that L,(eg,z) =1
Notice that 5(n)Pi(k/B(n)) = k and, for j € N,

k

BjH (n)PjH (M

) =kl = 1)+ (k= ).

Therefore, for each fixed x > 0,

B () gn () L (Pjia, ) —:le ”k”“ ¥ = 27U (z) < oo,
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because gV () is the (j + 1) derivative of an analytic function. Moreover

B(n)gn(x)Ln(P1>x) = B(n)gn(x)Ln(ela J}) = a:g;(x),

and this yields the representation of Ly, (e1,x). On the other hand, since Py(z) =
® —x/B(n),

_ b e1,x) = x> 97(12)(”%) x 9n (@)
Enlea2) = EnlBo2) 4 ey 12 =2 g @) T B g e)

Since L,, is a linear operator, D(L) is a linear space. Hence, for each
7 € Np, Pj C D(L) O

In Proposition 1 we gave an expression for L,(e1,z) and Ly(e2,z). In
Proposition 2 we present a representation for other test functions. The proof can
be obtained by induction in such a way that the exact values of the coefficients
C(i, k) and D(i, k) are given. In this paper, we don’t need to know the exact
values.

Proposition 2. (i) For each i > 2 and P; is given by (9), there exist
coefficients C'(i, k), 1 < k <i—1, such that

(10) Pi(z) = ' +

(ii) For each i > 2, there exist coefficients D(i, k), 1 < k < i —1, such

that
(11) Ly (e, ) :xiM—H 169
MOt = G gy
where
L1 () () 2
(12) Huie) = 5 7 2 DU Mol 0)

Lemma 1. Fizn,7r e N, r > 2,
(i) Assume that conditions (4) hold. For eachi € {2,...,r}, there exists
N € N and a constant T(i), depending only on i, such that

xzfl
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forx > N.
(ii) Assume that conditions (3) hold. For each i € {2,...,7} and z >0
fixed
lim H, ;(z) = 0.

n—oo

Proof. (i) It follows from conditions (4), that there exists N € N such
that, for every x > N and i € {1,...,7},

‘m ~ Cald)| < 1.
Hence, for x > N,
‘BZ n)gn(x ‘ N ‘(ﬂl ())(xz ) e10) +Cn(i)‘ <1400

Therefore, for x > N > 1,

i-1 &) i1
15~ DG, k ) | (z) N
12 BN B0
i—1
where T'(i) = | D(i, k) | (14 Cn(k)).

i—1 (k)
Tim_Hyi(x) = ;DM)% (Jim, Blry—F m(n)gn(x)) - §

Theorem 1 (pointwise convergence). If r € N, r > 2, conditions (3)
hold, and x € I, then

lim Ly(e;,z) = ¢, ie{l,...,r}
n—o0
Proof. It follows from (11) and Lemma 1. O
We have proved that, for = € I fixed, Ly(e1,z) = z and Ly (ez, z) — 22,
as n — oo. Let us estimate some rate of convergence.
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Proposition 3. If r > 2 and {L,} satisfies the (I,r) condition, there
exists a constant K such that, for each n € N and z > 0,

:c2+m

B(n)

| Lp(e1,2) —z |< — and Ln((e1 — zep)?,z) < C

If r > 2 and {L,} satisfies the (II,r) condition, there exists a constant
K such that, for each n € N and x > 0,

K
| Lp(e1,2) — 2 |< —— and Lo((er — ze9)?, ) < K2

B(n) p(n)
Proof. (i) From Proposition 1 and (5) we know that

gn(@) Kz
Blngm@ 1= Bw)

| Ly(e1,2) —z |=x

and

L, ((e1 — weg)?, ) = Ly(ea, ) — 2zLy, (e, ) + 22

P R R A
=T B )@ T B B)ga@) > Bln)ga(@) |

of  gnlx) x gnlx) T, (@)
= (g~ ) 30 Gt ) 500~ Gdea )
4+
=)
(ii) From Proposition 1 and (6) we know that
e o gnlx) Kz Ky
e D) =2 1= @ = T B = B
and

Ly((e1 — :er)Q, x) = Ly(eg, ) — 2xLy(e1, ) + x?

< Kox? n T K n T n 2K x2 <c T -
T 1+Bn)zr  B(n) (1+B(n)z)  Bn)  (1+BM)z) ~—  B(n)
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3. L,, as a bounded endomorphism. First we want to find sufficient
conditions to verify that, for each n € N,

Ln : Croo(I) = Crso(D).

Lemma 2. Assume n € N, r > 1, and conditions (4) are satisfied.
(i) If r is an integer and 1 < i < r —1 or r is not an integer and i < r,
then
lim o,(x)Ly(e;,x) = 0.

T—00

(i) If r is an integer,

1i_>m or(z) Ly (e, x) = Cp(r) and 1i_>m or()Ln(1/0r,z) = Cyp(r).
Proof. (i) Taking into account (4), we fix N1 € N such that, for z > N}
and 1 <17 <r—1,
(1)
gn’ (@) :
————— — Cp(1)| < 1.
Fmgaz) 0

We first consider the case ¢ = 1. Since

0 < or(z)Ln(er,r) < or(z) | Ln(er,z) — Cp(Dz | + | Cn(1) | 0r(2)

@ {’ 9n(T)
(14 )" UB(n)gn(x)
and it is sufficient to prove the result.
If r is an integer and 2 < i <71 — 1, we take NV > Nj as in Lemma 1. It
follows from equation (11) that

—cn(1)]+ [Ca1) |}

0 < or(z)Ln(ei, ) < 0p(w) | Ly(es, ) — Cn(l)xz |+ | Cn(d) | Qr(x)xi

i () i
< (1 —laj:L')T Bz?;);:zx) — Cn(i)| + o () | Hn,z(x) | + | Cn(d) | (lj_jx)r'
< Ty Qr(x)T(i):—i— )] <o
(1+2x) B(n) (1+2x)" (1+ )"
If r is not an integer the proof follows analogously.
(ii) If r is an integer, from Lemma 1 we know that, for z > N,

i

1

or(2) | Hpr(2) [< T(?“)(1 )
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Hence lim o,(z) | Hyr(z) |= 0 and it follows from conditions (4) that
T—00

(r) (r)
: | gn () o no() _
B o7 | gy~ 0] = g ~ S0 =
Since, taking into account (11), we have
(r)
r _ r In (l‘)
Qr($) (Ln(emx) - Cn(T)> = Qr(ﬂf) (m (m - Cn(r)) - Hn,r(x)>7
we have proved that Ill)nolo or () Ly(er, x) = Cy(r).
Finally
i 0@) S (D) Laleso) = fim g (@ Lnlen )=o),
j=0

Theorem 2. Assume r > 1. If conditions (4) are satisfied and f €
Croo(I), then Ly (f) € Croo(I), for every n € N.

Proof. Fixn € N. If f € €, [0,00) there exists a real A such that
or(x)f(z) > A as x — 0o. Weset B=1+| A|+|f]|,-
Taking into account Lemma 2, there exists N1 > 0 such that, for z > Ny,

0r(x)Ln(1/0r, ) < 2C,(r).

Given € > 0, there exists No > N such that, for x > No,

9
Lor@)f(x) = Al< sa 5y

Since k/B(n) — oo as k — oo, there exists ¢ € N such that k/5(n) > Na,
for all k£ > q.
Taking into account L’Hopital’s rule

k

I 1 1 Ak T 0
im =0.
200 gn () =0 k!l or(k/B(n))
Hence, there exists N3 > Ny such that, for x > N3,

1 1 Qn xk
gn() =0 ko (k/B(n))

<=
= 2B
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Therefore, if > N3, then

\&@ﬂAf@—Am@ﬂAwaﬂ
an e (0, (5/B(n)) £ (/B() — 4)
Z - (k/B())

k 0
ﬁEI
=0
or(x) S~ an (er(k/B(n) f(k/B(n) — A) 4

ank (0r(k/B(n) f(k/B(n)) — A) 4
or(k/B(n))

o) 2=, W 0 (k/B(n))
or(x) g~ anp ot
= Ul T AD G @) 27 o, k7B )
5 0r(T) = zF

P21+ 20 gulw) 2, K o(b/B(n)

€ €
< 3 + mgr(m)Ln(l/gr,x) <e.

This proves that

lim o,(z)L,(f,z) = xlgglo or(z) <Ln(f,a:) — AL, (1/0r,x) + ALn(l/gr,m))

T—00
= A lim o,(z)Ln(1/0r,z) = AC,(1).
T—00
Finally, since the series L, (f,x) converges absolutely and uniformly on
each compact subset of I, then L,(f) € C(I). O
Theorem 3. Assume r > 0, and {L,} satisfies the (I,1) (o

condition.
(i) One has (1+e1)" € D(L) and there exists a positive constant A, (which

depends only on 1) such that, for each n € N and x € I,

Lo((1+e),2) < Ap(1 + ).

r (I1,r))

(ii) If f € C.(I), then L,(f) € D(L) and
[ Ln (Ol < Al £1]o-
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Proof. (i) First assume that r is an integer. If (5) holds, K; are the
constants given in (5) and 1 < ¢ < r, it follows from (11) that

(2)
7 gn (1') i
O<L(e@, ) l‘(m_l)+x’
L (k) i1
_ i 1 gn (l’) o :Ck B ; 1 mk
3 D00 K) iy (B gty ) * 2 P00 gy
i—1
<(1+ K2’ + (1 - 1<I£12(71K(k:)> > DG k) | Mxk
o k=1

On the other hand L, (ep,z) = 1 and

L,(e1,z) = x(mi;;;i)m — 1) +x < Cux.

In particular, we have proved that L, (e;) € C(I).
If we assume (6), the inequality above can be written as

Ln(ei,x)gxi+Kixi_1+<1—|— <max K(k )Z]Dzk:

On the other hand,

9n ()

K
Loferna) =2 (5@ 1) 7 <

In both cases, if z < 1, there exists a constant C(7), depending only on ¢,
such that 0 < Ly, (e;,x) < C(i) and, if x > 1, 0 < Ly (e, x) < C(i)x’
Therefore, if r € Nand = < 1

Lo((14 e, 2) = Z <Z>Ln(ei,m) <y Z (:) < Co(1+a)

1=0 i=0

and, if x > 1, then
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If » > 0 is not an integer, then

Lo((1 4 er).2) < (Lal( o))" < 01ty

(ii) If f € Cr(I) and x € I, then

or(@) | La(f, ) [< Ifllror(2) Lu((1 + e1)", ) < Apf[f]]r- D

4. Approximation of several particular functions. Set
gri(x)=1+2)" zel, 0<i<2
We need to verify that, for i € {0,1,2},
T}I_{Igo | Ln(gri) — grill» = 0.

We will use the representation (derived from Taylor’s formula)

€1

(13) Llgris2) = 9ri(x) = (r — i) Lo /

T

(1+ S)T_i_lds,:v>.

Since different arguments will be used we separate the following cases:

A)i=0.

B)ie{l,2} andr—i—1=0.

C)ie{l,2}andr—i—1>0

D)2<r<3andi=2.

Notice since r — 2 > 0, for i = 1 the cases B) and C) cover all possible
relations.

The case i = 2 and 7 = 3 is included in B). The case i = 2 and r > 3 is
included in C) and D) covers the remaining cases.

Notice that if { L, } satisfies the (I,2r) (or (I1,2r)) condition and m < 2r,
then {L,} satisfies the (I,m) (or (II,m)) condition.

To avoid repetitions we first prove the following lemma.

Lemma 3. Assume r € R, r > 2, and {L,} satisfies the (I,2r) (or
(I1,2r)) condition. If i € {0,1,2} and r —i —1 > 0, there exists a constant C
such that, if B(n)x < 1, then

C

(14) 0r () | Ln(gris ) — gri(z) |< Ol
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Proof. Notice that
k/B(n) k/B(n
[ et = - 3 [ e
z k=0

If B(n)xr < 1 and k = 0 one has

00
an k

k!

k=0

(1+z)r—1
B(n)

Moreover, taking into account Theorem 3 (with 2(r — 4 — 1) instead of r)
and Holder inequality we obtain

xT
ran,o/ (1+ s)r_’_lds < 7rano(l+ :B)T_Z_lm < rgn(x)
0

o0

| gk kB |
n k% / (1+S)7"72*1d5

gn(z) — k!

Z ,”” 1+ k/B(n)" =" (k/B(n) - z)

k:l

< <Ln((1 + 61)2(7“72'71), x)) 2 (Ln((el — xeo)z, a:))

’VL

1/2

<C(l+ :C)T_i_l (Ln((el — x60)2, :c))l/Z

If (5) holds (recall that 5(n)z < 1), it follows from Proposition 3 that

1 G kac k/B(n r—ie1 (14 x) 1
- )Z / (1+s) ds<076(n) .

Therefore

C
B(n)

If (6) holds, it follows from Proposition 3 that

(15) or(2) [ Ln(grix) = gri(2) |<

L
B(n)’

1 > an’kxk
|
gn(x) = k!

k/5(n) | |
[ aryas <aaay

and we obtain again (15). O
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Lemma 4 (Case A). Assumer € R, r > 2, and {L,,} satisfies the (I,2r)
(or (I1,2r)) condition. There exists a constant C such that, if n € N and x € I,
then (14) holds with i = 0.

Proof. Ifi=0,r—i—1=7r—1> 0 and we can apply Lemma 3 when
B(n)x < 1. In what follows we assume that S(n)z > 1
Notice that g, o(z) = (1 + z)" 1. Hence

1 an ka: k/B(n
’ g’r 0 dS}
k=0

gn(m r

< X el (0 (i) )

< VIn((er —ze)? )((1 ) T (Ln(1 4+ e0)0D, 2))12)

<C1+2) ' Lu((er — zeg)?, ).
Using Proposition 3 we obtain the desired inequality. O

Lemma 5 (Case B). Assumer € R, r > 2, and {L,} satisfies the (I,2r)
(or (I1,2r)) condition. Ifi € {1,2} and r —i—1 =0, there exists a constant C
such that, if n € N and x € I, then (14) with i = 1 and i = 2.

Proof. Ifi=1,r=2and g21(z) =1+ z. In such a case L,(g21,2) —
g2,1(x) = Ly(e1,z) — = and it follows from Proposition 3 that
1 Kx K
<

9200) |S T30y By < Tny

If : = 2, then » = 3 and g32(x) = (1 + z). Hence Ly (g32,%) — g32(z) =
L,(e1,x) — z and the proof follows as in the case i = 1. O

02(2) | Ln(g21,7) —

Proposition 4. Fizr > 1. For x,t > 0,

(16) ’/ e

Proof. Ift<ux,

<ol t\;; | ((1+x)’"+(1+t)’").

/tx <1ut/g>r du < (1+ )" /tx1/2du =2(Va — Vi1 +a) <27 sy
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On the other hand, if x < ¢,

EEN 14+t)"
/(;/g) duﬁ(;g)

Lemma 6 (Case C). Assumer € R, r > 2, and {L,,} satisfies the (I,2r)
(or (I1,2r)) condition. Ifi € {1,2} andr —i—1 >0, there exists a constant C
such that, if n € N and x € I, then (14) with i =1 and i = 2.

Proof. As before, we should consider that S(n)z > 1.
Notice that, for i € {1, 2},

Vg (x) = (r— iVl + ) " < (r—i)gri(a).

Hence g;.;(z) < (r — i)gri(z)/V'z.
In this case we use (16) (with r — ¢ in place of r) and Theorem 3 to obtain

2) N ap k| RO
ZE»’”; kZ:O }::C! /x gm-(s)ds‘
70r(T) o= ap k" k/B(n) S\rids
= gi((x)) ,;0 /f! ‘/x (H\/)g
roc(r) §n i r—i r—i
< ;(i)(\/)g? — }::C! (’5(]{;”) —Jf‘<(1+x) + <1+ ﬁ(kn)) ))
- 2T%ﬂj) VEn((er - weo)?,2) <(1 +z) 7+ \/Ln((l + e1)2(r=1), 96)>

< CW\/LH((Q — ze9)?, ),

and the result follows from Proposition 3. O

Lemma 7 (Case D). Assumer € R, r > 2, and {L,} satisfies the (I,2r)
(or (II1,2r)) condition. If 2 < r < 3 and i = 2, there exists a constant C such
that, if n € N and x € I, then

Qr(ﬂf) | Ln(gT,Q)x) - gT,Q(x) |: Oa Zf r= 27

and

C

or(z) | Ln(gr,%x) - gT,Q(x) < W»

if r>2.
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Proof. Ifr =2 the assertion is trivial, because g,2(x) = (1+z)" "2 = 1.
If 2 <r <3, then 0 <r—2 < 1. Recall that, if a,b > 0 and 0 < a < 1,
then | a® — b* |<| a — b |*. Hence

Lu((1+e)20) = (1+a) 2| < —

A

N ani| k
= gntm kzzo W lam
< (Ln<(€1 3 xeo)Q,x)>(T72)/2.

Therefore, if conditions (5) hold, then

C a2 4 g2/ G
n(gr,2, ) —gr,2(l’)’ < (1+z)" B(n)r—2/2 = B(n)r=2)/2"

or ()

A similar inequality is obtained if conditions (6) hold. O
From the previous Lemmas we obtain a first important result.

Proposition 5. Assume r € R, r > 2, and {L,,} satisfies the (I,2r) (or
(I1,2r)) condition. If i € {0,1,2}, then

lim ||L,((1+e1) " 2) = (1+2)""[|, =0
n—oo
Now we prove the main result of this section.

Theorem 4. Assume r € R, r > 2, and {Ly} satisfies the (I,2r) (or
(I1,2r)) condition. If fi(x) =" (1+ )", fori € {0,1,2}, then
lim ||Ln(f;) — fill» = 0.
n—oo
Proof. The case i = 0 is included in Proposition 5.
For i = 1, we use the identity z(1 + )" ' = (1 +2)" — (1 +z) "%, to

obtain
L,(e1(1+4 el)r_l, x) —z(l+ x)T_l

= Lu((1+ ), ) = (1+2)" = (La((L+e) ™ a) = (L+2) ).

Hence, the assertion follows again from Proposition 5.
For ¢ = 2, the proof follows analogously, because

Pl+a)2=0+z) 2042+ 1 42)"2 O



Power series an weighted spaces 241

5. Approximation process. Now we will study convergence in the
spaces Cy o (I). We consider the space C) ~(I) instead of C,(I) because we use
an isomorphism between C). (1) and C[0, 1]. Some authors forget that, for any
weight o, the assumption that xlbngo (of )(z) exists is necessary for the existence of

the isomorphism (for instance, see [7, p. 152]).
We first recall a known result.

Theorem 5 (see [2] and [3]). Let o be an arbitrary weight. A sequence
{M,} of positive linear operators, M, : Cpoo(I) = Cyoo(I), is an approzimation
process if and only if || fi — Mn(fi)ll, = 0, for i =0,1,2, where

1 x 22

o MO sy = e

For the next result recall that (6) implies (4).

17 folz) =

Theorem 6. Assume r € R, r > 2, and {L,} satisfies the (I,2r) (or
(II,2r)) condition. If conditions (4) are satisfied, then {L,} is an approximation
process in Cyoo().

Proof. From Theorem 2 we know that Ly, : Cy () = Croo(1).
For the weight o,(z) = 1/(1 + )", the function fy, fi and fo in Theorem
5 can be written as

folw)=(1+2), fiz)=a(l+2)"" and fox) =2*1+2)2
It was proved in Theorem 4 that lim ||L,(f;) — fill» = 0, for i = 0,1, 2. Hence,
n—oo

as a consequence of Theorem 5, one has that {L,} is an approximation process
in Cy oo(I). O

Let us show how one can construct different sequence of operators satis-
fying the conditions of Theorem 6.

Theorem 7. Fiz € R, r > 2. Let {b;} be a decreasing sequence of positive
real numbers. Suppose that, for each i € N, there exists a constant C(i) such that,
for every k € N, one has

C(
(18) bp—1—br—14; < ]i)bk.
If
(19) B,(f,z) = ! i@ (ﬁ)’rk where  qp(z) = 3 @xk
e tn(z) &= k! " \n " = kT

then the sequence {By} is an approximation process in Cyoo(I).
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Proof. In order to apply Theorem 6 we will verify that the inequalities
n (6) hold for every i € N.

Since
oo k o0
FoN n"by g1 nFbgyy o

it follows by induction that

o0

: b b
(3) g k-H o k-H
o) =i S —n§j )+ mig (@),
k=0
Hence
(@) o
gn’ (z) 1 b, — biti k
1| = E
nigy () ‘ qn(T) k! (nz)”,

k=0

because {by} decreases.
Taking into account (18) we obtain

(14 nz) Z W(nx)k
k=0 '

o b — bryg o~ by — b
= Z — * (na)k + Z — L (na)kt!
k=0

o0

o= by, — karz 2)F bp—1 — bk 1+z i
= Z + Z (nx)
(k —

k=0
<Y Ew) % < (14 C(0)au(a).
k=0 =1

Therefore

g1 () ] < 10
nign () ~ l+nx

There is a result similar to Theorem 7, but for an increasing sequences. In
this case we should take care that the condition in the right side of (1) is satisfied.
But, what we really need is a control of how fast the sequence increases.
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Theorem 8. Fizr € N, r > 2. Let {cx} be an increasing sequence of
positive real numbers. Suppose that, for each i € N, there exists constants C1(7)
and Cy(1) such that, for every k € Ny, one has

(20) Ck+i — Ck S Cl(l) ]::k_:ll and Ck+i — Ck S Cg(i)ck
If
@) G = S (E) wnere o) = 30
n k X where 1rp(x) = . X T,
=0 =0

then the sequence {Cy} is an approzimation process in Cy oo ([).

Proof. The proof follows as in the previous theorem, with g,(z) =
rn(z), but in this case

o Chti — Ck o Chti — Ck o Chti — Ck
(1+ nx) Z +T(nm)k = Z +T(n$)k + Z R ()L

! ! k!
k=0 k=0 k=0
_ch+z_ck mc k+zck 1+z_ck 1(m:)k
o) Ck o0 N ‘ '
< Co(1) ) 4 (n SN Z — 1 i (12)" < (C1(0) + G2 (1)) gn ().
k:O k:l
Therefore

g'(@) 1| < GO+,
ntgn(x) 1+ nx

6. Applications. In this section we present several examples of process
for which the result of Section (5) can be applied. In each case we will verify the
conditions in the respective theorem, but we will not formulate the corresponding
theorem.

Example 1. For a fixed p > 0, Schurer introduced the operators

[e.9]

(22) o (f) n-&-pxz n+p ( )xk

k=0
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The case p = 0 gives play to the Szasz-Mirakyan operators. The operators S;fw
have been studied by some authors (see [14] and [15]). Moreover, these operators
are included in a class studied [9].

In this work we consider the more general version

(23) Snplf,x) = e~ BT i (ﬁ(n)k + p)* f(ﬂk )t

prd (n)

where 3(n) > 1 and 5(n) — oo, as n — oo. In order to apply Theorem 6 we will
verify (4) and (5) hold for every i € N.
Notice that

(4) i .
gn' ()  (B(n)+p) P
(24) Foe® ~ F) = T Ew)

Hence conditions (4) hold for every i € N.
If we use the expansion

() = ) =1+ )

we obtain (recall that B(n) > 1)

’B ‘_ () <ﬁ>§/3<1mjil<;>pj§ﬁﬁ>'

Hence conditions (5) are satisfied for every ¢ € N.

We have proved that the operators {S), ,} is an approximation process in
Cr.00[0,00), with r > 2. We have not found a similar result in works devoted to
study these operators . For instance, in [10] the authors consider the weighted
space with 7 = 2, but nothing is said concerning convergence in norm (see also

12)).

Example 2. Let {a(n)} be a sequence such that a(n) > 1 and a(n) — oo,
as n — oo. For p >0, x > 0, and a function f € C(I) define

e}

@) gl =S LIk

=0

whenever the series converges absolutely. The operator (22) do not reproduce
affine functions, while the operators (25) have this property.
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The operators M, , were studied by Dogru in [6], where the author write
h(n) instead a(n) + p. In the quoted work the author estimate the error of
approximation with respect to the weight 1 + 22, for functions in the weighted
space Cy o0 (1), with o(z) = (1+ 2%)?/3. That is two different weighted spaces are
involved.

In [4] and [5] the authors studies the operators M, , in a more general
approach by considering the weights (8) (without working with different weighted
spaces).

Notice that

(4) )
gnp(x)  ra(n)+p\i
Bi(n)gn,p(l') N (a(n) +p) =1

Hence conditions (4) hold with C),(i) = 1 and conditions (5) are satisfied with
K; =0.

Let us remark that the definition of the operators (25) agrees with the
method used in [1] to construct positive linear operators reproducing affine func-
tions. In fact, in [1] the operators were defined by

1 Xadk kak—1
R, _ n.p np |k
o= o e ()

k=0 n,p

with the convection a;jj = 0. But, if a5, = a(n) + p, for £ > 1 one has

aﬁ;} B 1
ak , am)+p

Example 3. We present a first example of a family of operators which
are not included in Examples 1 and 2. For fixed r,n € Nand z € I, f € C(I)
and z € I, define

Nn,r(fa ‘73) =

1 &S nfke+1)" kN & = k1),
Foms o G N =3 T
nr(2) 1 5 k=0

whenever the first series converges absolutely.
The operators Ny, 2(f, z) seen to be simpler that the operators

B 1 (k2 +k+1) .k
(pSnf)(z) = (nx + 1)2ene Z k! f(ﬁ)xk’ zel,

considered by Pop et al in [13].
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Taking into account Theorem 8, we will verify that conditions (20) hold.
Set ¢, = (k} + 1)T.

Ifk=0,ch4i—crk=0+1)"=1<@GE+1)"(E+1).

If £ > 1, then

crri = o= (ki + 17 = (e 1 = 3 (7)o 1) b 1y
7=0

— <> k1Y < WE(T)’f“( 20)" (14 k)" = (20) e

P1

k)

On the other hand, by the mean value theorem, there exists 6, k£ + 1 <
0 < k+ i+ 1, such that

Chpi—cp=(k+i+1) —(k+1)" =7i0"t <ri(k+i+1)"1
(k+2)" < it L

k+2 k+1
Therefore the two inequalities in (20) hold.

It can be proved that there exists an algebraic polynomial R,_;(z) of
degree non greater that » — 1 with with positive coefficients such that

<ri"(k+2)"" =i

wa(x) = (Rr_l(a:) + xr>ex

but will not include the proof here. The study of operators satisfying the above
relation were suggested by Mortici in [11].

Example 4. For 0 <y <1,neN, f e C(I), and x € I, define

> T'L > Tl,k
an(f Zz Z k+1 (;Iz)wka QTL/Y(‘T) = Z(kk—:_l)’yxk7

Y =0 k=0

whenever the first series converges absolutely.
Let us verify that conditions (20) hold. Set ¢ = (1 + k)7.
Since, for ¢ € N and k € Ng, 0 < ¢ < cx41 and

Chti _ (k+1+i>7: <1

) ’iCk+1
1+—<1
Ck k—+1 + +

1
) < __nrlt
+k+1> S TR LS TG e

one has
1Ck+1

=i

0< Chti —
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On the other hand, by the mean value theorem, there exists s, k + 1 <
s < k+ i+ 1 such that

1 . 1 ‘ .
Chti = Ck =TV G5 <7 < vi(k 4+ 1)7 = vicg.

(k+1)t=
Example 5. For a fixed j e N,n e N, f € C(I), and x € I, define
n, f.fC < ) ka Cn,' xr) =
]( C’n] ZO k+] n ]( ) —~

whenever the first series converges absolutely.
In order to apply Theorem 7, we verify conditions (18) by considering,
for each k € Ny, the decreasing sequence

(26) I D) (k)

First notice that, for any m € Ny and k € N,

1 1 1
(k+m+2)~--(k+m+j)<(k—i—i+1)_(k+m+j+1))

Vik+m,j — Vk4+m+1,j =

j .
27 - J )
( ) (k‘ +m+ 1) k+m+17j = (k‘ _|_ 1) Vk+1,j
We will verify by induction with respect to ¢ that, for k£ € Ny,
(28) v v L
k,jg — k—&-z,y > (k‘ T ) k+1,5-

From (27) with m =0, we know that

J
Vg — Vk+l,] > (k+1) Vk+1,5-

This proved (28) for i = 1 and each k € Ny.
Assume that (28) holds for some ¢ € N and every k € Ny. If k£ € N, it
follows (28) and (27) (with m = 4) that

0 < Vgj — Vkyitl,j = Vkj — Vktij T Vktij — Vktitl,j
] J (i+1)j

< 4 J L T .
< (k+1)Vk+1,g + (k:+1)’/"3+“ S D Vk41,j
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Example 6. For 0 <y <1 fixed,n € N, f € C(I), and x € I define

1 ek kN g =1
B0 = o S e ()7 @ =X s

whenever the first series converges absolutely.
We apply Theorem 7 by considering, for £ € Ny, the decreasing sequence
Ok = (k+1)77. We will verify that

0 Okt 1,y

Taking into account the mean value theorem, for each ¢ € N, there exists

k4147
1 -
<<
such that
( + 1) (ky = Orin) = (b + 1)( S )
wo Sy ) (k+1)7  (k+1+ip
k41 ((k‘—l—l%—i)”_ )_ y(k+1) <k~|—1—|—i_) 1
(k147N (k1) Ck+14+9\ k+1 61—

y(k+1) i < iy

< =170 :
Sl (k1) T (k2 T

Example 7. Let a > 0 be a fixed real. For k € Ny, set o3, = e/ (k+1),
Forn e N, f € C(I), and x € I, define

Dalfir) = 7 S P (D )k, dafa) = 3 T ),

dn,a(2) k=0 " k=0

whenever the first series converges absolutely.

We apply Theorem 7 by considering, for & € Ny, the decreasing sequence
{0k} We will verify by induction on i that there exists a constant C(a,) such
that, for every k € Ny and ¢ € Ny, one has

C(a,1)
2 a 2,0 S a-
( 9) Ok, Ok+i, (k+ 1)0k+1,

Of course, for ¢ = 0, the previous inequality is trivial.
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(i) We first estimate ojjq — Oktjt1,4, for any j,k € Ng. taking into
account the mean valued theorem, there exists 6 € (0,a/(k+1+j)—a/(k+2+7))
such that

Crorsa — Osgita = €/ FIH) _ o/ (et240) o/ (v4247) (o (k+14) =1 (k+24) _ 1)

zea/(k+2+j)( @ __ a )69 Ac0kt1a
k+1+j k+2+5/ = (k+1)

In particular, if j = 0, this proves (29) for i = 1.
(ii) If (29) holds for some i € N and every k € Ny, by considering j = i
in the previous inequality, one has

Oka — Oktitl,a = Oka — Oktia t Oktia — Oktitl,a

C(a,1) ae® C(a,i) + ae”
STt 1)Ulc+1,a + mak‘-i-l,a = Walﬁl,a-
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